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MATTER, BODY, PARTICLE. INERTIA. FORCE. DYNAMICS. 

FOBCB FBOFOBTIONAL TO ACXTELSRATION. I7KIF0BM AI7D VABTABLE FOBCB. 
HABB. Umr OF MASS. MEABUBEMBITr OF 1CA8S. BELATION BBTWEBN 
FOBCB, 1CA88 AND AOCELEBATION. ABSOLUTS UIHT OF FOBCB. OBAYTTA- 
TION XnsaT OF FOBCB. 

Matter — Body — Particle. — What matter is in itself we do not 
know. We recognize it as existing in space and possessing certain 
observed properties, such as extension and impenetrability. 

Any limited portion of matter we call a boc^. A body so small 
that, so far as its motion is concerned, we can disregard its size 
we call a material point or particle. Just as a mathematic€d point, 
having no dimensions, cannot rotate, but can have motion of trans- 
lation only, so a material point or particle is considered as having 
motion of translation only. 

Everv body may be considered as a system composed of such 
material jpoints or particles. 

The dia^am representation of a particle is then a mathematical 
point, havmg position only. 

When a body has motion of translation only, the motion of 
ever^ one of its points at any instant is the same (page 13, Vol. I), 
and in such case we may then consider the entire body, whatever 
its size, as a particle and represent it by a mathematical point. 

Hence, whatever the size of a body, when we consider its motion 
of translation only, we may treat the body as a particle and repre- 
sent it by a pK>int. 

Inertia — ^orce.— It is a fact of universal experience that no ma- 
terial particle is able of itself to change its own motion. If it is at 
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rest, it must always remain at rest, miless acted upon hj some 
other particle. If it is moving at any instant in a given direction 
with a given speed, it must always preserve that direction and 
speed unchanged, unless acted upon by some other particle. 

We express this fact by sajing that matter is inerty that is, has 
no power of itself to change its own state of rest or motion. This 
property of matter we call inertia. We recog[nize, then, not only 
extension and impenetrability, but clIso inertia, as properties of 
matter. 

Whenever, then, the motion of a particle is observed to change 
either in speed or direction, we can always refer such change to 
the influence of some other particle upon it. 

This external influence which we thus recognize as the cause of the 
change of motion we call force. We can define force, then, as the 
cause of change of motion of matter. We measure force, theref ore, 
by its observed effect, that is, by the change of motion it causes. 

It should be noted that inertia, as already defined, is a property of matter. 
To speak then, as is sometimes done, of the ** force of inertia," as though 
inertness could cause change of motion or change of anything, is as unmeaning 
as though we should speak of " force of hardness " or '* force of softness." In- 
capacity of self -change of motion, or inertia, cannot be spoken of as the cause 
of observed change. By reason of such incapacity force is necessary for change 
of motion. 

Dynamios.— We have treated in the first portion of this work of 
the science of Kinematics {Kiyrffia^ motion), or the measurable rela- 
tions of space and time, that is, of pure motion. We have therefore 
considered the motion of a point, or of a system of joints, without 
reference to matter or force. But we have to deal in nature with 
f(yrce and material points or bodies. The science which treats of 
those measurable relations of matter, space and time involved in 
the study of the change of motion of bodies due to force is called 
Dynamics {Bvvafitiy force). 

Force Proportional to Acceleration. ~Let vi be the initial ve- 
locity of a material point or particle Pi 
movmg in any path PiP, and v its final ve- 
locitv at the end of any time t. 

If we draw OQi parallel and equal to Vi 
and OQ parallel and equal to r, then, as we 
have seen, pa^ 48, Vol. I, ^iQ ^ves the inte- 
gral acceleration both in direction and mag- 
nitude. Also ^1^ gives the mean accelera- 

tion or mean time-rate of change of veloc- 
ity in the time t. 

The limiting magnitude and direction of ^^ when the time t is 

indefinitely small is the acceleration, or instantaneous time-rate of 
change of velocity. 

Now this chcmge of velocity is due to the force at that instant. 
If there were no force, Vi would remain unchauiged both in magni- 
tude and direction. 

Since we can only measure force by its effects, and since here 
the effect is ^own by change of velocify, the force must be propor- 
tional to this change of velocity. 

We conclude, therefore, that the direction of the force is the same 
as the direction of the acceleraiion it causes^ and the magnitude of 
the force is proportional to the magnitude of the acceleration %t 
causes. 
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Keohanioal Illiiftratioii of Force.— The student may figure to 
himself such a force as the pressure or pull of an impc^erable 

Spiral spring acting upon the bodv, the axis of the spring having 
ways the direction of the acceleration, and the spring moving 
with the bodv so that its pressure or pull is exerted diuring the 
entire time of action and is alway proportional to the acceleration. 

If the acceleration changes in direction, the axis of the spring 
changes, so that it always has the same direction as the accelera- 
tion. 

If the acceleration changes in magnitude, the pull or push of the 
spring changes accordingly. 

If the acceleration is uniform, that is, does not change either in 
direction or magnitude, the axis of the spring does not change in 
direction and its pull or push is constant. 

The force of gravity upon bodies near the surface of the earth is 
like the action of such a spring. Its action is practicaUy constant 
in intensity and direction. 

The student should note that the direction of the force or ac- 
celeration is not necessarily that of the motion^ except in the case 
of rectilinear motion. 

Thus in the case of a point moving with uniform speed in a 
circle, the direction of motion at any instant is .tangent to the 
circle, but the acceleration is always directed towards the centre 
(page 53, VoL I). 

m the case of a projectile, the motion at any instant is tangent 
to the path, but the acceleration is always vertical and downwards. 

Uniform and Variable Force.— A force, then, like acceleration, 
page 49, Vol. I, is uniform or constant when it has the same m^gni- 
tuae and the same direction whatever the time of action. VJ^hen 
either the magnitude or direction changes it is variable. 

Criterion of the Action of a Force.— The action of a force on a 
particle, then, is made evident by the change of motion it causes. 
If the particle is at rest or moves with uniform speed in a straight 
line, there is no force acting upon it. If either the speed changes 
or the direction of motion changes, a force must act upon it to 
cause such chcuige. The mamitude of the acceleration is propor- 
tional to the magnitude of me force, and the direction of the ac- 
celeration is the mrection of the force. The force is uniform when 
the acceleration is uniform, and variable when the acceleration is 
variiUble. 

ICaas. — Let such a spring, F, as described, act with constant 
pressure in a constant direction upon a given 
Dody A for a given time. 

Then the acceleration or chan^ of velocity 
per second is constant and in the direction of the 
force or axis of the spring. 

Let the same spring act upon another body, B, 
with the same constant pressure in the same 
constant direction for the same time. Then the acceleration or 
change of velocity per second in this case is also constant and in 
the direction of the axis of the spring. 

If the magnitude of the acceleration in the second case is equal 
to the magmtude in the first case, the body B is scud to have the 
same mass as the body A. In general, 

Eqiml masses are those to which the same uniform force fftves 
the same acceleration in the direction of the force in the same time. 

Vnit of MaM.— We take as the unit of mass the standard pound 
avoirdupois, or the standard gram, or the standard kilogram. 
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These are definite bodies (page 5, Vol. I). Any other body which' 
when acted upon by any given constant force would receive in the 
same time the same acceleration in the direction of the force as the 
standard m€iss under the same circumstances is an equal mass. 

When, then, the mass of a body is unity, or one unit of mass, the 
same constant force acting upon it eives it the same acceleration in 
the same time in the direction of the force that the standard mass 
would receive under like circumstances. 

Measurement of Mass. — ^We know by experiment that the force 
of gravity, or the earth's attraction at any place, gives to all bodies 
falling in vacuum, whatever their nature, tne same acceleration in 
the same time. 

This acceleration is vertical or in the direction of the force of 
gravity which causes it. 

When two bodies exactly balance in an equal-armed balance, we 
also know that the force of ^avity on eajch must be the same. 

Since then, under the action of this equal force, each body would 
acquire the same acceleration in the same time in the direction of 
the force, their masses are equal. 

By means of the balance, tnen, we can readily duplicate standard 
m€isses. By finding how many such standard masses balance any 
given body, that is, by ** weigning " the body, we can determine its 
mass relatively to the standard. 

Thus if any body exactly balances 2, 3 or 4 standard pounds or 
kilograms or grams, its mciss is 2, 3 or 4 times the mass of the 
standard used. 

Mass Independent of Gravity.— It must be carefully noted that 
the mass of a body has nothing to do with the a^ctual intensity of 
the force of gravity. This varies with the locality and the height 
above sea-level in the same locality. But two bodies of equal mass 
which therefore exactly balance m one locality would balance in 
any locality, because the force of gravity, whatever it may be, is 
always the same on ea*ch wherever they are weighed. 

When we speak of a mass of one pound, one gram, or one kilo- 
gram, we refer then to a definite quantity of matter^ not to the force 
of CTavity a^cting at any plaice upon that matter. 

But when a body balances two standard pounds, we know that the 
force of gravity upon that body at any locality is twice as great as 
for one pound. The force of gravity upon any body at any locality, 
or the weiqht of the body, is thus proportional to its niaaSj but the 
mass is independent of this weight. 

The term ''weighing" as applied to a bcdance should not be 
allowed to mislead. "Weighing'' a body in a balance always de- 
termines its mass and not its weight, or the force of gravity upon it. 

Belation between Force, Mass and Aoceleration. — Since the 
weight of a body is proportional to its mass, and since all bodies 
tsM in vacuum with the same acceleration under the action of 
gravity at any locality or of their weights, it follows that to give 
different bodies the same acceleration in the direction of the force, 
the force must be prox>ortioncd to the mass. 

But we cdso know by experiment that when we give the same 
body different accelerations m the direction of the force, the force 
is proportional to the acceleration. 

In general, then, any force which produces in a given body, free 
to move, an acceleration in its direction, must be proi>ortional both 
to the mass of the body and the acceleration. 

If then [F] is the unit of force adopted and Fthe number of 
units of force, [M] the unit of mass and m the number of units of 
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mass, [/] the unit of acceleration and / the number of units of 
acceleration in the direction of the force, we must have the 
relation 

F[F] = c,m[M]xf[fl (1) 

where c is a constant number. 

Equation (1) expresses the fa*ct that force must be proportional 
both to the mass and the acceleration given to the mass in the direc- 
tion of the force. 

Unit of Force. — We see from (1) that we shall always have the 
numeric equation 

F^mf (2) 

if we make c unity, and 

[F] = [M] X [/]. 

That is,, equation (2) holds provided we take as our unit of force 
thai conamnt force which will give one unit of masa one unit of ac- 
celeration in the direction of the force. 

This is called '* Qauss''8 absolute unit,'' or the absolute unit of 
force, because it furnishes a standard force in any system, inde- 
pendent of the force of gravity at different localities. 

In the foot-pound-second or **F. P. S. system,'' then, the abso- 
lute unit of force is that constant force which will give one pound 
a chan^ of velocity in the direction of the force of one foot per 
second in a second. This has been called by Prof. James Thomp- 
son the ponndal. It is then the English absolute unit of force. 

The French absolute unit of force is that constant force which 
will give one kilogram a change of velocity in the direction of the 
force of one meter per second m a second. 

In the centimeter-gram-second or ** C. G. S. system" the absolute 
unit of force is the constant force which will give one gram a change 
of velocity in the direction of the force of one centimeter per second 
in a second. This is called the dyne. 

Dimensions of Unit of Force.— Let [F] represent the unit of 
force, [/] the unit of acceleration, \M^ the unit of mass, [F] the 
unit of velocity, [L\ the unit of distance, and [T] the unit of time. 
Then we have 

[F] = [Jlf] X [/] = [Af] X SJ = W ^ ~^^ 



Weight of a Body. — ^The student should again be cautioned to 
keep clearly distinguished in his mind the difference between the 
mass of a body and its weight. The weight of any mass is the 
force with which the ecurth attracts it, and it therefore varies with 
the locality. The mass is invariable at all places. 

If the weight of a body is TT, and its mass m units, then, since 
the weight produces the acceleration gr, we have from (2), 

W = mg units of force. 

If m is one unit of mass, W is numerically equal to g units of 
force, or 

one pound wei^rlui g poondals, 
one gram wei^rhs g dynes, 
according to the system in use. 

Since g is about 32 ft.-per-sec. per sec., the weight of one pound 
is about 32 poundals, or 

one ponndal is the weight of abont half an ounce. 
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Strictly speaking, it is the weight of - part of a pound, where g 

must be taken for the locality in ft.-per-sec. per sec. 

In the same way, the weight of one gram is about 981 dynes, or 

one dyne is the weight of aboat one miUigram. 

Strictly speaking, it is the weight of - part of a gram, where g 

must be taken for the locality in centimeters-per-sec. per sec. 

An athlete throwing a hammer of 16 pounds in New Haven and the M/me 
hammer in Edinburgh has a heavier hammer to throw in the latter place, hy 
the weight of about three tenths of an ounce more. (See page 98, Vol. I.) The 
mass of the hammer is of course the same in both places. 

Gravitation Unit of Force. — It is often convenient to express a 
force by comparing it with the weight of the unit of mass at the 
locality. The weight of the unit of mass at the place is then the 
gravitation unit enforce. It is evidently not constant. Or we can 
express a force by comparing it with the weight of the unit of mass 
at some given place. The weight of the unit of mass at this place 
is then the gravitation unit of force. In this case it is constant. 

When, then, we speak of a ** force of ten pounds'' or a ** force of 
ten kilograms " we mean the force of gravity at a given place upon 
a mass of ten pounds or ten kilograms. The expression is of 
^course incorrect, because pound and kilogram denote mass only. 
The expression is thus a brief and allowable locution for the phrase 
— ^' attraction of the earth for a mass of ten pounds at the place 
considered." 

A *' force of ten pounds" means, then, a force of lOgr poundals, 
where g is the acceleration of gravity in ft.-jper-sec. per sec. at the 

Slace considered. A *' force of ten grams ^ means a force of lOgr 
ynes, where g is the acceleration of gravity in centimeters-per-sec. 
per sec. at the place considered. In all cases. 

Mass (in lbs.) x acceleration (in /t.-per-aec. per aec.) = Force in 
direction of acceleration (in poundals). 

If we divide the force thus found by gf in ft.-per-sec. per sec., we 
obtain the force in gravitation units. 

Mass (in grams) x acceleration {in centimeters-per-aec. per sec.) 
= Force in direction of acceleration (in dynes). 

If we divide the force thus found by gr in centimeters-per-sec» 
per sec., we obtain the force in gravitation units. 

Thus if a mass of 35 pounds has an acceleration in anj direction of 6.4 ft.- 
per-sec. per sec, the force in tiiat direction which causes this acceleration is 
26 X 6.4 = 160 poundals, or 160 times the force necessary to five a mass of 
one pound an acceleration of 1 ft.-per-sec. in one second. If g for the locality 

is 82 ft.-per-sec per sec., we can speak of this as a force of -^ X 26 pounds, or 

a *' force of 6 pounds" meaning thereby the force of gravity upon a mass of 
5 pounds at the locality in question. 

Again, if a mass of 26 grams has an acceleration in any direction of 200 
centimeters-per-sec. per sec., the force in that direction which causes this ac- 
celeration is 25 X 206 = 5000 dynes, or 5000 times the force necessary to give 
a mass of one gram an acceleration of 1 centimeter-per-sec. in one second. If 
g for the locality is 961 cantlmeters-per-sec. per sec., we can speak of this as a 

200 
force of g^ X 25 grams, or a " force of about 6 grams," meaning thereby the 

VoX 

force of gravity upon a mass of 6 grams at the locality in question. 
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Tension— Oompreiiioii— Shear.— When a force acts to separate 
two particleB of a body in the direction of Hie line joining them, it 
is called a force of tension, or tensile force. When it acts to brmg 
the particles together in the direction of the line joining them, it is 
a force of comj^resaion, or oompressive foree. When it acts to dis- 
place the particles in a direction at right angles to the line joining 
them, it is called aheaty or shearing force. 

Action and Beaotion. — ^When one body or particle presses or pulls 
another, it is itself pressed or pulled by this other with an equal 
force in an opposite direction, if we speak of the force exerted!^ by 
one body or particle as action, we can call the force exerted on it 
by the other reaction. To every action, then, there is always an 
equal and opposite reaction, or the mutual actions of any two bodies 
are always equal and oppositely directed. 

Stress. — The exertion of force upon a bod^ or particle is thus 
only one side of the entire phenomenon, which reallv consists of 
the simultaneous exertion of equal and opposite forces between two 
bodies or particles. 

When we fix our attention upon one only of the bodies or par- 
ticles and, disregarding the other, consider only its action upon the 
first, we have called wis action force. It is that external action 
due to some other particle which causes change of motion of the 
particle considered (page 2). But when we have both bodies or 
particles in mind ana wuah to be understood as viewing this force 
as one of the two mutual, equal and opposite actions between two 
bodies or between two particles of tne same body, we call it a 
stress. 

When the stress is such as to make the two bodies or particles 
move towards one another, or to resist tensile force, it is called at- 
traction or tensile stress. When it is such as to increase their dis- 
tance, or to resist compressive force, it is called reptUsion or com- 
pressive stress. When it resists shearing force it is called shearing 
stress. 

In this sense, then, we always speak of the stress in a body or 
between two bodies or particles ; the prepositions '* in " or '' be- 
tween" indicating at once that we have to do with one of the 
mutual actions between two bodies or particles. Force then is 
always external to the body or system considered. Stress is in- 
ternal to that body or system, ana resists chcmge of configuration 
due to force. 

Sztemal Stress.^There is, however, a sense in which we speak 
of stress on a bodv, and thus consider it as external, which need 
never be confounaed with that just given. 

Force is often exerted upon some definite portion of the bound- 
ing surface of a body and acts then over an area. In such case 
the number of units in its magnitude divided hv the number of 
units in the area gives the number of units of force per unit of 
area. When a force thus a*cts we may speak of it as the stress on 
the body, and the force per unit of area we call unit stress. 

This use of stress is convenient and leads to no confusion. 
Where necessary to discriminate we may speak of internal stress 
and external stress, but in general the use oi the preposition '* on " 
and **in" or '* between" sufficiently indicates the sense in which 
the term is used. 

Strain. — ^The change of distance between two particles of a body 
in a direction opposite to internal stress is called strain. 

If no internal stress exists, there is no strain, but simply displace- 
ment. 
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Hkistration, — Thus let a spring whose original *' unstrained " length is AB 
be compressed so that its length is ^^i. When we consider Uie external 
action which compresses it, we speak of the force of compression F. When 
we consider one of the mutual actions between any two 
points A and Bi which resist compression, we speak 
of the compressive stress 8 in the spring at Bi or at A. 
s 3 The strcnn is the distance BBi, or the displacement 

V\t\m f ? 1 I opposUe to the stress. 



'iBi Ci Ct B, W the compressive force F is removed and the 
spring allowed to expand to (7i, the distance Bid is 
not strain because it is not opposite in direction to 
the stress, but simply displacement. When the sprint 
reaches B there is no stress in it. As it passes B tensile stress is developed, 
and any distance BC% is strain. The point B is the position of zero strain, 
and any displacement on either side of this point is strain because opposite in 
direction to the stress in the spring. 



EXAMPLES. 

(1) With 1 ft. arid 1 sec. as units of distance and ttme^find the 
unit of nuiss, %n order that the derived unit of force may be equal to 
the weight of 1 lb. 

Ans. g lbs. 

(2) Find the unit of force in order that the unit of mass may be 
gibs. 

Ans. g poundals. 

(3) The unit of acceleration being 6 ft.-per-sec. per sec., find 
(a) the unit of m^iss when the derived unit of force ts equal to the 
weight of 20 lbs., and (6) the unit of force when the derived unit of 
nuiss is a mass of 20 Ws. 

Ans. (a) 107* lbs.; (b) 8.7 pounds weight. 

(4) The unit of mass being a mass of 10 lbs., the unit of time 1 
min., and the unit of length 1 yd., compare the derived unit offeree 
with thepoundal. 

Ans. 1 to 20. 

(5) With 20 lbs. and 40 sec. as units of mass and time respectively, 
find the unit of length that the derived unit of force may be equal to 
the weight of 1 lb. at a place where g = S2.2 ft-per-sec. per sec. 

Ans. 2576 ft. 

(6) The unit of velocity being 20 cm. per sec, the unit of mass 16 
grams, and the derived unit of force the weight of a kilogram, find 
the unit of time.- 

(7) Hie value of a force expressed in dynes is to be expressed in 
absolute units of the meter-kilogram-minute system. By what num- 
ber must it be multiplied f 

Ans. 0.086. 

(8) Show that the weight of one pound is equal to 4.45 x 10' dynes 
approximately. 

(9) Show that 1 poundal is equivalent to 18825 dynes. 
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(10) With 1ft. and 1 «ec. ixs units of distance and time, find the 
unit of massj in order that the derived unit offeree may be eqval to 
the weight of 1 Z&. at a place where g = 32.16 /t.-per-«ec. per sec. 

AxuL 82.16 lbs. 

(11) The unit of mass being 20 lbs,, the unit of time 1 mtn., and 
the unit of length 1 yard, compare the derived un%t of force with the 
poundal. 

Ana. 1 to 60. 

(12) Compare the values of the mass of a body as compressed in 
gravitation units of the ft.'lb.-sec. and yard-ton-min. systems (ton = 
2240 lbs.). 

Ana. 2688000 to 1. 

(13) Shaw that the value of one dyne easpressed in terms of the 
toeight of one ton (2240 lbs.) is 1003 x 10- ^ approximately. 

(14) Beduoe 20 poundals to absolute units of the yd.-cwt.'min. 
system (1 cwt. = 112 lbs.). 

Aub. 214f units. 

(16) Determine the unit of time in order that, the foot being the 
unit of length, the value of the intensity of gravity may be compressed 
by 1 instead of g. 

1 
Ans. — -= sec. 

Vg 

(16) The unit of cukieleration being 6 ft-per-seo. per sec., find 
a) the unit of mass when the derived unvt of force %s equal to the 
weight of 20 tos., and (b) the unit of force when the derived unit of 
mass is a mass of 20 Ws. (g = 32). 

Ans. (a) 107.2 lbs. ; (6) 120 poundals or the weight of 8.78 lbs. 



OHAPTEBU 



DENSITY. SPECIFIC MASS. DETERMINATION OF 
SPECIFIC MASS. 

Density. — ^The number of units of mass of a body divided by its 
number of units of volume, or the mass per unit of volume, is the 
mean density of the body. 

The mean density Kives then the number of pounds in a cubic 
foot, or the number of grams in a cubic centimeter. 

The density at a given poifU of a body is the ratio of mass to 
volume of an indefinitely small portion of the body at that point. 
If this is the same at aQ points, the body is homogeneoos, or the 
density is nniform. If it varies, the density is variable and the 
body is non-homogeneous. 

The density of a body in a given state is the mass per unit of 
volume of any portion of the body in that state. 

When the length of a body is great relatively to its other dimen- 
sions, the mass per unit of length is caUed its mean linear density. 

For a thin body the mass per unit of area is called its mean 
Borfinoe density. 

If m is the mass of a homogeneous body and Fits volume and ^ 
its density, we have 

•=? 

or density equals mass per unit of volimie. 

Unit of Density. — If [M] is the unit of mass and m the number 
of units of mass, [V] the unit of volume and Tthe number of units 
of volume, ID] the unit of density and d the number of units of 
density, we have 

We shall have 
provided we take 

The unit of density, then, is one unit of mass per unit of volume, 
as one ^und per cubic foot, or one gram per cubic centimeter. 

Specific Mass. — The density-ratio of a body relatively to that of 
some standard substance is properly called its specific mass. It is 
often called ''specific gravity," as a consequence of not distinguish- 
ing between weight and mass. The ideas are different, but the 

10 
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numerical valuee the same, since the weight of a body is propor- 
tional to its mass. 

The standard substance taken is water. If ;^ is the density or 
mass of a unit of volume of water, and S the density or mass of a 
unit of Tolume of any other body, then the specinc mass e is 
given by 

e = i (1) 

r 
Since 6 = ^^ where m is the mass and V the volume of the 
body, we have 

"FT * 

Since y is the mass of a unit of volume of water, yVis the mass 
of a volume of water e^ual in volume to the body. Hence the 
specific maaa of any body ts equal to the ratio of its mass to the mass 
of an equal volume of water. 

In the English system the mass of one cubic foot of pure water 
at 4" C, or the point of maximum density, is nearly 1000 ounces, or 
62.5 lbs. (more exactlv 9d8.6 ounces). The density of water is then 
about 62.5 lbs. per cubic foot, or 

^ 62.5 lbs. 
1 cub. ft.* 

If then Fis one cubic foot, we have, from (2), 

^ "■ 62.5 lbs".' 

where m is the mass in pounds of one cubic foot of any body. 

In the 0. G. S. system, the mass of one cubic centimeter of pure 
water at 4** C. is very nearly one gram, and was intended to be so 
exactly. The density of water by this system is then 

Igram 
1 cub. c' 
If then Fis one cubic centimeter, we have, from (2), 

_ m grams 
"" Igram ' 

where m is the mass in grams of one cubic centimeter. That is, the 
mass in ^prams of one cubic centimeter gives at once the specific 
mass, while in the English system the mass in pounds of one cubic 
foot must be divided by 62.5. Or inversely the specific mass of any 
body gives at once the mass in erams of one cubic centimeter of the 
body, while it must be multipliea by 62.5 to obtain the mass in pounds 
of one cubic foot. 

Determination of Specific Mass. — ^A body totally immersed in 
water di^laces its own volume of water. It is a well-known 
physical fetct that a body so immersed is buoyed up by a force 
equal to the weight of the volume of water displaced. 

If then a body is *' weighed," i.e., its mass determined, and 
then weighed again while wholly immersed in water, the loss of 
weight in gravitation unite gives the mass of the displaced water, 
or gives the mass of a volume of water equal to the volume of the 
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To determine the specific mass, then, we have only to divide the 
weight of the body in gravitation units by its loss of weight in toater 
in gramtation units,* 

when very great accuracy is required the body should be 
weighed in a vacuum, or allowance must be made for the buoyant 
force of the air. But in all practical cases in mechanics this is an 
unnecessary refinement, and the weight in air may be taken as the 
measure of the true mass of the body. 

Table of Specific Ka88.~In the following table the density-ratios 
or specific masses, or so-called *' specific gravity "^ with reference to 
water, of a few substances are given. 

The exact value in any case will depend on the temperature and 
the mechanical process, such as hammering, etc., to which the 
bodies may have oeen subjected. 



AiratO'C 0.0012769 

Alcohol at 0** C 0.791 

Turpentine at O'C... 0.870 

Ice 0.92 

Sea-water at 0° 1.026 

Crown glass 2.6 

Flint glass 3.0 

Alummum 2.6 

Zinc 7.0 



Tin 7.4 

Iron 7.7 

Copper 8.8 

Silver 10.6 

Lead 11.4 

Mercury at O*' C 13.596 

Gfold 19.3 

Platinum 21.6 



EXAMPLES. 

(1) The mass of a piece of limestone is 310 grams. When imr 
msrsed in water it is balanced by a mow of 188.6 grams. What is 
the specific mass f 

Ans. Weight in air is 310^ djneB. Weight in water is 188.5^ dynes. Loss 

of weight is 310^-188.5^ = 121.5^ dynes. Hence specific mass = jofl^ ~ ^•^• 

(2) In order to find the specific m^iss of a piece of oak, a piece of 
lead unre, which lost 10.5 grams when weighed in water, was 
wrapped around the wood, which weighed 426.6 grams. The com- 
pouna mass was 484.6 grams lighter in the tvaier than in the air, 
yind the specific mass. 

Ans. The loss of the wood alone was 484.5 — 10.5 = 474 Hence specific 
426.6 ^^ 
mass = -^^ = 0.9. 

(3) An iron vessel completely filled with mercury weighed 600 
pounds, and lost when weighed tn water 40 pounds. If the specific 
mass of the iron is 7.2 and of the mercury 13.6, find the mass of 
the vessel and of the mercury, 

Ans. Since specific mass 6 = — , where B is density and y is density of 
water> and since d = — , where m is mass and « is volume, we have e = — , 



Let mi be the mass of the iron and m% the mass of the mercury, and m the 
combined mass. 

* That is, we divide the number of units of mass of the body by the num> 
ber of units of mass of an eqtuil volume of voter. 
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Then for the volume of the iron we have «i = — -, for the volume of the 

mercury v^ = . and for the oombined volume « = — . Hence we have 

mi mt m mi , m^ m 

= — , or = — . 

€ir €tr ey' €i €9 € 

Also mi -|- ^1 == ^* Combining we have 

L^ 1. L«i_ 

e €t € €1 

mi == m , -1 =- , mt = m. 



€1 6, €% €1 

500 
In the present case we have € = -7^, €1 = 7.2, e« = 18.6 and m = 600. 

Hence t»i = 49.54 pounds, m% = 450.46 pounds. 

NoTB.~ThiB is called the problem of Archimedes, because first solved by 
him with reference to any alloy of gold and silver. Its application to alloys or 
chemical compositions is, however, limited, as in general in such cases there is 
a change of volume so that the combined volume is not equal to the sum of the 
volumes of the components. 

(4) In order to obtain the specific mass of rye in htdh, a bottle 
teas filled with grains of rye well shaken together, and weighed. The 
weight of the bottle teas found to be 116 grams when empty and 
236.76 grams when filled with rye. When filled ivith water it 
weighed 270.66 grams. Find the specific mass of the grain, 

Ans. The weight of the grain is 120.75 grams, and the weight of an equal 

volume of water is 155.65 grams. Therefore specific mass = ^ ' = 0.776. 

A cubic foot of the grain weighs then 0.776 X 62.5 = 48.5 pounds. 

(5) To find the specific mass of a mixture^ given the volume or 
mass, and specific m>ass, of each constituent, 

Ans. We must assume that the volume of a mixture is equal to the sum of 
the volumes of the constituents. This is not invariably the case, especially 
where there is chemical union. 

Let mif mti m%, etc., be the masses of the constituents; 

^if €t, 6s, " " " specific masses of the constituents; 
«i, «•, tJ., " •* " volumes " ** 

Let m, « and e be the mass, volume and specific mass of the mixture. Let 
y be the density or mass of a unit of volume of water. 

Then w»i + w« + «it + etc. = m. But w»i = Ciyti , w*« = Ctyn^ , etc. 
Hence 

, , , ^ 6i«i + fjtJa + 6»9t + etc. 

€iViy + €^v%y + ezVzy + etc. = evy, or e = * ' 

But D = «i +«« + «» + etc. Therefore 

e = ^1^1 + g«<^a -f gjgt + etc. ^ . . (1) 

«i.+ «« + «» + e*c- 

Again, we have ti = — ^, f>« = — -, etc. Hence 
€y €iy ' cty €,y 
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Theiefoie 

^'fn^^ni, m. 

€i ^ €t ^ €, ^ 

(6) Two equal vessels A and B are full and half full, respectively, 
of liquids of densities Si and ^i . XfB is filled up from A and then 
AfiUed up from B, find the density of the mixture in A, the liquids 
betng supposed to mix completely. 

Abb, 2 • 

(7) Three equal vessels A, B, C are hcdffull of liquids of densi- 
ties *i , St , S9 respectively. If now B isnUed up from A, and then 
Cfrom B, find the density of the mixture in C, the liqudds being 
supposed to mix completely, 

(8) To a salt solution whose specific mass is 1.06 and mass S7 
ounces, 4 ounces of water are cuiaed. Find the specific mass of the 
mixture, 

(9) Find how much water must be added to 27 ounces of a salt 
solution whose specific mass is 1.08, in order that the specific mxiss 
of the mixture may be 1.05. 

Ans. 16 ounces. 

(10) When equal volumes of tux) substances are mioced, the 
specific mass of the mixture is 3. When equal weights are mixed 
the specific mass of the mixture is 2|. Find the specific masses of 
the two substances. 

Ans. 2 and 4. 

(11) The mosses and diameters of two spheres are aslto2. Show 
that their densities are as 4 to 1. 

(12) The diameter of the earth being 1.275 x 10' cm. and its den- 
sity 5.67 timss as great as that of water, find its moss, 

Ans. 6.15 X 10*^ grams. 

(13) The linear density of a round bar of cast iron one i^ich in 
diameter is 2.45 lbs, per foot. Find the weight of a pipe 2 yards 
long, having a bore of 16 inches and a thickness of\ inch. 

Ans. 789 Ibe. 

(14) Afiotbarof iron4kirichsswideand\inchthickhasalinsar 
density of 9.91 lbs. per ft. Find the weight of a bar of iron 1 inch 
square and 1 yard long. 

Ans. 10 lbs. 

(15) From the preceding example state a rule for finding the 
weight per foot of a bar of iron of any given constant area; also 
for finding the area if the weight per foot is given, 

Ans. To find the weight per foot in poands, maltiply the area in sqoare 
inches by 10 and divide bj 8. 

To find the area in square inches, multiply the weight per foot bv 8 and 
divide by 10. 
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(16) The density of granite is 160 lbs. per cubic foot, Apacing- 
block is 4 inches wide, 9 inches deep and 12 inches long. Find the 
nuniber of tons (2240 JbsJ) required to pave a street one mile long 
and 20 yards broody Mowing an intervafqf 10 per cent between the 
blocks, 

15274 tons. 



(17) If the population of a country is 35262762 souls, and the area 
is 1208S0 square miles, what is the average " density " of thepopvla- 
tionf 

Ans. 292 inhabitants per square mile. 

(18) Find the specific mass of a piece of cork from the following 
data : Weight in air 2 grams, weignt of cork ana sinker in water 4 
grams, weight of sinker in water 12 grams. 

0.2. 



(19) A raft whose weight and specific mass are knownfloats in 
water. Show how to determine tne greatest weight it can support 
without sinking. 

Ans. Let m be the mass and e the spedfic mass of the xaft. Then load = 
iw(l - g) 

€ 

(20) An empty balloon with its car and appendages weighs in air 
1200 lbs. If a cubic foot of air weighs li oz,,find how many cubic 
feet of gas must be used before the balloon uHU begin to ascend. 
Specific mass of the gas 0.52, compared to air. 

(21) An iceberg has the form of a cube and floats flat with a 
height of 30 ft. above the ocean. Find the depth under water. 
Specific mass of ice 0.92, of sea-water 1.026. 

Ans. 260 feet. 

(22) Find the mass of the earth in tons (2240 Tbs.), having given 
mean specific mass 5.6, msan radius 4000 miles. 

Ana. 6.16 X lO"' tons. 

(28) The unit of density being that of water, and the units of time 
i mass 1 minute and 112 Jbs., find the magnitude of the dierived 
unit offeree. 

Ans. 0.0878 ponndals. 

(24) The number of seconds in the unit of time being equal to the 
number of feet in the unit of length, the unit of force being the 
weight of 750 lbs. (g = 32), ana a cubic foot of the standard substance 
having a mass of 13500 oz. , find the unU of time. 

Ans. 5|seo. 



and 
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CENTRE OF MASS. 



CESITBE OP MASS. CBITrBB OF OBATTTT. FBOFERTT OF THB CENTRE OF 
MASS. DBTEBMINATION OF CENTRE OF MASS. THEOREM OF FAPFUB 
AND GULDENUS. DETERMINATION OF CENTRE OF MASS BT CALCULUS. 

Centre of Kaas. — We may consider a material body as composed 
of an indefinitely large number of indefinitely small particles of 
equal mass. 

The centre of maaa of stich a body is that point whose distance 
from any plane is equal to the average distance of cUl the equal 
particles from that plane. 

If then we take three co-ordinate planes XT, TZ, ZX, at right 
angles, the distance of the centre of mass from each plane is equal 

to the average distance oi cJl the equal 
particles from each plane. 

Thus suppose a Dodj composed of a 
niunberA^ of particles of equal mass. Let 
X\, x%,Xt, etc., be the distance of each 
particle from the co-ordinate plane YZ. 
Then we have for the average distance of 
all the particles, or for the distance x 
of the centre of mass from the plane FZ, 

- _ ggi + Xa + ags -H etc. _ 2x 
N ^ N' 

J the summation a;i + a^ + a;. + etc. = ^x^ each distance 
0^1, x%, x», etc., must be taken with its appropriate s^n {+) or {—) 
according as it is on the right or left of the plane YZ, If then the 
plane YZpasaeB through the centre of mass, x = and 2x = 0. 

Now if the mass of eax^h equal particle is m, the total mass or 
mass of the body is Af = Nm, If then we multiply numerator and 
denominator by m, we have 

- mSx 

If a material body is composed of particles of imequal mass, we 
may consider each of these particles as itself composed of particles 
of equal mass. 

Tnus suppose a body composed of particles whose masses are 

16 
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nil, ma, ms, etc. Let the first consist of a number rii of particles of 

equal mass m, the second of a num- y 

ber w« of particles of equal mass w, 

and so on. Then Wi = riiw, Wa = 

fiim, m« = nsw, etc. Let the entire 

number of equal particles be N, so 

that the total mass, or mass of the t 

bodv, is ilf = Nm. 

Ihen if Xi, aj», a:., etc., are the 
distances of the particles of unequal 
mass from the co-ordinate plane YZ, 
we have for the average distance of 
^ the particles, or for the distance 
X of the centre of mass from the plane FZ, 

- niflji + n^Xi + niXt + etc. 

gn ss - ■ 

N 
If we multiply numerator and denominator by m, we have 
— niiaji + niiXt + mtx» + etc. Smx 

x^ ji =-sr- • • • »> 

Li the same way we have for the distance y of the centre of 
mass from the co-ordinate plane ZX 

» = ^. (2) 

and for the distance F of the centre of mass from the co-ordinate 
plane XF 

i=^. (3) 

We see then that the centre of mass of a body is such a point 
that if the nimiber of units in the whole mass be multiplied by the 
number of units in the distance of this point from any plane, the 
result will be equal to the algebraic sum of the products obtained 
by multiplying the number of units in the mass of each elementary 
particle by the number of units in its distance from the same plane. 

CoR. In taking tne simis of the products :Smx, Smy, Smz, for 
each elementary mass or particle, we must take x, y, z with their 
proper signs. 

If then we take thej)rigin of co-ordinates at the centre of mass, 
we have a? = 0, y = 0, 2; = 0; hence 

2mx = 0, 2my = 0, 2mz = 0. 

If we take polar co-ordinates and take the pole at the centre of 
mass, we have 

2mr = 0, 

where r is the distance of any particle from the pole. 

That is, the algebraic sum of the moments of the masses (page 
19) of all the particles with reference to the centre of mass is zero. 

Centre of Gravity. — We shall see hereafter (page 75) that the 
centre of mass of a body conincides ivith the point of application of 
the reaiUtant of that system of parallel forces which acts upon all 
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the particles of a translating body ; that is, when ea^ch parallel par- 
ticte force causes in the particle on which U axsts the same accetera- 
tion in the same direction. 

The earth^s attraction for a body is the resultant of a sjstem of 
forces acting upon the particles of the body, esjcb. psuticle force 
bein^ directea towards the centre of the earth, and causing in the 
particle on which it acts an acceleration of the same magnitude. 
We have thus a system of forces not strictly parallel, but causing 
in each particle an acceleration of the same magnitude. 

But practically the deviation from parallelism is insignificant, 
since the longest dimension of any body on the earth with which 
we have to deal is insignificant in comparison with the radius of 
the earth. Hence the accelerations are practically parallel as well 
as equal and the resultant force of gravity upon a body passes 
practicaUv through the centre of mass. This resultant is the weight 
of the body. 7%e weight of a body acts practically, therefore, at 
the centre of mass. 

The centre of mass is therefore often called the ^^ centre of 
gravity.^^ The term is, however, strictly speaking, incorrect. The 
term •* centre of gravity" can only be properly applied to that 
point at which, if the entire mass of the Dody were concentrated, 
this point would attract and be attrax;ted in all positions of the 
body, just the same as the body itself. In this sense, as we shall 
see (page 47), only a few bodies possess a centre of gravity, while 
all bodies have a centre of mass. 

Centre of mass then has nothing to do with gravity. Gravity 
furnishes only a convenient practical method of locatmg it. The 
two ideas are entirely distinct. 

Property of the Centre of Mass. — The importance of the centre 
of mass of a body, in Dynamics, depends on a property of it which 
we shall prove hereafter (page 83). 

This property is as follows : 

Whatever the motion of a rigid body may be, the centre of mass 
of the body moves precisely the sam>e as if the body were replaced by 
a particle of eouat mass at the centre of mass, and all the forces 
acting upon the body were transferred to this particle, without 
change %n direction or magnitude. (For other properties of the 
centre of mass see page 75). 

Determination of Centre of Mass. — ^We have just seen that the 
centre of mass of a body is such a point that if the number of 
Y imits in the whole mass be multiplied by the 

number of units in the distance oi this point 
from any plane, the result will be equal to the 
fidgebraic sum of the products obtained by mul- 
tiplying the number of units in the mass of 

each elementary particle by the number of 

^units in its distance from the same plane. 

If we denote the volumes of the indefi- 
nitely small elements of a body by t?i , t?« , Vt, 
etc., and their densities by Bx, 5«, 6%, etc., 
tiien the masses of these elements will be 
given by Wi = dxVi , m. = BtV^ , m» = S»vt , etc. (page 10). 

If then Xi, Xi, x», etc., are the distances, from the co-ordinate 
plane TZ, yi,y9,y9, etc., from the co-ordinate plane ZX, Zi, z%,z%, 
etc., from the co-ordinate plane XF, we have for the co-ordinates 
X, yy z of the centre of mass in general 
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jr_ ^«t?ia?i + 5»tHa?« + etc. ^ 
8iVi + 6tVt + etc. ' 

- SiViyi + d^v^yt + etc. 

^ *it;i + tf.vt + etc. * 

- SiViZi + 9tv%Z9 + etc. 

z ^ • 



0) 



*it?i + d,«, + etc. 

,#^*^5*^/*^^?2?^?*^?^'^^^^^ Hence 

If K 18 the volume of the hody, we have for a homogeneous body, 

V ' 



— Via?i + VtXt + etc. 
X = ■ 



« = 



•► t?i + vt + etc. 


viyi + v%y^ + etc. 


Vi + vt + etc. 


t;i«i + t7«2;t + etc. 



vi + t?t + etc. 



V • 



(?) 



Equations (1) and (2) give the position of the centre of mass for 
volumes, non-homogeneous or homogeneous. 

For surfaces or areas we can put a for v and A for V where a 
is the area of an element and A tne entire area, and d tlie surface 
density (page 10). -^ 

For lines we can put I for v and Z for V, where Z is the lemrth of 
an element and L the entire length, and 6 is the linear densitv 
(page 10). ^ 

ITaterial Line, Area and Volume.— There is of course a certain 
mconsistency in speaking of the centre of mass of geometrical 
lines, areas and volumes, since they have no mass. The expression 
is, however, allowahle, since we are understood to mean a physical 
or material line whose cross-section is constant and therefore 
cancels out of equations (1) and (2), 6 being then the linear den- 
sity; or a material area whose thickness is constant and therefore 
cancels out, 8 being the surface density ; or a volume filled with 
matter of uniform density, in which case 6 cancels out and we 
have equations (2). 

Moment of Kass, Volume, Area.— We may call the product of 
the magmtude of a mass, volume or area by the magnitude of the 
distance of its centre of mass from any plane or axis, the magni- 
tude of the moment of the mass, volume or area, relatively tothat 
plane or axis. 

We can then express equations (1) and (2) by saying that the 
moment of the total mass, volume or area of a body with reference 
to any plane or axis is equal to the sum of the moments of the 
elementary masses, volumes or areas. 

Plane and Axis of Symmetry. — A body is symmetrical with re- 
spect to a plane when the lines joining its particles, two and two, 
are parallel €Uid bisected by the plane. In_such case the centre of 
mass is in the plane and the equations for x and ^are sufficient. 

A body is symmetrical with respect to £tn axis when it is sym- 
metrical with respect to two planes passing through that axis. In 

such case the centre of mass is in the axis and the equation for x is 
sufficient. 

If a body is symmetrical with respect to two axes, the centre of 
mass is at their mtersection. This point is then the centre of figure. 



20 



DYNAMICS— INTBODUCTION. 



[CHAP. m. 




Many caaes are simplified by the application of this principle of 
symmetry. 

Thus the centre of mass of a homogeneous straight line is at 
the middle of the line ; of a homogeneous circle or circular area 
or sphere, at the centre. For a paral- 
lelogram ABCD the line ab througn the 
middle noints of the sides AB, CD, bi- 
sects all lines parallel to those sides and is 
therefore an axis of symmetry. So is ed 
through the middle pomts of AC, BD. The 
diagonal AD bisects all lines parallel to the 
other diagonal and is an axis of symmetry. So is the diagonal BC, 
The surface would balctnce on a knif e-ed^e along either of these 
lines. The centre of mass is then at 8, their point of intersection. 
We shall make constant use of this principle of symmetry. 
Centre of Haas of Homogeneons Material Lines. 

(1) Centre of Mass of Homogeneous Straight JWne.— The centre 
of mass of a homogeneous straight line is, by the principle of sym- 
metry, at its middle point. For the line itself is one axis of sym- 
metry, and a line at n^ht angles to it at its middle point is another. 

(2) Homogeneous Circular Arc— The centre of mass for a homo- 
geneous circular arc, if the arc is a full circle, is, by the principle of 
symmetry, at its centre of figure, or at the centre of the circle, be- 
cause any diameter is an axis of symmetry. For any homogeneous 
arc in general, we may find the position of the centre of mass as 
follows: 

Let ABC be a homogeneous circular arc with centre at O. Take 
the origin at O and let the axis of iT pass through 
O and tiie centre B of the arc. 

Then OB is an axis of symmetry, and the 
centre of mass iS is on this axis. Let the chord 
AC = 0, and the length of the arc ABC be L, and 
r = radius. Take an indefinitely small element 
PQ whose length is I and whose centre of mass is 
at a, and let PR be the vertical projection of PQ, 

Then we have by similar triangles 

1 1 PR '.'.r. ON, 

or, since 0N:= x, the moment of the mass of 
the element PQ with reference to an axis through 
O parallel to AC is proportional to to = rJPK. 
The simi of the projections PR of all the elements is AC = c. 
Hence the sum of the moments of all the elements is proportional to 
Six = rSPR = re. Since the entire length is L, we have from equa- 
tion (2), page 19, 

- __ Six ___ re 

Therefore the centre of mass S of_a circular arc ABC is on the 
axis of symmetry OB at a distance x = 08 from the centre of the 
arc, which is a fourth proportional to the €ux^, the radius and the 
chord, or _ 

L:r::c:x. 

— 2r 

For a semicircle, c=i2r and L = icr, hence a? = — . For an en- 

tire circle, o = and ^ = 0, or the centre of mass is at th^^centre of 
figure. 
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Centre of Mass of Homogeneous Areas. 

(3) Homogeneous Parallelogram.—Every line of the homogeneous 
paredlelogram ABCD parallel to AB or CD is 
bisected by the line ah drawn through the 
centres of the sides ABCD. Hence ao is an 
axis of symmetry. So is the line cd, or AD or 
BC. The centre of mass is then, by the prin- 
ciple of symmetry, at the centre of figure, or at 
the intersection 8 of the diagonals, or of the 
lines drawn between the middle points of opposite sides. 

(4) Homoaeneoua Triangle. — Every line of the homogeneous 
triangle ABC parallel to BC is bisected by the line AD drawn 

from the vertex A to the centre D of the 
opposite side. 

Hence AD is an axis of symmetry. So 
also is the line CE drawn from the vertex C 
to the centre E of the opposite side. The 
B^ ^ ^^c centre of mass is then at S. Since E and D 

are the middle points of AB, BC, and there- 
fore DE is parallel to CA and equal to ^CA, the triangles AFC and 
DFE €kre similar, and 

DS.SAi: DE: AC or :: 1 : 2. 
Hence the centre of mass is on the line DA at a distance from D 

^ual to - DA, In general the centre of mass is on the line from 
o 

any vertex to the middle of the opposite side, at a distance from 

o 

the vertex of -- the length of this line, 
o 

(6) Homogeneous Trapezoid.— We can determine the centre of 
mass of a homogeneous trapezoid as follows : 

The line Jlf^ which joins the centres of the two bases AB and 
CD is an axis of symmetry, and the centre of mass S is on this 
line. 



J 


I 1 i\\ 6.\ 


if^ r^ 


1 KM r B 



Denote the base AB by hi and CD by &i , and the altitude DO by 
h. If we draw DE parallel to the side -feC, we have a parallelogram 
BCDE whose area is hih and the distance of whose centre of mass 

Si from AB is %, and a triangle ADE whose area is a, ^^^ 
the distance of whose centre of mass St from AB is -•. 

The area of the trapezoid is (hi + 6,)^ . If y is the distance H8 
of the centre of mass of the trapezoid from AB^ we have 

(6. + 6.)| . » = 6.fe . I + <^i:^. I = (6. + ».)|*. 
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Hence 



y =:HS = 



6. + 6.'3' 



We have also 



^ = ^, OP HM^y-IM. 

y n n 



Let the angle ADO = /S, then 

AO = ^tan/J, and ilf = ^ -/ttan/J - ^". 



Therefore 



HM = ^1±^ f^'-^' - A tan /jV 



If a; is the distance AH of the centre of mass from A, we have, 
if AO = a = A tan /5, 



« = ^1jH'=^ 6.+26. /&.-6. 



■ 4-2b» /&«■ 
5». + 6.) ^ 



2 3(6i + 6.)V 2 
_ 6i' 4- 6i&, + &«* 4- a(&, + 2&i) 
3(6. + &•) 



-Atan /9) 



We have also 



Hence 



y ^ ' ^— y h 



j^^r. 6.4-261 T^Jlf ^, ^^ 26«+6. T^lf 

Therefore 

JtfSf _ 6a + 26t _ i6, + 6i _ AHf + i>C _ AJtf + A F 
NS " 2lH + hi" hs + ibi" AB + NC " aC + NC 

Ut 0(m9tructi(m.—li then we lay oflP AF = DC, and CO = AB, 

D c and join FO, the intersection S of ^G with 

^ilf Rives the centre of mass. 

2a Construction. — ^Another convenient con- 
struction is as follows : Draw the diagonals 
ACj BDy intersecting at T. Laj oflP along AC 
the distance ATi = CT and along BD the dis- 
tance BT%=DT. Bisect the di^onals at R 
*and Pand join RTi and PTt. The intersec- 
tion S is the centre of mass. Student will prove. 

(6) Homogeneous Trapezium. — ^In order to 
find the centre of mass of ctny homogeneous 
four-sided area ABCD, we can divide it by 
means of a dia^gonal AC into two triangles and 
determine their centres of mass 8\ and & by 
(4). We thus obtain a line 5i&. If we again 
divide the area by the dia^ontd BD into two ^ 
other triangles and determine their centres of 
mass, we obtain a second line whose intersection with 8x8% gives- 
the centre of mass 8 of the whole area. 
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We can, however, proceed more simply by bisecting the di- 
agonal AC at M and laying off the longer segment BE of the other 
diagonal from D to i^ so that DF — BE. 



Then draw FM and take 



MS^^FM. 



Then 8 is the centre of 



mass. 

For we have MSi = ^MD and MS% = \mB, hence SiS% is paral- 

lei to BD, But S8x x area ACD — 88% x area ACB. or 8Si x DE 
= 8& X BE, whence 8Si : 88t::BE:DE. But we have by con- 
struction BE-DF, and DE = BF; hence 8Si : 88% :: DF : BF. 
Hence MF cuis 8iS% at the centre of mass 8. 

let Conatruction.—We have then the following construction: 
Bisect one diagonal AC at M. Lay off the longer segment BE 
of the other diagonal from 2> to F, so that DF = BE. Then join 

IfF and take M8=^MF. Then iSf is the centre of mass. 

2d Con8trtiction.—We have also the fol- 
lowing construction : 

Let E be the intersection of the diafi[onals, 
and Ml , M% their middle points. Join Ifi, M%^ 
and let ilf be its middle point. Draw the 
line EM and produce it to £f, so that M8 
eauals one third of EM. Then 8 is the centre o- 
of mass. Student will prove. 

3d CoMtirwotion, — Draw the diagonal DB, dividing the figure 
into the two triangles DAB and BDC The 
centres of mass a% and ax of each of these 
triangles are in the lines DM% and BMi 
drawn from the vertices D and B to the 
middle points M% and Mi of the opposite 

sides, so thati)a« = ^DM% and Bai = %^BMi, 

o o 

The centre of mass is then in the line atOi. 
Now draw the diagonal CA, dividing the figure into the two 
triangles CAB and AjjC The centres oi mass h% and hi of each of 

2 
these triangles are in the lines CM% and AMi , so that Ch% = o ^^* 





and Abi = ^AM. 



The centre of mass is then in the line bih%. The 



centre of mass 8 is then at the intersection of <uai and h%bi. 

(7) Homogeneous Plane Polygon.— To find the centre of mass of 
any homogeneous plane polygon, we can divide it into triangles, 
consider the area of esum triangle concentrated at its centre of 
mass, and find the moments of each with reference to two rectan- 
gular axes. 

A convenient and sufficiently accurate method which is often 
employed is to draw the polygon to scale upon stiff manilla pai>er. 
Then cut the area out and balance it in two positions upon a Knife- 
edge. Two axes of symmetry are thus determined, and the centre 
of mass of the area is at their intersection. 

A similar method may be employed for finding the area of an 
irregular figure. Draw the area upon paper. Measure carefully 
the area of the sheet and weigh it in a aelicate laboratory balance. 
Then cut the area out and weigh it. The areas are as their 
weights. 
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(8) Homogeneous Circular Sector. — The centre of mass of a 
homogeneous circular sector ACO coincides 
with tne centre of mass S of the arc AiBiCi 
which haj3 the same central angle and whose 
radius OAt is two thirds that of the sector 
OA. For the sector can be divided into an 
indefinite number of small triangles, the 
centre of mass of each of which is at a dis- 
tance from O of two thirds of the radius. 
These centres give the arc AiBiCi. 

The centre of mass S of the sector lies, 
therefore, upon the radius of symmetry OB 

which bisects this arc AxBxd , find at a distance OS from the centre 

(page 20) given by 

chord AxC, 2^ - _ 4 ^^ 2 
axcAxBiCi ' 3 "" 3 ' "1~* ^' 




0S = 



where r denotes the radius of the sector and e the central angle 
AOC in radians. 

For the semicircle 6 = jr, sin ~ = 1 and 

Z 



For a quadrant 



OS = — r = ~r, approximately. 



For a sextant 



08 = -^^r = 0.6002r. 



OS=-r = 0.6366r. 
It 




(9) Homogeneous Segment of a Circle.— The centre of mass of the 
homogeneous segment of a circle ABC is in the radius of symmetry 
OB and may be found by placing the 
moment of its area relative to an axis 
through O parallel to AC equal to the dif- 
ference of the moments of the areas of 
the sector ABCO and of the triangle ACO. 

Let r be the radius OA, c the chord AC 
and A the area of the segment ABC, and 
I the length of arc ABC. Then the turea 

rl .,m.m 

of the sector is — . The distance OSi for 

the centre of mass of the sector is j • "o *•> wid the moment of its area 

IS — • 

3 

The height of the triangle is ^/r* - ^. Its area is yj/r' - - . 

2 / c^ 
The distance 0& for the centre of mass is ^|/ r" . The mo- 
ment of the area of the tri£ingle is then ^ — — . Hence we have 
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That is, the centre of mass of a segment of a circle is on the 
radius of symmetry OB, at a distance OS from the centre of the 
circle equal to the cube of the chord AC divided by 12 times the 
area of tne segment. 

For a semicircular segment, c =2r and A= —- and CS = , 

as we have already found it (8). 

(10) Homogeneous Circular Ring, — The centre of mass of a 
homogeneous circular ring can now be found. It is in the radius of 
symmetry OBi. The area of the ring is the 
difference of area of two sectors OAiSiCi and 
OJl,B,C.. If OA, = ri and OA, = r, and the 
chords AiCi = Ci , A^Ct = c« , we have the 
moments of the areas of the sectors relative 
to an axis through O parallel to AiCi equal 

3 3 



The area of the ring is 






'w^' 



where is the central angle AiOCi in radians. Hence, since -^ = — > 

i— 2-)' ^^ =¥:(''' -"-'}' ""' ^^=;v:r;v-S7o- 

If 2 is the length of the arc AiBiCi , this becomes 



or, since 2=:ri9andci= 2risin~, 



08 = 



4sm- , , 
2 ri' — r." 



sin is, 



where 6 = ri — rt and R = — t— . 



[• 4®'] 



2R, 



(11) Surface of a Cylinder,— The centre 
geneous surface of a cylinder lies at the centre of its axis. 



of mass of the homo- 
For all 
the equal-circle elements of the surface obtained by taking slices 
parallel to the base have their centres and centres of mass upon 
this axis. At these centres of mass the mass of each element may 
be concentrated. The centre of mass of the cylindrical surface is 
then the centre of mass of the axis. 

For the same reason the centre of mass of the surface of a prism 
lies in the middle of the line which unites ^e centres of mass of its 



(12) Surface of a Right Cone.— The centre of mass of the homo- 
geneous surface of a right cone lies in the axis of the cone at two 
thirds of its len^h from the apex. For the curved surface can be 
divided into an indefinite number of small triangles. The centres 
of mass of all these triangles form a circle which is situated at a 
distance of two thirds of the axis from the apex, and whose centre 
of mass lies in the axis. 

The same holds true for a right pyramid. 
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(IS) Surface of a Spherical Segment, Zone or Hemiaphere,— The 
centre of mass of the nomoeeneous surface of a spherical segment 
or zone or hemisphere is at the middle of its axis or height. 

For, according to Geometry, the spherical zone ABBE has the 
same area as the surface FOHK of a cylinder 
whose height is equal to the height MNoi 
the zone and whose radius is the radius CO 
of the sphere. This holds for all ring-shaped 
elements obtained bv passing planes parallel 
to the base through the zone. Hence the 
centre of mass for the surface of the spherical 
zone, segment or hemisphere is at the middle 
S of its height MNes^di coincides wit^ that of the cylinder. 
Centre of Mass of Volumes. 

(14) Volume of a Homogeneous Prism.— The centre of mass for a 
solid homogeneous prism is at the middle of its axis, or the line 
joining the centres of mass of its two bases. For by passing pl£ines 
parallel to the bases we divide it into eqiial slices whose centres of 
mass lie in the axis. 

(15) Homogeneous Pyramid and Cone. — Let ABCD be a homo- 
geneous triangular pyramid. Take E at 
the middle pomt of BC and draw AE and 

DE. Letlffi = |AE7,and^iV= gDJS?. 

Draw DM and AN. Then DM and AN 
are axes of symmetry, and the centre of 
mass is at their intersection S. But MN 

must be i>arallel to AD and equal to -AD, 

and the triangle MNS is similar to DAS. 

Hence M8^\ DS, or DS = SMS; and JM2) = 4 MS, or MS = ^MD. 
3 4 

The centre of mass for the pyramid is then on the line joining a 
vertex with the centre of mass of the opposite base, at a distance 
from the vertex of three fourths the length of this line. 

Since every pyramid and cone is composed of triangular pyra- 
mids with a common vertex, the centre of mass of £tny pyramid or 
cone is in the line joining the apex with the centre of mass of the 
base, at a distance from the vertex of three fourths the length of 
this line, or at a vertical distance of three fourths the altitude. 

We can therefore determine the centre of mass of a pyramid or 
cone by passing a plane through the body parallel to the base at a 
distance of three fourths the altitude from the vertex, and finding 
the centre of mass of this section. 

(16) Frustum of a Cone or Pyramid, — The centre of mass of a 
homogeneous frustum of a cone or pyramid lies in 
the line OM joining the centres of mass of the two 
parallel bases. If we denote bv Ai the area of the 
oase AB, and bv A, the area of the base DC, andby 
h the altitude between them, the height x of the 
point F above DC is given by 





QE 



At _ (A + a?)« 
A, sc^ ' 



or 05 = 



hi^At 



and 



♦^.-yz:* 
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The moment of the entire pyramid with reference to its face is 
Ax{x + h) x + h ^ 1 fe'Ai' 

3 • 4 12'(4/Zr-i/ZD" 

and that of the part of the pyramid which is wanting is 









Hence the moment of the truncated pyramid is found by sub- 
tracting the second from the first, after reduction, to be 



^(a. + 2i/AuA. + 3^.V 



The volume of the frustum is (Ax + VAiA% + -^•W- Therefore 
the distance of the centre of mass 8 from the base is 



g,^ _ Ai + 2 \^AiA% + 3A, /^ 
Ax + ^AtAt + ill ' 4 ' 

The distance 8^S of this point from the plane KL passing through 
the middle of the body parallel to the base and dividing the altitude 
into two equal parts is 

S.8^^-8E=-j ^±^h r-r- 

If the radii of the bases of a frustum of a cone are vx and ri, we 
have 

Ax = nri\ A% = jrri*, 

and 

ri' + 2rxr^ + 3r,* h , 
ri' + r.r. + n* ' 4 ' 

ri' + rira + ra' 4 ' 

(17) 8pherical 8ector,— If the homogeneous circular sector AOB 
is revolved about its radius OB, a homogeneous spherical sector 
AOC is generated. 

We can consider this body as comx)osed of an indefinite number 
of pyramids, whose common apex is at O and 
whose b£ises form the spherical zone ABC, The 
centres of mass of each of these pyramids are at a 
distance of three fourths of the radius OB of the 
sphere from O, and they form a second spherical 

g 

zone AxBxCx, whose radius OBx = -OB. 

4 

The centre of mass of this zone is then the 

centre of mass of the spherical sector. If we 

put OA = OC = r, and the altitude BM of the exterior zone == ^ we 

nave 



8E = 
8o8^ 




OBx=^r and 

4 



BxMx = ^h. 
4 
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Hence, by (13), 

SBi = \MiBi = |fc, 

and the distance of the centre of mass of the spherical sector from 
the centre O is 

Q 

For a hemisphere, r = fe, and OS = -r, or the centre of mass of 

o 

Q 

a hemisphere is on its radius of symmetry at a distance of — this 

o 
radius from the centre. 

(18) Spherical Segment or Spheroid.— We may obtain the centre 
B ^^ mass for a homogeneous spherical seg- 

ment by putting the moment of the seg- 
ment eqiial to that of the spherical sector 
ABCO less that of the cone ACO. 

Denoting again the radius OB of the 
sphere by r, and the altitude BM by h, we 
have the moment of the sector 

and that of the cone 

= \7ch{2r - h){r - h) . ~(r - fc) = \ith{^ - h){r - h)\ 
o 4 4 

Hence the moment of the segment is 

F X 05 = \-nh&r - h)[r' - (r - hf] = \^ich\2r - hy. 
4 4 

The volume of the segment is F = ^ith\^r — h), hence 

o 

3U.(3r-ft)"5 3r-fc 

If we put A = r, the segment becomes a hemisphere, and, as be- 
fore, OS = %r. 

The residt holds good for the segment AiBCi of a spheroid gen- 
erated by the resolution of the arc SAi of an ellipse about its major 
axis OB = r. For if we make BM = x and MAi = y, the equation 
of the ellipse is 

where b = OEi. The equation of the circle is y* = 2rx — ob*. Hence 

JI£Ai* 6' 

— —— - = — . We must then multiply not only the volume but also 

MA* r* 



CHAP. III.] CBNTRB OP MASS, 29 

the moment of the spherical segment hy — to obtain the volume 
and moment of the segment of the spheroid. Therefore the quo- 
tient OS = "^^"^^'^ is not changed, 
volume 
In general, then, we have 

where r denotes that semi-axis about which the ellipse is revolved 
when generating the spheroid. 

Theorem of Pappus and Ouldinns.— If a plane surface ABC is 

revolved about an axis OX, every element of ^ yA 

ityBsaiyOt, etc., describes a volume. If the 
distances of these elements from OX are yi , 
2^1 , eta, and the angle of rotation is ^ radians, 
we have for the entire volume F generated 



(E 



Vi 

X 




F= aiffib + (uyt9 + . . . = o^ay, o 

If 1/ is the distance of the centre of mass of the surface ABC 
from OZ, and .A is its area, we have 

Ay = aiyi + a%y% + . . . = :Say. 
Hence _ 

Ay^ = esay == V. 

That is, the volume generated hy the reuplution of a plane area 
which lies wholly on one side of tne axis equals the area multiplied 
by the distance described by its centre of mass. 

In the same way, if a plane curve ABC is 
revolved about an axis OX every element of 
it, as 81 , ««, etc., describes a surface. The en- 
tire surface generated is 

A = SiyiB + StytB + . . . = eSsy, 

If 1^ is the distance of the centre of mass of 
the curve from OX, and L is the length of 
the curve, we have 

Ly=: siyi + Styt + . . . = 2sy. 
Hence 

LyB = OlSsy = A, 

That is, the area Generated by the revolution of a line about a 
fixed axis equals the length of the line multiplied by the distance de- 
scribed by its centre of mass. 

These properties are known as the theorems of Pappus and Chil- 
dinus. By means of them, the volume, or the centre of mass, in 
many cases, may be very simply determined. 

EXAMPLES. 

(1) The surface of a sphere is 4nf^, and the length of a semi-cir- 
cumference is nr. Pind the centre of mass for a semi-circle. 

2r 
Ans. On the ladiuB of sjmmetry at a distance from the centre of — . [See 

(2), page 20.] 
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(2) The volume of a sphere is g *r", and the area of a eemirdrde 

U s-ar*. Find the centre of mass of the surf ace of a semi-circle. 

Ans. On the radias of symmetry at a distance from the centre of ^^ . [See 
(8), page 24.] 

(3) An ellipse revolves about a line in its plane^ the perpendicular 
distance of which from the centre is equal to c. Pinathe volume of 
the ring generated by a complete revolution. 

Ans. Let a and b be the semi-azeB of the generating ellipse. Then the 

S)nerating area is A = nab. The path described by the centre of mass is %7ce. 
ence the volume is 27t^abe. This volume is the same whatever the position 
or direction of the axis of revolution with respect to the axes of the ellipse, 
provided that the perpendicular distance e from the centre to the axis is the 
same. 

[Determiiiation of Centre of Mass by Calcolns. — When a body is 
of such form that we know the relations between its co-ordinates for any 
point, and its density is a fanction of the oo-ordinates, we may write (1) 
and (2;. page 19, in Calculus notation: 

fdxdV fSydV fszdV 

'^^—^ , l^"^-^ , 5-=^^- , . . (8) 

J ^dV I ddV I 8dV 

where 8 is the density fer any elementary volume dV. If the body is 
homogeneous, 8 is constant and / dV=V=the entire volume, and 

« = y—y y= y , ^ = y •• • • (4) 

From these equations the co-ordinates of the centre of mass are found 
by integrating between the limits which determine the volume. 

From these general formulas we can readily deduce special formulas 
for special cases. 

[Centre of Mass of Lines.— Thus if « is the length of a line and a its 
transverse section at any point, then (2$ is an element of length, and dV 
= ads^ and (8) becomes 

I aSxds I adyds I adzds 

^= -7; , y = -75 , ^= -7 • • • (5) 

/ adds I adds j adds 

If the line is homogeneous and the transverse section constant we have 
jxds I yds I zds 

5 = —;—, y = -7-. ^'=-7-- • • <^> 

If the line is a plane curve, we can take its plane that of xy. Then z = 
0, and the first two of (5) and (6) are insufficient. If the line is^ straight 
line, we may take it coinciding with the axis of x. Then y and z are zero, 
ds = d!c, and the first of (5) and (6) are sufficient. 
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BXAlfPLBil. 

(1) Find the oerUer cfmass of a Iwmagweous straight line. 

AiuB. In this case we have x = — = ^, which is also evident from 

the principle of symmetry. 

(2) Find the center of mass cf a straight fine wire cf uniform 
section^ in which the density varies directly as the distance from one 
end, 

Ans. If ^1 is the density at a distance unity, and the axis of x coincides 
with the line, and the origin is taken at the end of the line, the density d at 
any distance x is proportional to dix, and d8=zdx; hence from equation (6) 



X = 



/ 



diQ^dx 



£ 



Sixdx 



Cob. If the density is constant but the section varies directly as the dis- 
tance, we have the same result. The wire in this case would become a homo- 
geneous triangular plate of uniform thickness. Hence the centre of mass of a 
triangle is on uie axis of symmetry at a distance from the vertex of two thirds 
the length of that axis. [See (4), page 2.] 

(3) Find the center of mass of a straight fine wire of uniform seo- 
tian^ in which the density varies cut the square qfthe didance from one 
end. 



In this case we have 



/ Siafldx 



/ 



dio^dx 



Cor. If the density is constant but the section varies as the square of the 
distance, we have the same result. The wire then becomes a homogeneous 
cone or pyramid, whether rifi;ht or oblique, or whether ^ 
the base be regular or irregular. [See (15), page 26.] 

(4) Find the center of mass of a homogeneous 
cydoid. 

Take the origin at and let the axis OX be the 
axis of symmetry. Then if « is the length of the curve 
and r the radius of the generating cirule, we have for o 
the equation of the cycloid 



Hence 



«* = 8«J. 



(1) 



cto = (2r)*aj "♦(!«. 




, From equation (6), theref ore» 



(8«)* ' ' 
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When a; = 2r, we have the curve corresponding to one complete revolution 

That is, the centre of mass for the 



— 2 
of the generating circle, and x = -^r. 



curve is on the axis of symmetry at a distance 08 from the vertex equal to one 
third of ^e diameter of the generating circle. 

(5) Mnd the centre cfmass of a Tiomogeneotts circular arc. 



Let ABO be a circular arc, with centre at 0. Take the origin at and let 



the axis of x coincide with the axis of symmetry 
OB. Let ^(7= chord = c, and the length of arc 
ABO= «, and r = radius. Take an indefinitely 
small element PQ = ds, whose centre of mass is 
at a, so that aN = y and the horizontal projection 
QB = dx, 
Then 




diitkoiiriy. 



_ rdx 
or d9 = — . 



Hence xds = 
circle is 



rxda 



But the equation of the 



fl^ + ^ = f^, .*. xdx^—ydy, 
and, therefore, (Bd*^— rdy. From equation (6) 



-X 



— rdy 



re 



Hence the distance 08 of the centre of mass from the centre of the circle Ib 
a fourth proportional to the arc, the radius, and the chord, or [see (3), page 
90] 

iiriicim, 

[Centre of Mass of Plane Snrfbces. — Let the plane of osy coincide with 
the surface. Then z = 0. If we consider the surface as a thin material 
plate of density d at any point and thickness r, we have the elementary 
area dxdy and the elementary Tolume rdxdy = t2F, and equation (3), page 
80, becomes 



/ rrSccdxdy _ / / rdydxdy 
J I rSdaody J j rddasdy 



(7) 



If r is constant and the material homogeneous, or d constant, we have 
the entire area 



and 



A = / / dxdy = / xdy = / ydx, 
I yxdx ^ 2 / t^dx 



« = • 



y = 



A 



(8) 



(9) 



CHAP. III.] 



CENTRE OF MASS. 



33 



/ 



If the axis of x is an axis of symmetry, ^ = 0, and the value of a; is 
sufficient. 

The student will note that ydx is any elementary area ahdc. Hence 

ydx is the entire area A, Also ydx x x 

is the moment of the elementary area with 
reference to the axis of F; and since the 

centre of mass of this area is at a distance - 

2 

above the axis of Xy ydx x - ^ is its moment 

with reference to the axis of x. Hence we 
have equations (9). 

If we take polar co-ordinates, we can replace dVin equations (8), page 
80, by TpdpdB\ and since « = p cos ©, y = p sin 0, where 6 is the angle of 
the radius vector p with the horizontal, we obtain 




I irBp^df} cos ede i jr^pi'dp sin i 



y = 



rj'rdpdpdB ' J Jzbpdpd^ 



(10) 



If the thickness is constant and the material homogeneous, r and ^ 
disappear and 



X = - 



y y p'ef /» cos fidO j Jp'dpfAxiBd^ 



y = 



(11) 



EZAMPLB8. 

(1) Find the centre of mass of a homogeneous semi-parabolic area 
whose length is a and Tmght b. 

The equation of the parabola referred to the vertex is y* = ^px. When 
xzzza, we have y = b; hence 2p = — , and the equa- 
tion becomes 




a 



From equation (8) 
A 



= I yda= I ~-55zaj*<te = — oft. 
Jo Jo ^ ^ 



Therefore, from equation (9), we have for the distance of the centre of 
from 0, upon OX, 



& 



- J. '^ 



4/a 



x = 



2 
8^ 



. = ^a. 
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and for the distance above OX 



- V. -' 



For the entireparabola we have two equal elementary areas ydx, one above 
and one below OX The centre of mass 8% is then in the axis of STmmetry OX 
at a distance from the vertex 



8 C-^dm 
- J. ^ 



axg'* 



= -6* 



For the parabolic area OBO we have for origin at (7 the equation 



y :=:h - hy^ , and A = ^^. 



1 



Hence, from equation (9), we have for the centre of mass 8% 



bxdx ■rzje'dx 



5-=!d? _±? = ^a from 0(7; 

^ 2*/ Va <* 1 

jr = J = J ft from jBOI 

Q 

or 7 of 0(7 from 0-4. 
4 

These last two values can be readily determined from the first two by the 
application of the principle of moments. 

2 1 

Thus the area OB A = sob, and area 0B0= ^ ab, and the sum of the mo- 
o o 

ments of these areas with reference to the axes of x and y must equal the mo- 
ment of the rectangle OABO. Hence 

2 3 1 — 1 ft 

^oft X g« + g aft Xx=iabx-a, or i = j^a; 

|aftx|ft+^aftXy = aftX Jft, or y = |&. 

(2) Find the centre of mass far the area cfa quadrant of a circle in 
which the density increases directly as the distance from the centre. 

If ^i is the surface density at a units distance, the density at any distance p 
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is proportional to Sip, Putting this in the plaoe of ^ in eqoaition (10) we have, 
if r iB conBtant, 



*3 



« = jr = ' 



«/o Jo 



fi^dpcoBBdB ±fA 



Uf* 



If the density is constant, we have from equation (11) 
Jo c/o 



«=y = - 



^ 



4r 
8*' 



(8) Find ths centre cf mass of the area qf a Tiofnogeneous circular 
segment. 

Let the origin be at the centre of the circle, and the A 

axis of X the axis of STmmetry. Let the chord AO = e 
and the radios r. Then the equation of the circle is 
^ -|- ^ =: f^. Hence xdat = — yd^. From equation (9) 

^Z BL 



./. 



X r= 







The centre of mass of a homogeneous circular segment is on the radius 
drawn to the middle of the arc, at a distance 08 from the centre of the circle 
equal to the cube of the chord divided by twelve times the area of the seg- 
ment. [See (9), page 24.] 

(4) Find the centre of mass of the area cfa 
^ Tifymogeneous quadrant of an ellipse. 

The equation of the ellipse referred to its centre and 
axes is oV + ^^ = «'*'. 

a* 6* 
Hence xdx = — j^ydy, and ^ = ft* ^aj". 




a*" 



From equation (9) we have 






4a 
'die' 



L I l^dx- ^a^dat 



iieab 



Sx' 



If a = ft, the eUipse becomes a circle, and the co-ordinates of the centre of 
Bsof a 
ample (2). 



— — 4r 
mass of a circular quadrant referred to its centre are a; = y = ^-, as in ex- 
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[Centre of 




beoomes 



of Onnred Snr&ces. — If the surface is one of revola- 
tion, let the axis of x coincide with the axis of 

As revolution, which is also an axis of symmetry. 

The surface can be divided by planes perpen- 
dicular to the axis into a series of circular 
rings. Let ds be the length element of the 
X generating curve. The elementary surface 
generated by its revolution will be 2ityds, If 
the thickness of the surface is r, the element- 
ary volume is dV = 2ricyd8, and equation (3) 



X = 



/ 2Tir8xyds I rdxyds 



(12) 



/ 



i^Ticdyds I rdyds 

If r is constant and the surface homogeneous, 6 is oonstant, and 
%nyd8 sc ^ 3= the entire area of the surface, and 



2fe I xyds 



(18) 



For curved surfaces in general we have dF= rda and equation (8) be- 
comes 



irSxda j rdyda 

^7^ 



X=: 



v = 



z = 



/ 



rdzda 



I rdda I T8da / rdda 

If r is constant and the surface homogeneous, we have 
/ xda I yda / zda 



(14) 



aj = - 



The elementary area 



y = 



cose' 



Z = ' 



(15) 



(16) 



where is the angle which the tangent plane to the surface makes with 
the plane xy^ and is given by 

dL 

d>z ,^--. 

cos =-• ± — ^.. — , (17) 

/dU dV dp 

^ da?^ dt d7^ 
where L =f{x^ y, ;?) = is the functional equation of the surface. 



EXAMPLES. 

(1) Find the eenire of mass of one eigJUh of the surfacB ^a spheri- 
col sheU cf uniform thickness and density. 

The equation of the sphere, if r is the radius, is 
Z=a5« + y« + i^-f* = 0. 
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Henoe -^ = 2a, -j- = ^, -^ = 20, and equations (17) and (16) become 

. 20 « , rdixdy rdasdp 

cos 9 =r , = --, <to = ^ = —=====. 

Therefoie from equation (15), if we put f» — *• = «*, since ^ = ^**^» 



Also 



*~ **»* 5SJ5 a*"- 



X X V*^ £r,/irz:^ ^ 



— c/0 






= 



i^rr* ■" ijrr' 



If the thickness of the shell varies as the ordinate s, then r = 00, and from 
equation (14) 



t/o Jo 

t/o t/o 



(2) Find the centre o/inass of a thin sheU of uniform density and 
thickness^ generated by the revolution cf a quadrant of a circle about 
one radius, 

xdx 
The equation of the generating curve is »• + y* = r*, hence dy = — -, 



rdx 



ds = V^"+"^ = — and yds = rdx. Since A = 2^7^, we have from equa- 
tion (18) 

2jr /rxdx 
*~ 2ier» "2' 
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(8) Find the centre of mcus of a right conical surface of uniform 
thiclmeaa and density, 

R Let the altitude be A and the radius of the base r. Then 



ki 



the equation of the generating line is y = ^. Hence 



and yxds = j^dx. 



f = jdi». and df = |/cto> + dy« = ^ VA«+r». 
If { is the slant height OB, then ds = ~^, ^ = 0»&r. 
The area il = xrl. Hence from equation (18) 



2jr 



»= • 



P 



fcrl 



= ^A. 



Or the centre of mass of a right conical surface is on the axis at a distance 
from the vertex of two thirds the altitude (page 25). 

(4) Mnd tJie centre of mass of the surfa/^ of a spherioal segmetU^ 
zone or hemisphere^ ofwnjform thickness and density. 

The equation of the generating curve is a^ + y« = r*, -*-v^Oi. 

■ , xdx _^^^__« rdx 

hence dy = and ds = y^ ^ ^% = — , 

The area of the surface is then 



-4 = / %%rda = 2jrr(«t — »j) = 2«»«, 

%/Xx 

besegi 




— X 



where a is the altitude AB of the segment or zone, and (Vt = OB, Xi = OA, 
From (18) we have 



rxdx 



« = 



27cra 



~2~' 



Hence the centre of mass is at the middle of its altitude (page 26). 

(5) Find the centre of mass of the surface of a paraboloid qf revo- 
lution^ ofvmiform density and thickness. 

We have for the equation of the generating 
curve ^ = 2pfl;, hence dy =?^ and 

y 




Therefore 



and 



yds = da V2px+j^. 
A = 2itJ^ydB = ^i/{fH>x+^ 



%it jyxdM 2jr jzdx V2px+f^ 



_ 2^(8pa?-p«)i/(^i+f>>)» 
Ifi^A 



or 
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(6) Find the centre cfmaee of a thin shell cf uniform thickness and 
density formed by the revclution of a semircycMd about its base. 
The equation of the generatmg curve is 



« = rver8in * — — (^ry — y*) . 



Hence 






X = 



d9 



Jo i^-y)^ 

Jo (2r-y)* 



26r 
16- 



[C«iitre of ICass of Bodies.— Let ub consider first a solid of revolution, 
and take the axis of revolution as the axis of x. Take a slice at right 
angles to «, whose thickness is da. Take a particle of this slice at a dis- 
tance r from the axis, and let the plane which passes through x and the 
particle make the angle d with the plane of xy. Then the volume of an 
element \adV^ rdedrdx. If ^ is the density, the mass is drdSdrdx. 

If the density is symmetrical with respect to the axis of revolution, the 
centre of mass is on this axis, and we have 



/// 



SrxdBdrdx 



Iff' 



drdAdrdx 



If we perform the 9 integration between = and = 2;r, since the 
symmetry of the body renders 9 independent of 9, we have 



•// 



drxdrda 



^11 ^rdrda 

hroughoi 
: and r 
e 



(18) 



If the density is uniform throughout a complete slice, we may perform 
the r integration between r = and r=:y^ where y is the ordinate of the 
generating curve, and we have 



US IB uniform, the total volume is 



(19) 



^^nfy'd^ 



(20) 



and we have for homogeneous solids of revolution -^ 



X = 



(21) 




We see at once from the figure that fcy^dx is the volume of a slice, and 
the moment of this slice with reference to the axis of y is icy^dx x x. 
Hence (20) and (21). 
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For a body in general we have dV^ daodydM^ and henoe equations (8) 
become 

T 




III ^xdady^ 



X = 



I J J ^ydxdydM 

III S^idxdyde 
III ^dxdydz 



y = 



c = 



(82) 



If the axis of « is an axis of symmetry, x is sufficient. 
For polar co-ordinates let = AOXy 9 = dOA, p = Oh, Then hd = 
dp, hg=zpdO, he = pco&Bd<p, dV=hd x hgx he = p*dp c(M BdBd4>> 
Also, a; = p cos d cos 0, y = p sin 5, « = p cos 9 sin 0. 
Hence, from equations (3), 



/ / f^p^dp cos* Bd$ cos 4>d0 
jf fsp'dp cos BdBdip 

III Sp*dp cos sin BdBd0 
I J J ^P'^P oos BdJBd0 



«= • 



/// 



(?8) 



6pHp cos* BdB sin <f>d0 
J J J ^P*dp cos BdBd<f> 



For a homogeneous body d disappears in (23) and the denominator 
becomes the total volume F. 

EXAMPLES. 
(1^ Find the centre of maee of a right oone cf uniform density. 
The equation of the generating line isy = -=-x, where h 
is the altitude and r the radius of the base. The volume is 

V = —5—'. Hence from equation (31) 





X = 






\nr^h 



'%- 
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That is, the centre of mass is at a distance from the vertex equal to three 
fonrths of the axis. [See (15), page 26.] 

(2) Find the centre ofinass of a paraboloid of revolution of uniform 
density the length cf whose aods measured from the vertex is h, 

r* 
The equation of the generating curve is f/^ =zjx, where r is the radius of 

the base. The volume is F = — ^— . Hence from equation (21) 

2 



'X^**** 



That is, the centre of mass is at a distance from the vertex equal to two thirds 
of the axis. 

(8) Find the centre of 'mass of a semircircular spherical wedge, qf 
uniform density y and radius r. 

From equation (28), integrating between the limits p = Q, p^r, and 

fi = + ^.5 = -|.we have, since F= ~~ . ^ar*, 

*- 4 16 * • 

2;F-3*'^ 

— fiitv 
If the angle is small, sin = and i = -^-. 

lo 

If = -— , we have for the hernkphere « = q»' (page 28). 

(4) Find the centre of mass of a portion cf a spheroid cf u/niform 
density, the length cf whose axis measured from tJie vertex is h. 

Let the equation of the generating curve be the ellipse referred to its vertex, 

y« = ^(2r« - aJ»). 

where r is the semi-major axis and b is the semi-minor axis. 
Then from equation (19) 

- /V-^-J^to A8r-8A 

X = ' — 



/* (2ra? - «•>& 



4 8r-A 



For a hemispheroid A = r and x = -^r from the vertex. 

As b does not enter into these values, they are the same for a spherical seg- 
ment and for a hemisphere. 

For the distance from the centre we have 

OS^r-^x^V^"^^ 



4 8r-A' 
as already found in (18), page 28. 

(5) Find the centre of mass of an octant of a sphere of uniform 
density. 
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From equation (28) we have, since S diBappean and F= -^^^t 

pMp 008* BdB 008 ipd0 



«=- 




6*^ 






s / s 

p*dp COB Bin edM0 

— »/o «/o * /o 8_. 

|f = J— = |r, 

8 / 8 

/9*clp 006* 6d0 sin 4>d0 

_ Jq Jo >/o 8 

'" 1 ^ ~8 • 

(6) 2^ ^ density in the preceding example vary as the nth power of 
the distance from the centre. 

Let 6 = ep^. Then from equations (28) we have 
^» /»* 

/d^ + 'd/d COS* we 008 0d0 

_ ^ c/0 i/o n-j-_8 r _ - _ - 

p^-^HpcoRBdBd0 
^0 */o t/O 

(7) ^nd ^^ centre of mass cfone eighth of the volume of an eUipaoid 
of uniform density contained within the three principal planes. 

Let the semi-axes of the ellipeoid be a, h, e. 

The volume of the ellipeoid is ^leabe. The volume of one eighth is there- 

o 

foreF = r^aftc. 


The equations of the curve on the three principal planes are 

Therefore we have 

y = ^a*-.*«)* s = i(a^-*»)* g=J.(y-^)* 




The volume of a slice parallel to TZ, of thickness dx, is -^ 
" •* •' " ** " " XZ, " •• dy, is 55^. 



«< <« << « <« 



" XT, " " di, ifl ^<to. 
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Hence 



jr = 



^abc 



fiex 



'^rf. 



\xabc 
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-/- 


- ^)QDda 




8 


i»to 




8'*' 


^f'- 


tf)y^ 


- *aeV 


%; 


\- 


\ 


1 ^ ~ 


- 8 ' 


^/<'- 


ifi)edM 


\ieabc 




-«.. 


Jjrode 




-g^' 



CHAPTEE IV. 

LINE REPRESENTATIVE OF A FORCE. COMPOSITION AND 
RESOLUTION OF FORCES. 

FOBCB OF GRAYITATIOK. ATTRACTION OF A HOMOGENEOUS SHELL OB SPHERE. 
CENTRE OP GRATITY. VALUE OF CONSTANT OF GRAVITATION. ASTRO- 
NOMICAL UNIT OF MASS. VALUE OF a' FOR PLANETARY MOTION. ATTRAC- 
TION OF A CIRCULAR ARC. ATTRACTION OF A STRAIGHT LINE. ATTRACTION 
OF A CIRCULAR RING. ATTRACTION OF A CIRCULAR DISK. ATTRACTION 
OF A CYLINDER. ATTRACTION OF A CONE. VALUE OF g ABOVE SEA-LEVEL. 

Line Representative of a Force.— We have seen (page 2) that 
the force on a particle acts in the direction of the acceleration it 
causes, and that the magnitude of the force is proportional to the 
acceleration. 

Force then has magnitude and direction, and is therefore a 
vector quantity, and can be represented, like 

^ — Lr:B^ >.B linear acceleration, by a straight line. 

Thus the length of the line AB represents the 
magnitude of the force F = mf (pa^ 6). Its point of application 
is Ay and its direction of action is indicated by the arrow and is 
always the same as that of the acceleration /. 

Composition and Resolution of Forces.— The principles, therefore, 
of pages 35, 43, 49 (Vol. I, KinematicB) hold good for forces as well as 
for displacements, velocities and accelerations, and we can resolve 
and combine forces and have the '* triangle and polygon of forces " 
as well as the triangle and polygon of displacements, velocities or 
accelerations. 

An important case of the composition of forces is the determina- 
tion of the attractive force exerted on a particle by an extended 
body. The attraction on the particle in such case is the resultant 
of all the attractions exerted upon it by the particles of the body. 

Force of Gravitation.— The *'law of gravitation" as formulated 
by Newton asserts that every particle ofTnatter attracts everv other 
particle with a farce which acta in the straight line joining the par- 
ticles and whose magnitude is directly proportional to the product 
of the masses of the particles and inversely proportional to the 
square of the distance between them. 

If then if and m are the masses of two particles and r the dis- 
tance between them, the mutual force of attraction i^is given by 

F=>^^ (1) 

where k- is a constant to be determined by experiment. 

For absolute accuracy and universal generality, as well as for 
far-reaching consequences, this statement is without parallel in the 

44 
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history of science. The facts that by means of it the motions of all 
the bodies of the solar system are explained completely ; that their 
past and future nositions can be told; that the existence of Nep- 
tune was deducea from the assumption that certain disturbances 
in the motion of Uranus were due to the attraction of an unknown 
planet according to this law, all go to prove that the law holds with 
absolute accuracy, so far as the action upon each other of large 
masses separated hy distances which are great compared with their 
linear dimensions ts concerned. 

The terms of the enunciation of the law expressly confine it to 
such cases, since only when the linecur dimensions of the attracting 
bodies are insignificant compared to the distance between them can 
we consider them as particles and speak of the distance between 
them. 

We shall, however, show in the next Article that if bodies are 
homogeneous and spherical, this limitation may be removed and 
the *' distance between them '^ is the distance between their centres. 

Attraction of a Homogeneons Shell or Sphere.— Let the circle 
ADA'y with centre at C, represent a uniform thin homogeneous 
spherical shell whose surface density (page 10) is 6. Suppose a 
particle at P whose mass is m. Join 
C and P. Take any point A of the 
shell and draw CA and AP, Let 
AP make the angle with CPy and 

draw a line AB through A, making ^f cO( I ] — S^l^ 

the same angle with CA. 

nien in the two triangles CAB 
and CAP we have the side CA and \^ ^^ 

the angle at C conmion to both, and 
the angles at A and P eqiial by construction. These triangles are 
therefore similar and we have 

AB _CA 
AP" CP' 

Now let As represent any small elementary area of the spherical 
surface, and An its projection normal to AB. 

Let 00 square radians (Vol. I, page 7) denote the conical angle 
subtended at B by An. Then the area denoted by An is equal to 

_, AB* (o 

Ali. <», and the area denoted by As is equal to r-, since the 

^ ^ cos 

angle nAs = BAC = 6, and the angle snA is a right angle. 

The mass of the elementary area denoted by As is then '-—^ 

cosO 

and the attraction of this mass for the particle of mass m at P is, 

by Newton^s law, 

m . dAP^, 09 

AT— ==s , 

AP^cosO 

and acts in the line AP, 

If we draw AA' perpendicular to CP^ we have evidently the 
same attraction between the e^ual elementary mass at A' and the 
particle of mass m at P acting in the line A' P. 

We can resolve each of these equal forces into a component 
alouK the line CP and at right angles to CP at P. Since the angles 
APC'and A PC are each equal to 6, the two components at right 
angles to CPat Pare equal and opposite and therefore produce no 
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effect upon P. The resultant attraction of the two elements at A 
and A' upon the particle of maas m at P acts then in tiie line CP 
and is equal to 

m . SAB*. 00 ^ ^ m. dA&. co 

AP coefi AP 

AS CA 
or since -jp = T^pi the resultant attraction is 

But C-4.* . fl0 is the area of the elementary area at A or A\ and 

2K-=r is constant for all pairs of elements A and A'. The total 

CP 
attraction of the shell for the particle of mass m at P acts then in 
the line CP and is equal to 

where the summation is to be taken for an entire hemisphere. But 
2CA\ 00 for a hemisphere is 2ieCA\ and hence the attracticm is 
equal to 

„ 4it6CA\ m ^^. 
^=^ CP" ^ ^ 

where M = 4x8 CS is the total mass of the spherical shell. 

We see, then, that the spherical shell attracts a mass m at any 
outside point P, just as if its entire mass were condensed at the 
centre of the shell. 

If instead of a homogeneous spherical shell we have a solid 
homogeneous sphere, we may consider it as composed of an indefi- 
nite number of concentric homogeneous spherical shells, each of 
which attracts the mass at P as if its entire mass were condensed 
at its centre. 

Hence, the attraction of a homoaeneous spherical shell or of a 
homogeneous sphere upon a particle at any outside point is the 
same as if the entire mass of the shell or sphere were condensed in a 
point at the centre. 

We can therefore consider a homogeneous shell or sphere as a 
particle of e^ual mass at the centre, so far as its attraction upon an 
outside particle is concerned. 

Cor. If the sphere is not homogeneous, but the density of every 
point at the same distance from the centre is the same, we may still 
consider the sphere as composed of homogeneous spherical con- 
centric shells, each one of wmch attracts an outside mass as if its 
entire mass were condensed at the centre. Hence the same holds 
true for the sphere. 

Centre of Gravity. — ^When a body attracts and is attracted by 
all external bodies, whatever their distance and position, as though 
its mass were condensed in a single point fixed relatively to the 
body, that point is proi)erly called the centre of gravity (see page 
18). 

A body which has a centre of gravity is S€ud to be centrobaric or 
barycentric. In general, bodies are not centrobaric if the law of at- 
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tractioii follows Newton's law-— that is, if the force is inversely pro- 
portional to the square of the distance. 

As we have just seen, a homogeneous spherical shell or a homo- 
geneous sphere is centrobaric, and the centre of gravity is at the 
centre. So also for a non-homogeneous sphere whose density at 
every point equally distant from the centre is the seune. The 
centre of gravity in each of these cases coincides with the centre of 
mass (page 16). In general, if a body has a centre of gravity at 
all, it must always comcide with the centre of mass, because the at- 
traction upon it of an infinitely distant body constitutes a system of 
parallel particle forces (page 18), and the point of application of the 
resultant of such a system coincides with the centre of mass. 

But while all bodies have a centre of mass, only homogeneous 
spherical shells and spheres, or spheres whose density at any point 
equaUy distcmt from the centre is the same, possess a cenlre of 
gravity. 

If, then, the term *' centre of gravity'' is used to denote centre 
of mass, as is often done, we should denote the centre of gravity 
proper by some other term, such as barycentric point or centrobartc 
point. 

It is, however, much preferable to restrict the term centre of 
eravity to the definition here given, and use centre of mass as 
aefined (page 16). 

OoR. If we consider the earth as a sphere whose density is 
either constant or the same at all points at the same distance from 
the centre of mass, then, as we have seen, we may consider it as a 
particle of equal mass at the centre of mass so far as its attraction 
uiK>n any outside x>article is concerned, and the centre of mass is 
the cent^ of figure. 

The earth is not strictly spherical, but its deviation from sphe- 
ricity is insignificant. Also, the density is not strictly constant nor 
strictly the same at all points at the same distance from the centre 
of mass. But the small distance between the centre of mass of the 
earth and that point at which in any case of attraction we may con- 
sider its mass condensed is insignificant compared to its radius. So 
far as its attraction for anv outside particle is concerned, then, we 
may consider it as a particle of equal mass at its centre of mass, 
and the centre of mass as the centre of figure. 

Also, since the dimensions of any body with which we experi- 
ment at the earth's surface are insignificant compared to the earth's 
radius, we may consider any such Dody as a particle. 

Value of Constant of Gravitation. — ^We have seen (pa^e 44) that 
if If and m are the masses of two particles and r the distance be- 
tween them, the mutual force of gravitation is given by 

F=k!^, (1) 

where i^* is a constant to be determined by experiment. This con- 
stant K is called the constant of g^ravitation. We are now able to 
determine it. 

Since force is always equal to mass multiplied by the accelera- 
tion in the direction of the force (page 5), we have the acceleration 

of the particle whose mass is m equal to — = —^, and the accel- 

Tp ICfA 

oration of the particle whose mass is M equal to ^ = — — -. Hence 

accel. of m M 
accel. of M'^m'' 
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that is, the accelerationa are inversely as the maaaee. The accele- 
ration, then, of one particle relative to the other considered as fixed 
is equal to the sum of the accelerations of each, or 

relative acceleration = ^ ^ , ^ ^ (2) 



r" 



We have just seen (page 47, Cor.) that we may treat the earth 
and any body with which we experiment on its surface as particles, 
and can take the mass of the earth as condensed at its centre of 
mass, and the centre of mass as the centre of fissure. Equation (1) 
therefore applies to anjr body on the earth's surface. 

Now when we experiment with a body at the earth^s surface, we 
know that tiie observed acceleration g due to gravity is the accel- 
eration of the body relativeio the eartn. We have then from (2), if 
m' is the mass of the earth and b the mass of the body, and if r' is 
the radius of the earth at the locality for which g is olSserved, 

— ^ (^' + ft) 
fl^— ^ • 

But the mass of the body is insignificant compared to the mass 
of the earth; or what is the same tmng, since the accelerations are 
inversely as the masses, the acceleration of the earth is insignificant 
relatively to that of the body. We accordingly find by experiment 
that g is constant at the same locality /or all bodies, and neglect- 
ing 6, this value of ^ is given by 

<"%'-'=^ ») 

If we substitute this value of k- in equation (1), we have 

F=K.^ (4) 

Equation (4) gives the force of attraction between two particles 
of mass m and Jtf at a distance r, the mass of the earth being in\ its 
radius r' at the locality where the acceleration of gravity is g. We 
see that equation (4) is homogeneous, and we have force equal to mass 
multipliea by acceleration. 

If we take mass in pounds and distance in feet and acceleration 
in ft.-per-sec. per sec, we have F in poundals. If we take mass in 
grams and distance in centimeters and acceleration in cm.-per-sec. 
per sec, we have l^'in d^rnes (page 5). If we divide out the g, we 
have F in gravitation units (page 6). 

Astronomical Unit of Mass. — The astronomical unit of mass is 
that mass which at units distance attracts an equal mass with unit 
force. 

From equation (4) of the preceding Article, if we take m and M 
each equal to mo, and take r equal to one unit of distance [L], and 
F equal to one unit of force [F], we have 



Equation (1) gives by definition the astronomical unit of mass. We 
see that it is homogeneous. 

If we insert the mean radius of the earth r' in feet, the corre- 
sponding value of g in ft.-per-sec. per sec and the mass of the earth 
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m' in pounds, we have very nearly, for the astronozmcal unit of 
mass, 

m«=S90631bs. 

If we insert r* in centimeters, g in cm.-per-sec. per sec. and m' 
in grams, we have very nearly, for the astronomical unit of mass. 



m« = 3928 grams. 

If we take m and Mia equation (4) of the preceding Article in 
units of astronomical mass, we have 

This equation we see is homogeneous. If, then, we adopt the astro- 
nomical imit of mass instead of the ordinary unit of mass, we have 
simply the numeric equation 

F=^, (2) 

where m and M are the numher of astronomical units of mass in the 
two attracting particles, r the number of units of length in the dis- 
tance between them, and Fthe nimiber of units of force in the at- 
traction, 

Yahie of a' for Planetary Motion. — ^The sun and planets may be 
considered like the earth, so far as mutual attraction is concerned, 
as particles of equal mass condensed at the centre of mass. From 

equation (2), page 48, if we insert the value of k^SL^ already 

found, we have then for the relative acceleration of a planet of 
mass m with reference to the sun of mass If, considered as a fixed 
point, when the distance is r, 

relative accel. =^:±^ . ^C* 

where m' is the mass of the earth, r' the mean radius of the earth, 
and g the corresponding acceleration due to gravity at the esurth's 
surface. 

At the distance r^r' ^ radius of the earth the relative accelera- 
tion of the planet with reference to the sun regarded as fixed would 
be then 



relative accel. = f r^jflf. 



Now in all our equations for planetary motion (Vol. I, Kine- 
mattes, page 139) we d!enoted by a* the known acceleration of a point 
at a known distance r' from a fixed point. If, then, we take this 
distance r' equal to the earth's radius, we have 

a' = ^±^g (1) 

This is the value for a' given on page 144,yol. I, Kinematics, which 
must be inserted in all our equations for planetary motion (page 
139), where M and m are the mass of sun ana planet, m' the mass of 
the ecurth, and g the acceleration of gravity at the earth's surface. 
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Cob. If If = m' = the mass of the earth and m is the macs of a 
body at the earth^s surface, we have 

- m' +m 

or if m is insignificant compared to m', 

a' = flf. 

Attraction of a Circular Arc. — ^The attraction of a circular arc 
ADB of uniform density ^ upon a particle at the centre C is ^^ 
8ame as the attraction of a mass equal to the chord with the ar&s 
density concentrated at the middle of the arc at D. 

Take any element of the arc a&, and let it 
subtend the angle aCh = <» radians. Then if 
r is the radius of the circle, ro) is the length 
of ab ; and if d is the linear density of the arc, 
Sroo is the mass of a5. If if is the mass of the 

particle at C, then kM — j- is the attraction 

of ab for the particle at C, where k = 2~ 

(page 48). The attraction of the element a'h' at the same distance 
on the other side of D will be the same. Each of these can be 
resolved into comi)onent8 along CD and at right angles to CD at C. 
The latter components will balance. The sum of the two former is 

-- 2dro? cos 6 
kM. p 

in the direction CD, where 6 is the angle aCD, 

But roo cos 6 is the projection of ab upon the chord, and if the 
linear density of the chord is also ^, the mass of the chord projec- 
tion of a6 is 6r<xi cos 6. The sum of the attractions of all the pairs of 
elements will then be 

A = kM. — ^ , 

or the attraction due to the mass of the chord AB concentrated at 
D. 

Since AB = 2r sin ACD, we have for the attraction 

^ 2* sin ACD 

A = kM. . 

r 

Using the astronomical unit of mass (page 48), we have for the 
attraction ui)on a unit mass at C 

. 2^ sin ACD 

A = . 

r 

Attraction of a Straight Line.— A limited straight line A'B of 
imiform density d attracts any external 
particle at C with the same force and in the 
same direction as the corresponding arc of a 
circle ABy of the same density, which has the 
point C for centre and is tangent to the 
straight line. 

Let A'R be the straight line of imiform 
linear density d. Draw the arc AB with the 
centre at C, tangent to the line A'J5'. 
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If CpPhe drawn cuttinK the circle at p and the line at P, and we 
take any element at p and P, subtendinK the angle 00, then if the 
angle PCD = 6, we have for tdie length of the element at p, Cp, a>, 

CP oa 

and for the length of the element at P, -r . The masses of these 

COS 6 

elements, if the linear density of arc and line is 5, are d .Cp.m and 



8,Cp 



cose 



Their attractions for a mass Jf at C are 



where k = 2^ (page 48). But CP cos 6 = CD = CJp = r. Hence 

the attractions of an element at p and P are equal. The arc AB 
then attracts C as the line A'B does ; and by the preceding Article, 
using the astronomical unit of mass (page 48), we have for the 
attraction upon a unit mass at C 

^_ 2dwi\ACB 
r 

in the direction CF which bisects the angle A'CB. 

Attraction of a Circiilar King. — Let r be the radius of the ring, 
and d the distance of a particle at C of mass M 
in the perpendicular CO to the plane of the ring 
throu^ its centre. Take an element of the c- 
ring at h which subtends the angle 09. The 
length of this element is tco\ and if 5 is the 
linear density, tiie mass in the element is dro9. 

The attraction on C is then kM ^ f°l, , where k = SL. (page 48). 

r •{• a m 

The attraction of the element at 6' at the same distance at the 
other end of the diameter is the same. Each of these can be re- 
solved into components at right angles to CO at C, which balance, 
and along CO. The simi of the latter is 

,, 2^r CO cos 
r» + d* ' 

where is the angle bCO. But cos = - = , Hence we 

have for each pair of elements the attraction kM - 



^^. 



(r« + d«)« 

For the entire ring <» = ir, and we have, usmg the astronomical 
unit of mass (page 48), for the attraction upon a tmit mass at C 

J. 2nrdd 

"" (r» + cT)* 

Attraction of a Circnlar DIbIl— If the line A'D revolves about 
CD it will generate a circular disk. The arc AD 
with centre at C and tangent at X> to A'D will gen- 
erate a spherical surface. Then, as we have seen, 
the attraction of an element atp and P will be equal. 
If the element at p subtends a> sauare radians (^ol. 
I, page 7), its area will be r*o?, its mass Sr^oo, 
where S is the surface density, and its attraction 
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ux)on a mass Jf at Cwill be k M J^ = kMSod, where k ^^ (page 

48). *^ 

The attraction of the disk whose radius is A'D = 12 is then the 
same as the attraction of the spherical surface generated by AD. 
The number of square radians subtended by the disk of radius 12 at 

a distance r from C is 2«r ( 1 — — V The attraction of the 

disk is then 

A:=KM,2lCd(l^. ^ ] 

\ -|/r» + 12»y 

Using the astronomical imit of mass (page 48), we have for the 
attraction upon a unit mass at C 

[Attraction of a Cylinder.] — For the attraction of a cylinder of 
length I and radius a upon a particle of mass if in the axis at a dis- 
, tance d from its nearest end^ let 6 be the volume density. Then for 
the attraction of one of its circular slices of a thickness dx, at a dis- 
tance 0?, we have, from the preceding Article, 

kM. 2ic6 fl- , ^ Ida?. 

If we integrate this between the limits d + I and d, we have 

A=^icM. 2itd\l - V(d + If + a« + -^SM^*]. 

If we suppose d = 0, so that the particle is on the end surfox^e of 
the cylinder, we have 

A^kM. 2jtS\l - -|/?Ta* + a]. 

where k = ?—- (page 48). 
m 
Using the astronomical unit of mass (page 48) we have for the 
attraction upon a unit mass on the end surface of the cylinder 

A = 2ied[l - |/FTa* + a]- 

[Attraction of a Bight CiroTilar Cone.]— For any circular slice 

we have as before kM. 2ic8\ 1 ^ da?. If B is the semi- 

OS 

vertical angle of the cone, we have cos = Hence the 

V 05* -j- a* 
attraction for a particle of mass If at the vertex is 

kM. 2jc8[1- COB B]f dx = icM.2ied(l^coB&)h, 

where h is the height of the cone. 

Using the astronomical unit of mass (page 48), we have for the 
attraction for a particle of unit mass at the vertex 

A = 2x9 {1 — cos B)h. 
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Value of g above 8ea-Leivel.— Let r' be the mean radius of the 
earth, x the height on a mountain above sea-level^ and g the accel- 
eration of gravity at sea-level. Then since the acceleration is in- 
versely as the square of the distance, the acceleration at a distance 
X above sea-level, if we disregard the attraction of the mountain, 

would be -rri 7. g. To this we must add the acceleration due to 

(r -I- X) 

the mountain. 

Supi)ose the mountain of uniform density d and cylindrical in 
shape, and the particle at the centre of its upper surfax^e. Then the 
resultant attraction of the mountain for a particle of mass m is, 
from page 52, if we use the astronomical unit of mass (page 48), 

A = m . 2nd[x — i/^To* + a], 

where a is the radius of the cylinder. If we divide the force by m, 
we obtain the acceleration due to the mountain 

2ks[_x- |/aj"+a'+ a] = 2jr« x - a|/ 1 + -, + « J- 

If a is so large compared to x that -^ can be neglected, this reduces 

a 

to 2ic6x, If we use the ordinary unit of mass, we have, multiplying 
hj K^ ^ (page ^)) for the acceleration due to the mountain 

2n6x.K' 
m' 

Let 6' denote the mean density of the earth, so that the mass of 
the earth is m' = - ^5 V*, then the acceleration due to the mountain 
is, if we substitute this value of m\ 

3 8x 
2' e'r"^' 
We have then for the acceleration g^ at the height x above sea-level 

^ ^l_{f+xy^2dYS 
The mean density of the earth 8' is about 5i times that of water, 
and -g-n from what we know of the density of matter at the earth^s 
surface, may be taken equal to g. Also we may write 

r" 2a? . , 

(r^ -I- a;)' = ^~ "7 approxunately. 

Hence we have approximately 

/^ 2a? . 3a?\ A 5a?\ 

where a? is the height above sea-level, r^ is the mean radius of the 
earth, and g the corresponding acceleration due to gravity. 

The assumptions made in this investigation are more applicable 
to elevated table-land than to a mountain. The equation ootcdned 
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is the accepted formula for estimating the difference in the value 
of g at two places so far as dependent on the heights ahove sea- 
level. 

EXAMPLES. 

(1) If the moM of the earth is 6.14 x 10" grams^ the mean radius 
of the earth 6.37 x 10' cm., and g = 981 cm.-per-eec. per «ec., find the 
astronomical unit of mass. 

Ans. 8928 grams. 

(2) If the mass of the earth is 11920 x 10" lbs., themean radius of 
the earth 21 x 10* ft., andg = B2ft.-per'Sec.per sec., find the astro- 
nomical unit of mass. 

Ans. 29068 lbs. 

(8) Show that the attraction of a thin spherical shell of uniform 
thickness and density upon a particle inside is zero. 

Ans. Let P be the particle of mass M. Take anj point A on the spherical 
surface. Join AP and produce to A'. If from all points of a small element 
of the surface at A lines be drawn through P, they will mark 
ofE a corresponding element at A'. Both these elements sub- 
tend the same conical angle (Vol. I, page T), oo square radians. 
The area of the element at A is then AP . oo (Vol. I, page 7), and 
the area of the element at A' is A'F^ . cp. It 8 is Uie uniform 
surface density, the mass of the element at A ism = 6AI^, <o 
and the mass of the element at A' is m' = dA'P^ . oo. The attraction of the 
element at A for a particle of mass if at P is then (page 44) 

kMSj^P'.oo „ 
= KMda> 

AP^ 

and acts in the line PA. The attraction of the element at A' for the partide 

of mass Jf at Pis ___^ 

=i =KM8a> 

A'P^ 

and acts in the line PA'. The resultant attraction upon the particle at P of 
the pair of elements at A and A' is then zero. The whole shell consists of 
such pairs of elements. Hence the reeultan^ attraction of the shell on a par- 
ticle at P is zero. 

(4) Show that the attraction of a homogeneous sphere on a particle 
within it is directly proportional to its distance from the centre. 

Ans. Let P be a particle of mass if situated within a homogeneous sphere 
at any distance PC from the centre C. Then from the preceding example we 
know that the attraction upon the particle at P due to the shell 
outside of the sphere whose radius is PC7 is zero. The attrac- 
tion upon the particle of mass if at P is then due to the attrac- 
tion of the sphere whose radius is PO, The volume of the 





sphere is -^itPO*. If 5 is the uniform density, the mass of 

o 

this sphere ia-srdiePS^, Its attraction for a particle of mass if at Pis (page 
46) the same as if the entire mass of the sphere were condensed at the centre, 

p^PC _ 

or (page 44) kI T -^ = ^if . \die.PO. 

per » 
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The attraction is therefore directly proportional to the distance PC of the 
particle from the centre. 

(5) Asauming the earth to he a homogeneous sphere^ compare its 
attraction on a given mcufs at a distance from its centre eaualto one 
half its radius, with the attraction when the given mass is at a dis- 
tance equal to twice the radius. 

Ans. 2tol. 

(6) Find in dynes the attraction of two homogeneotis spheres, each 
of 100 kilograms mass, toith their centres 1 metre apart. 

Ans. 0.0648 dynes nearly. 

(7) How far would a bodyfaU toward the earth in one second 
from a point at a distance from the eartKs surface equal to the 
radius of the earth f 

Ans. The acceleration is inversely as the square of the distance. We have 

then ff' igiif^i 4f^, or ^ = -^g. That is, the acceleration is one fourth of the 
acceleration at the sorface. 

The distance is then s = -^(t^, or, taking ^ = 82 ft-per-sec. per sec and 
« = l.«=4ft. 

(8) The moon^s mass is 136 x 10*' lbs.: the moon's radius, 5.70 x 
10*>^.; the mass of theearth, 11920 x 10"* fiw.; the radius of the earth. 
21 X 10* ft. Find how far a stone at the moon's surface would fall 
in a second, the attraction of the earth being neglected. 

Ans. If Jf is the mass of the moon and m that of the stone, the force of 
attraction, if r is the radius of the moon, is, from equation (4), page 48, 

gr'^mM 

The acceleration of the stone is then 

._F_gr^ Jf 82 X 21« X 10" X 186 X 10*' _ ^ ^ 
^'m'"^'^" now X 10»> X (6.7)» X 10" - » "•■P«'-«»- P« "C- 

The distance then is -rff't^, or, taking ^ = 1 sea, s = 2.5 ft. 

(9) Suppose the earth to contract until its diameter is 6000 miles, 
what w&ula be the effect on the weight of an inhabitant f The di- 
ameter of the earth to be taken at 8000 miles. 

Ans. Increased in the ratio of 16 to 9. 

J 10) If the mass of the sun is 300,000 times the mass of the earth, 
its radius is 100 times the radius of the earth, find the attraction 
at the surface of the sun of a mass which at the surface of the earth 
is attracted by the force of one pound weight. 

Ans. 80^ ponndals, or the attraction of the earth for 80 lbs. 

(11) The diameter of Jupiter is 10 times that of the earth, and its 
mass 300 times. By how much per cent of his former weight would 
the weight of a man be increased by being removed to the surface of 
Jupiter % 

Ans. By 200 per cent. He would weigh by a spring-balance three times as 
much as before. The same number of standard pounos would, however, bal- 
ance him in a lever-balance. The standard pound at Jupiter would be attracted 
by a force three times as great as the earth's attraction here. The lever-bal« 
ance weight which gives ms mass is unchanged. 
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(12) If the intensity of gravity at the surface of Jupiter is about 
2.6 times as ffreat as at the surface of the earth, find approximatelv 
the time which a body foauld take infaUingflrm a hetgkt of 167 ft. 
to the surface of Jupiter, 

Ana 2 sec. 

(13) Find the intensity of the eartKs attraction at the distance of 
the moon^ taking 32 ft.-per-sec, per sec. as its value at the surface of 
the earth The diameter of the moon's orbit is 480,000 miles, the di- 
ameter of the earth 8000 miles. 

Ans. 0.0089 ft.-per-6ec. per sec. 

[(14)] Tux> particles of mass M and m are placed a distance s 
apart. Find the time it would take them to come together by reason 
of their mutual attraction, if uninfluenced by any eofftemal force, 

Ans. The aeoeientkm of one particle with reference to the other is (page 
48) 

^ - _ i^ ^^+^) 
d<» ■" '^ aJ» 

Integntliig (Vol. I, pe^ 102), we have 

'=[«irF^]'x[<-^*+--(;T} 

When « = <,< = 0; when ^ = 0, we have 

8"[_2<f(Jf+m)J • 

U the partieles are spheNs of densitj 9 and radii B and r, and the density 
of the earth is S', we have (page 48) 

8 [jag{_Ef + r») J 

If the spheree are of the same density as the earth, 9 = d' and 
_ 1^ r «r; -|i 

The last eioation, then, gives the time of coming together of two spheres 
of radii R and r, of same donsity as the earth, if considered as ooncentnUed 
at their ceivtreB, If the spheres are equal. 

If, for instance, « = 1 ft.. ^ = 82^ ft.-per-sec. per sec., r = i ft, r' = 20,850.- 
000 ft., 

t = 1788 sec, or 29.8 minutes nearly. 



DYNAMICS. 



PART I. STATICS. 



CHAPTEB 1 
STATICS-CJONCURRINO FORCES. 



F0BCB8 m aQunjBBimc. statics, lisx befbbbbntativb op a fobc& ook- 

FOBmON AND BB80LUTI0N OF FOBCBB. BIGN OF OOMFONENTB OF A FOBCS. 
CONCUBBINO FORCBB. STATIC, MOLAB AKD DTNAMIC BQUILIBBIUM. COH- 
FOBITION AND BBSOLTTTION OF CO-FLANAB FOBCBS. OONCUBBINQ FOBCBS 
NOT IN THB SAME FLANB. CONDITIONS OF BQUILIBBIUU FOB CONCUBBINO 
FOBCBS. 

Faroes in Sqnilibriiuii. — ^When all the forces acting upon a par- 
ticle mutuallv balance, so that the particle moves as if no force acted 
upon it, the forces are said to be in equilibrium. In such case the 
imrticle is either at rest or moves with uniform speed in a straight 
line (page 2). 

Statics. — ^That portion of Dynamics which treats of those prin- 
ciples which are necessary for the discussion of forces and bodies 
in equilibrium, and generally of forces without reference to the 
chai^ of motion caused bv them, is called Statics. That portion 
which treats of forces with reference to the change of motion 
caused by them is called Kinetics. 

[Many writers employ the term Dynamics in the sense in which 
we have used Kinetics, and use the term Mechanics for what we 
have called Dynamics. They thus have Mechanics divided into 
Statics and Dynamics, instead of Dynamics divided into Statics and 
Kinetics.] 

Line Sepreientative of a Force.— We have seen (page 2) that 
the force on a particle acts in the direction of the acceleration it 
causes, and that the magnitude of the force is proportional to the 
magnitude of the acceleration. 

Force, then, has ma^tude and direction^ and is therefore a vec- 
tor quantity, and can be represented, like Imear acceleration, by a 
straight line. 
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Thus the length of the line AB represents the magnitude of the 

force F=mf (pa^e 6). Its point of application is 

?^mf ^ ^ ^, and its direction of action is indicated hy the 

arrow and is always the same as that of the Imear 

acceleration/. 

Composition and Kesolntion of Forces.— The principles, therefore, 
of pages 35, 43, 49, (Vol. I, Kinematics) hold good for forces also, and 
we can resolve and combme forces and have the '* triangle and poly- 
gon of forces ^^ as well as the triangle and i)olygon of displacements, 
velocities or accelerations. 

We have also the same rule for the signs of the horizontal and 
vertical components Fx.Fy^ Fz of a force as for the corresponding 
components /a; ,fy) /« of its acceleration. Thus (+) signifies in the 
directions Ox, Oy, 0«, and (— ) in the opposite 
directions. 

If polar co-ordinates are used, the compo- 
nent force along the radius vector is ( -h) when 
it acts away from the i)ole, (— ) when it acts 
towards the pole. 

Evidently, then, we must measure angles in 
the plane Zr, from OX around towards 0Y\ 
in the plane FZ, from OY around towards 
0Z\ in tne plane ZZ, from OZ around towards 
OX. 

Concnrring Forces^ etc. — ^Forces which act at the same point are 
called concnrring forces. Forces acting at different points are non- 
concnrring. Forces acting in the same direction in the same line 
may be c&Ued conspiring forces; when thev act in opposite direc- 
tions in the same line or in parallel lines they are opposite forces; 
when in the same or opposite direction in parallel lines they are 
parallel forces. Forces whose line representatives lie in the same 
plane are co-planar. Two equal and opposite forces applied at the 
same point mutually balance, so that tne point moves as if no foree 
were applied. (Ck)mpare Vol. I, Kinematics, page 178.) 

Static Equilibrium. — ^When all the forces acting upon every par- 
ticle of a rigid body mutually balance, so that every particle of the 
body moves as if no force acted upon it, the body is said to be in 
static or molecular equilibrium. An points of the Dody in such case 
are either at rest or they all move with the same uniform si>eed in 
parallel straight lines, and the body has a uniform motion of trans- 
lation (Vol. I, Kinematics, page 91). 

The motion of a bod v is then the same as that of any one of its 
points, and the body, whatever its size, may be treated as a particle 
so far as its motion is concerned, and represented by a point. 

All the forces acting upon the body itself may then be consid- 
ered and treated as a system of concurring forces in equilibrium, 
and all the forces acting upon any one particle of the body also 
constitute a system of concurring forces in equilibrium. 

Molar Equilibrium. — When the centre of mass only of a rigid 
body moves as if no force acted ui)on it, that is, is either at rest or 
moves with uniform speed in a straight line, we have equilibrium 
of the body as a whole, or molar equilibriom, as distinguished from 
molecular or static equilibrium as just defined. 

Now the centi-e of mass of a rigid body always moves as if the 
mass of the body were condensed into a particle of equal mass at 
the centre of mass, and all the forces acting upon the entire body 
were transferred to this particle without change in magnitude and 
direction (page 18). 
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When there is molar e<]iuilibrium, then, all the forces acting upon 
the body if appliedat a pomt would constitute a system of concur- 
ring forces in equilibrium. Also all the forces acting upon any 
particle at the centre of mass of the body constitute a system of 
concurring forces in equilibrium. But all the forces actmg upon 
any particle not at the centre of mass are not in equilibrium, and 
we have rotation of the body about the centre of mass. 

So far as translation of the body alone is concerned, however, we 
may consider it as a particle of equal mass at the centre of mass, 
acted upon by a ^stem of concurring forces in equilibrium. 

Dynamic or Kinetic Equilibrium. — When one point only of a 
rigid body not at the centre of mass moves as thougn no force acted 
upon it, the body is said to be in dynamic or kinetic eqnilibrinm 
aoout that point. 

In such case all the forces acting at this one point constitute a 
systemof concurring forces in equilibrium. But the forces acting 
at any other point do not constitute a system of forces in equilibri- 
um, and we have instantaneous rotation about this i)oint. 

Composition and Kesolntion of Go-planar Forces.— Let the forces 
Fi, FiyFt, etc., be all in the same plane and act either at a common 
point, P (Fig. 1), or at different i)oints, A, J5, C (Fig. 2), of a rigid 
body. 

In either case, lay off the forces so as to obtain the force poly- 
gon A Fi F^ Ft (Iig. 3). Then the line AFt necessary to close 
this force polygon, tc^en as act- p 

ing the other way round, gives _ . , yf\^ / b c 

the direction and magnitude of *"• \/7 ^ / / \f ^ 

the resultant Fr in the plane of ' ^ \ ^* tf t f. 

the forces (pages 36, 36, Vol. I, h ^t 

Eanematics). 

If the forces are concurring, 
or all act at the same point i^ 
Fig. 1, the resultant Ft must 
act at this point also, in the 
plane of the forces. / M ^^'^ 

If the forces are non-concur- 
ring, or act at different points 
A, B, C, A Fi^. 2, the magni- 
tude and direction of the result- 
ant Ft will still be given by AFt in the force polygon. Fig. 3, but 
its position in the plane of the forces is as yet unknown. 

Cor. 1. If the forces are all parallel, the force polygon Fig. 3 
becomes a straight line, and the resultant Fr is equal to the alge- 
braic sum of the forces, or Fr = 2F. 

CoR. 2. The component AN or ^jF« of the resultant JFV, Fig. 3, in 
any direction is eaual to the algebraic sum of the components of 
the forces in that airection. 

CoR. 3. Any number of forces acting upon the same point, 
whether in the same plane or not, can be reduced to a single result- 
ant force. For the resultant of any two is a force in their plane. 
This resultant can then be combined with another force, and so on. 

Cor. 4. If the algebraic sums of the components of the forces in 
any two directions, as AN and NF» , are zero, the points A and Ft 
in the force polygon Fig. 3 conicide, and the resultant Fr is zero. 
The forces are then in equilibrium. 

Analytical Determination of the Kesoltant for Concurring Go- 
planar Forces.— We have evidently the same expressions for the 
magnitude and direction of the resultant for concurring forces 
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as 
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-X 



for concurring accelerations (page 50, Vol. 'I, Kinemat- 
ics). 

Thus let any number of co -planar forces, Fi 
F%^ etc., all act at the same pomt O. Take this 
pomt as the origin and draw tiie rectangular axes 
OX, OF in the plane of the forces. Let Fx make 
the angle ax with OX, and fix with 0Y\ let Ft 
make the angle at with OX, and fi% with 0Y\ 
and so on. 

Denote the algebraic sum of the horizontal components of all 
the forces by Fx , and the algebraic sum of the vertical components 
of all the forces by ^y. Then 

Fx = ^Fco&a^Fx cos ai + -Ft cos a. + ^. cos or, + etc. 

Fy=^ 2FcoQfi=zFxCO&fli +FtC08fl% +FtCOBflt + etc. 

If i^r is the resultant and a, b the angles which it makes with 
the sixes of x and y respectively, we have for the horizontal and 
vertical components of Fr (Corollary 2, page 59). 



:\ 



(1) 



Hence 



FrC0SO = jP»; ) 

Frco&b—Fy. r 



cosa = 



F 
cos5=y^. 



(2) 



(3) 



Squaring and adding, since COB 6 = sin a, and cos* a + cos' 6 = 1, 

Ft = VFx"" + Fy^ (4) 

The equation of the line of direction of the resultant, when all 



the forces act at the origin, is 



Fy 






(6) 



If the co-ordinates of the point at which the forces act are oc' and 
1^, the equation of the line of direction of the resultant is in general 

Fy 



•y' = y^(X'-x% 
Jyx 



(6) 



Equations (1) give the values of Fx and Fy , by which we obtain 

a, b and JPV from (3) and (4). 

The algebraic sums in (1) are found by taking components act- 
ing towards the right or upwards as 
positive, towards the left or downwards 
as negative (page 58). 

Analytical Expression for the Magni- 
tude and Direction of the Kesnltant of 
Any Hnmber of Concurring Forces not in 
the Same Plane.— Let Fx, jP,, F», etc., 
be any number of forces all acting at the 
same point O. Take this point as the 
origin for three rectangular axes OX, 
Or, OZ, Let Fx make the angles a,, 

^ /^M ^» ^i^ these axes respectively, and 

Fi make the angles at , /5t , r t , and so on. 
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Denote the algebraic sum of the components of all the forces 
along OXhy Fx ; along OYhj Fy \ along OZby Fu. Then 



Fx = 2^^ cos a = i?*! cos ai + jP« cos a, + -F. COB a. + etc. ; 
Fy^2FcoB/3^FiCOB/3i +FjCoafi% +FtCOQ/3t +etc.; 
Fs = SFcosy = Fi coeyi -^ F% cob Xt •¥ F» cosr* + etc. 



(1) 



If Fr is the resultant and a, 6, c the angles which it makes with 
the axes of x^ y and z respectively, we have 



Hence 



FrQOBa = Fx\ 
FrOOBh —Fy\ 
FrOOBC =Fm. 



Fx 
coso==-; 

C0S6=^; 
C0SC=g. 



(2) 



(8) 



Squaring and adding, since cos'a + cos'6 + cos*c = 1, we have 



Ft = VFx^ + Fy' +FJ' (4) 

The equations of the projection of the resultant upon the planes 
of ZZ; rxand FZ are 

«^=f^' ^=F^«^' ^^w-y- 

Hence from (3) we have for the equation of the line of direction 
of the resultant; when all the forces act at the origin, 

cosa cos 6 cose* Fx Fy F»' ' ' ' ^ 

If the coordinates of the point at which the forces act are of, 
y', z'j we have for the equation of the line of direction of the result- 
ant in general 

cosa cos6 cose' Fx Fy F% ' ^ 

When z and F% equal zero, these equations reduce to the equa- 
tions of the preceding Article for co-planar forces. 

The algebraic sums in (1) are found by taking components acting 
towards the ri^ht along OX, or upwards along OF, or in the direc- 
tion OZ as positive. The opposite directions are negative. 

Conditions of Equilibrinm for Concurring Forces. — A point is in 
equilibrium when its acceleration is zero. In order that the accel- 
eration may be zero, the resultant force acting upon the point must 
be zero. Hence, ih& vani^ing of tJie resultant is the necessary and 
sufficient condition for equUwrium of any number of concurring 
forces. 

We have then, in general, the algebraic conditions 

jFi = ^-Fcosa=:0, Fy = 2Fco»/3=:0, FM = 2FooHy=0. 
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That is, the algehraic sum of the components of the forces in each 
of any three rectangular directions must he zero. This is equiva- 
lent to saying that aU the forces acting upon the point reduce to 
two forces equal in magnitude and opposite in direction. 

It is €dso evident that if any number of forces acting upon a 
point are in equilibrium, any one. of the forces must be equcu and 
opposite to the resultant of aU the oihers. 

Conditions for EqnUibrinm for Cononrring Foroes in Special 
Gases. — We obtain then the following obvious results from the 
condition for eouilibrium of concurring forces, which will be found 
useful in special cases : 

(1) If two concurring forces axe in equilibrium, they must be 
equal in magnitude and opposite in direction. 

(2) If three concurring forces are in equilibrium, they must all 
act in the same plane. For the resultant of any two must act in 
their plane and be equal and opposite to the third. / 

(3) If three concurring forces are represented in magnitude and 
direction by the sides of a triangle taken the same way round, the 
resultant is zero and the forces are in equilibrium. 

(4) Hence, if three concurring forces are in equilibrium, each one 
is proportional to the sine of the angle between the other two. 

(6) If three concurring forces are in equilibrium and their direc- 
tions are represented by the sides of a triangle taken the same way 
roimd, their magoitudes will also be represented by the sides of 
that triangle, and vice versa. 

(6) If any number of concurring co-planar forces are represented 
in magnitude and direction by the sides of a plane closed i)olygon 
taken the same way round, they are in equilibrium. If their mag- 
nitudes are given hj the sides of the polygon, their directions are 
also given by the directions of the sides. 

But if the directions only of the forces are given by the sides of 
the plane polygon, it does not follow that the sides of this polygon 
represent the magnitudes, because any number of plane poly^ns 
with parallel sides may be drawn, the magnitudes of the sides 
varying. 

(7) If three concurring forces in different planes are represented 
by the three edges of a parallelopipedon, tne diagonal taken the 
opposite way round will represent tne resultant in direction and 
magnitude. This is called tne parallelopipedon of forces. 



EXAMPLES. 

(1) Find the resultant of forces of 7, 1, 1, 3 units, represented by 
lines drawn from one angle of a req^dar pentagon towards the other 
angles taken in order. 

Ans. 4/^ units. 

(2) Pand Q are two component forces at right angles, whose re- 
sultant isB. 8 is the resultant of R and P. ]/Q = 2P what is 
8f 

Ana. S = 2Pi^ 

(3) Component forces P, Q, R are represented in direction 
the sides of an equilateral triangle taken the same way round. Fi\ 
the magnitude of the resultant. 

Ans. VP» 4:"e«"-f- -B* - C^ - P^ ^^PG. 
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(4) Three component forces are represenied by lines drawn from 
the vertices ofatriangie to the middle points of the opposite sides. 
Show that the restUtant is zero. 

(5) Three component forces are represented by lines drawn from 
the vertices A, B, Cofa triangle tothe middle points of the opposite 
sides, and have maanitudes equal to the cosines of the angles at A, 
B and Crespectively. Find the resultant. 

Anfl. ^1 ^ BcobAcosBcos C units of force. 

(6) The centre of the circumscribed circle of a triangle ABC is 
O, and the intersection of the perpendiculars from anmdar points 
an opposite sides is P. Prove that the resultant of forces repre- 
sented in magnitude and direction by OA, OB, OC tviU be repre- 
sented by OP. 

(7) Three forces are represented by the sides AB, AC, BC of a 
triangle. Snow that the resultant nas the direction AC and is 
represented in magnitude by 2 AC. 

(8) ABCD is a parallelogram. From AB, AE is cut off equal to 
one third AB. Prove that the resultant of forces rqpresemedby AC 
and 2AD is equal to three times the restutant offerees represented 
by AD and ABl. 

(9) Four forces of 24, 10, 16, 16 dynes act on a particle, the angle 
between the first and second being 30", between the second and third 
90"*, and between the third and fourth 120"*. Calculate the resultant. 

Ans. 17.4 dynes. 

(10) A weight of 10 tons is hanging by a chain 20 feet long. 
Find how much the tension in the chain is increased by the weight 
being pulled out by a horizontal force to a distance of 12 feet from 
the ven^ical, 

Ans. By 2.5 tons. 

(11) A weight of 4 pounds is suspended by a string, and is acted 
upon by a h(mzontai force. If in the jposttion of equilibrium the 
tension of the string is 5 pounds, what ts the horizontal force f 

Ans. 3 lbs. 

(12) A mass of 10 lbs. is supported by strings of lengths 3 and 4 
feet attached to two points in the ceiling 6 feet apart. What is the 
tension of each string % 

Ans. 8 lbs. and 6 lbs. 

(13) A particle is acted on by a force whose magnitude is un- 
known, but whose direction makes an angle of 60"* untn the horizon. 
The horizontal component of the force is 1.85 dynes. Determine the 
total force and its vertical component. 

Ans. 2.7 dynes and 2.84 dynes. 

(14) Three forces proportional to 1, 2, 3, act on a point. The 
angle between the first and second is 60", between the second and 
third 30'*. Find the angle which the resultant makes unth the first. 

Ans. About 67**. 

(15) Three cords are tied together at a point. One is pulled in a 
northerly direction with a force of 6 pounds, and another in an 
easterly direction with a force of ^pounds. With what force must 
the third be pulled in order to keep the whole at restf 

o 

Adb. 10 pounds, at an angle with the horizon whose tang = j-. 
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(16) If P and Q are two concurring forces and the angle made 
by their directions is 0, find the magnitude of the restdtant B when 
= and 6 = ir. 

Ans. (P+C)and(P-€). 

(17) Find R whenP- Q and B = 60^ 135% and 120*. 
Ans. B = PV9; E = pV^ - i^; B = P. 

(18) If three concurring forces 8, 4 and 6 are in equilibrium, find 
the angle between the first two. 

Ans. 00'. 

(19) ijrP=6, 9 = 11, unite, and the angle between P and Qis B0% 
find the resultant R, and the angle between Pand B and that be- 
tween Q and B. 

Ans. B = 16.47 units; 19' 80'; 10' SO'. 

(20) A cord is tied round a pin at the fixed point Ay and its two 
ends are drawn in different directions oy the forces Pand Q. If 

P 4- O 

thepressure on the pin is — ^^^^find the angle B between the forces. 

(21) A cord whose length is 21 is tied to the points A and B in 
the same horizontal line, ujhose distance is 2a, A smooth ring upon 
the cord sustains a weight W. Find the tension in the cord. 

w 
Ans. r = 



v>-r 



Given the four concurring forces Fi =1, F% = 2, Ft = 3, 
Fi = 4, and the angles FiFt = 90^, FtF^ = 90% and FxF% = 60\ 
Find the magnitude of the resultant and its inclination to Fi. 
Ans. B = 6.889; 102'' 16'. 

(23) Two raft^s making an angle of 120' support 112 lbs. at the 
apex. Find the compressive force on each rafter. 

Ans. 112 lbs. compression. 

(24) Besolve a force of 120 lbs. into two rectangular componefnts^ 
(a) of which one is 75 lbs.; (b) one ofwhichmahes an angle ofW 7' 3" 
with the resultant. 

Ans. (a) 93.65 lbs. making an angle of 88"* 40' 56".25 with resultant. 
(h) 99.348 lbs. adjacent to the given angle and 67.806 lbs. 

(26) The mutually rectangular forces of 35, 67 and 98 lbs. act on 
a point. Determine the magnitude and direction of the resultant. 

Ans. 128.766 lbs. making angles of 78'' 84' 24", 57'' 18' 80", 87' 88* 42" with 
the forces respectively. 

(26) A force of 550 lbs. acts on a point. Besolve it in three rect- 
angular directions^ (a) when two of the components are 100 and 230 
lbs.: (b) one of the components is 120 lbs. ana the given force makes 
with one of the other two components the angle 15" 6'^14"; (c) the 
given force makes with two of the components the angles ^V 13' 12" 
and 54' 17' 8". 

Ans. (a) 489.49 Ibe.. angles 79" 81' 27", 65" 16' 49" and 2r 7' 48". (6) 120 
lbs., angle 77' 28' 51"; 581.02 lbs., angle 15" 6' 14"; 78.2 Ibe., angle 81" 49' 82", 
with resultant, (c) 445.7 lbs., 821.061bs. . 26.676 lbs. 
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(27) A force in space makes with the three co-ordinate axes the 
angles a, fi, y. Show that (page 12, Vol. I, Kinematics) 

COB* «+ <508' /3 + COS* y ==1; 
coB2a + ooe2fi'\-ooB2y = ^1; 
coB(a + fi)coe(a — fl) + oo8*y=0. 

(28) Two forces acting on a point make the angle «, and make 
with the co-ordinate axes the angles ^i, A, yx^ and at, /9|, yt. 
Show that 

cos 6 = cos CTi 006 at -|- COS /fi oos /5t + cos;^! COB yt, 

(29) Three forces P, ft By acting on a point O, are inclined at 
angles a fi^y toa given tine passing through O. Find the magni- 
tuae ana direction of the resultant. 

Ana, If is the inclination of the resultant to the given line« 

PcoBa + QcoB/3+ Bcosy' 

and the resultant is the square root of 

i» + e' + iP + 2©/2cos(/?-r) + 2J?Pco8(r-«) + 2Pe«»(a-/5). 

(80) Three forceSy each equal to P, act at a point O in directions 
OAy OB, OC ; the angle AOC being a right angle, and the line OB 
bisecting the angle AOC. Find the magnitude of the resuUant. 

Ans. jP[1 + V2) making an angle of 45*" with OA. 

(31) A force P is applied at the hinge A of the knee-joint BAG, 
B making the angle a with AB and AC. Show that 

the pressure at C and Bis -^P tan a, and that if 



^ 




X P= 60 lbs, and a = 16% 36% 66% 86% 90% the press- 

c ure is 6.7, 17.6, 63.6, 286.76 lbs. and oo. 

(32) A force P is applied to the compound 
knee-joint shown in the accompanying figure. 
Show that the pressure exerted at B, Cand 

Biy Ciis —P tan a tan fl. 
4 

(33) Find the resultant for a system of ""c q^ 
eight forces acting upon a point, given as follows : 

Pi = 75 lbs.; or, = 68^*27', /?, = 48^86', ^i «5ute; 

P, = 80 lbs.; a, = 158° 44'. /?, = 67* IS*, ^i obtuse; 

P, = 95 lbs.; a, = 76" 14', A = 147M2', ^t obtuse; 

P4 = 185 lbs.; a^ = 115** 7'. fl, = 187' 9', y^ obtuse; 

P. = 670 lbs.; a,= 76' 3', /?. = 85' 8', x» acute; 

P,= OTlbs.; a, = 145' 7', /?. = 78' 8', Xe acute; 

Pt= 95 lbs.; a,= 62' 10', /?, = 149" 8', ^t acute; 

P. = 140 lbs.; a. = 128*' 58', /?« = 127' 56', y. obtuse. 

Ans. The angles ^ can be found (page 12, Vol. I, KinemoHes) from 

006 (a -(-/8) cos (a — /3) 4- cos V = 0. 
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Hence 

Yx = 62'' 57' 82", y% = 102" 22' 10". 86, yt = 119* 718", 

r« = 122' 6' 48", r»= W35', ^t = 67* 21' 64", 

rT= 77'48'22".7. ^t = 128'49'44".2. 

Vx = +24.808 lbs., iV = + 200.20 Ibe., Fi, = +221.206 lbs.. Ft - 806.84 lbs. 

24.808 200 20 

«0Ba = -^^, or a = 86M0'86"; oosft = ^|^, or 6 = 8r 20' 14"; 

221 206 
coBC = ^^, or c = 62*4«'48'. 
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HON-OONOUBBINO VOB0B8. MOMBNT OV A FOBCB. LIinB RXPBBSEirrATrnB 
OV IfOMlENT OV A VOBCE. BB8OLUTI0N AKD OOMPOaiTION OV IfOMBNTB. 
TWO NON-CONCUBBmO OO-PLAHAB VOBCB8. TWO PARALIiBL VORCBfl. 
MOMBNT OV A COUPLB. lilBB BBFBBSBNTATiyB OV A COUPLE. COM- 
POSITION ANB BBBOLUTION OV COUPLBS. CBNTBB OV PABALLBL VORCB8. 
PBOPBBTIB8 OV CBNTBB OV MASfi. CONDITIONS OV BQUILIBBIUM FOB 
PABALLBL VOBGBS. 

Hon-oonciirring Forces.* — In the preceding Chapter we have 
considered concurring forces, that is, forces which act at a common 
point. We shall now consider non-concurring parallel forces, that 
18, parallel forces which act at different points of a rigid body. 

Moment of a Force. — Since force is proportional to the acceler- 
ation it causes, the moment of a force relative to any point or axis 
is defined precisely like moment of acceleration (page 60, Vol. I, 
KinemcUics). 

Hence iJie product of the magnitude of a force b^ the magni- 
tude of the perpendicular let f alTfrom any given pomt upon the 
direction of the force ^ves the magnitude of the moment of the 
force relative to that pomt. 

The point is callea the centre of moments. The perpendicular 
18 callea the lever-arm of the force. 

The unit of moment of a force is then one poundal-foot, or one 
poundal with a lever-arm of one foot, or in gravitation units one 
pound-foot, or the weight of one pound with a lever-arm of one 
foot. 

The same conventions as to sign are adopted as for moment of 
acceleration (pa^^ 60, Vol. I, Kinematiea). Thus rotation counter- 
clockwise is positive (+) and clockwise negative (— ). 

The same principles must evidently hold for the moment of a 
force as for the moment of its acceleration. Hence 

A force may be coneidered as acting at any point in its line of 
direction. 

The algebraic sum of the moments of any number of forces is 
equal to the moment of their resvltant (page 62, Vol. I, Kinematics), 

Line Bepresentative of Moment of a Force. — Since the moment 
of a force has thus magnitude and direction, it is a vector quantity 
and can be represented by a straight line like moment of acceler- 
ation. 

* The student should constantly refer in this portion of the work to the 
references in the text to KinenuUics of a Bigid Syttem (page 169, Vol. I), and if 
he has omitted that portion of the work should now take it in connection with 
8taUc9. 
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Thus the line AB represents by its length the ma^tude of the 
^g moment. The plane of rotation is at right angles to 
this line. The direction of rotation is clockvoise in 
^^ this plane when we look in the direction of the arrow, 

A When we speak of direction of a moment we mean 

the direction of its line representative. 

Betolution and Composition of Moments. — The principles of pages 
35, 36, Vol. I, Kinematics, hold good then for force moments as well 
as for acceleration moments (page 62, Vol. I, Kinematics)^ and we 
have the triangle and polygon of moments. 

The signs of the line representatives of 
the components along the axes of X, F, Z 
of a force moment follow the same rule as 
for components of acceleration (page 62, 
Vol. I, Kinematics), Hence components in 
the direction OX^ OT, OZare positive (+). 
in the opposite directions negative ( — ). Ii 
then we look along the line representatives 
of the components towards we origin O, 
the rotation is always counter-clockwise. 
Therefore rotation from X towards F, Fto- ^ 
wards Z, Z towards X is positive, in the opposite directions negative. 

For polar co-ordinates directions away from the pole are positive, 
towards the pole negative. 

Evidentiy, then, we measure angles in the plane XT, around 
from OX towards OF; in the plane rZ, around from OY towards 
OZ; in the plane ZX, around from OZ towards OX, as shown toy 
the arrows in the figure. 

Besnltant of Two Non-concurring Co-planar Forces.'^— Let the 
two forces Fi , Ft act in the same plane at the points J.. B of a 
rigid hody, Fig. 1, in different directions, and let VFr be the direc- 
tion of the resultant jFV. 



/■'x 





rw.a. 



Take a point P anywhere in the plane of the forces and draw 
the lever-arms jFVii=Pi, P»« =p«, P» = r. 

Then, since the moment of the resultant with reference to any 
point is equal to the algebraic sum of the moments of the oompo^ 
nents, we nave in general 

FrT = ^ipi + F%p% (1) 

[Regard must be paid to the signs. Thus if the forces are as repre- 
sented in the figu re, we have + Fipi — Ftp%.] 

• (Compare page 179, for oonoaning angular aoceleratioiiB, KinemaiiM of a 
Eigid System. 
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Sioce this holds good wherever we take the point P in the plane, 
let us suppose the point P at the intersection Got the eiven forces. 
For this point, the lever-arms pi and j>i will be zero, tne moments 
Fipi ana Ftp% will be aero, and hence Frr must be zero, or the 
lever-arm r is zero. We can therefore take the point O as the com- 
mon point of application of Fi and Ft and the system reduces to 
two forces acting at the point O or to a system of concurring forces. 
Hence — 

(1) A force acting at any point of a rigid body can be considered 
as acting at any point in its line of direction, 

(2) The resiutant of two non-concurring co-planar forces lies in 
the plane of thefoi'ces and passes through the point of intersection 
of tne forces. 

Position of the Resultant. —Draw the line AB intersecting the 
resultant Fr at the point C 

Let ax be the angle of Pi with AB^ and a, the cmgle of F% with 
AB. If we take moments about the point C, we have for the lever- 
arm of Pi , AC sin ai, and for the lever-arm of Pt, BC sin a.. 
From equation (1>, 

Pi . ACain ai =P, . BCsin a,. 
But AC-^ BC=:^ AB. Hence 

AC = P« ' -^^ gin g« ^n _ Pi . AB sin ai ,«. 

Pi sin ai + Pi sin a%^ Pi sin ai + Pt sin en ' ^ 

We thus know the position of the resultant in the plane of the 
forces. (Compare page 179, Kinematics of a Rigid System,) 

Magnitude and Direction of the Besultant.— The magnitude and 
direction of the resultant can now be found, precisely as for con- 
curring forces. 

Thus if we lay off Pi and Pt in the force polygon Fig. 2, AFt 
gives the magnitude and direction of the resultant Fr. 

Take the rectangular axes OX and OF in the plane of the forces 
and let OX be parallel to AB. Let Pi make the angle ai with OX, 
and ffi with OV, and Ps make the angle a^ with UX, and /St with 
OT. Denote the algebraic sum of the components parallel to OX 
by Fx and parallel to OY by Py. Then the equations of page 61 
hold, and we have 

F(a = Fi cos ai + Pt cos a«; ) 

Py = Pi cos /»i + Pt cos /?t. f 

[Eegard must be paid to the signs. Thus in the figure Pi cos at 
is positive, all the other terms are negative.] 

If the resultant Fr makes the angles a and b with the axes of x 
and y, we have 

coea = ^, cos 6 = ^ (4) 

Squaring and adding, 



Pr=VPa:' + Py* (5) 

In taking the summation indicated by (3), components in the 
direction OX or OF are positive, in the directions XO or TO nega- 
tive. 

If Oi is the angle of Pi with the resultant, and 6t the angle of Pt 
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with the resultant, and 6 the angle between Fi and Ft , we have di- 
rectly from the force polygon, Fig. 2, 

F F 

sin Oi = -=^ sin e, sin Ot = -^^ sin 6, . . . . (6> 

and 

Fr = VFi* + jP.« ± 2FiF% cos e, (7) 

where the (+) sign is used when is less then 90"*, and the (^) sign 
when B is greater than 90''. 

The tangent of the angle a which the resultant makes with AB 
or 0-2* is 

tan a = §^ (8) 

From (6) and (7) we can find the magnitude and direction of the 
resultant directly if is known. If ai and a% are given, (3) and (6) 
give Fr , and (4) or (8) the direction. 

From (1) we have also 

^^ J'.p. + F.p. ^ (,^ 

where regard must be had for the signs of Fipi and Ftp^ in any 
case. 

From (9) for any given point P, for which pi and pt are known, 

we can locate the resultant by describine a circle with centre P 

and radius r, and drawing Fr tangent to mis circle in the direction 

given by (6). (Compare page 180, Kinematics of a Rigid System.) 

Example.— 2V«)/orce» Fi = 20 lbs. and F% = 80 lbs. act at paints A, 

^<o B of a rigid body^ in the directions shoOm in the 

/^^^Tsj^ figure. The distance AB ^ % ft, and the angles 

\J^^ -^ FiAB = 120% FtBA = 160^ Find the point of ap- 

^/^ 'x^ plication C of the restUtant, and its magnitude and 

\ \ direction. 

\% Ans. Cos ai = sin /5i = 0.6, cos a, = sin /5, = 0.866, 
'Fr = 90'. Hence 

^^_ 30X2X05 ^^o^. 

^^ ~ 20 X 0.866 + 80 X 0.6 "" "'"^ "' 

i?i,= -20x0.5 +80X0.866 = + 15.98;) 82.82 ^.^ 

J*^* = -15li8 = -^-^- 

Or BOFr = 68' 41'. 

Fr = i/'(15.98)« + (82.32)« = 86.05 lbs. 
We obtain the same result from equation (7) directly. Thus 

Fr = |/20« + 80» = 86.06. 
We also obtain from equation (6) 

8ki 0, = g|^ = 0.882, or 6, = 66' 19'. 

Therefore OCA = 180 - (60* + 66*' 19) = 68' 41', as before. 

Besultant of Two Parallel Forces.— This is but a special case of 
the preceding Article. Thus if two non-concurring forces are 
I)arallel, their intersection is at an infinite distance and a\ and at 



iTJ, = - 20 X 0.866 - 80 X 0.6 = - ; 
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become equal, and 9 = 0. We have from equations (6) or (7), page 
70, 

where the forces Ft and F% are to be taken with proper signs (+) 
in one direction and (— ) in the opposite. From equation (2), pcige 
69, we have 



AC = ^.AB, 






(1) 



(2) 



Multiplying the flist by Fi and the second by ^t , we have 

F..AC = F,.BC, or^=|^. . . . 
To prove this independently, take C as centre of moments. 

1^' fr 



Pi c 




B 




p* 




h 




F. 


na.1. 


Fr 






Then, whether the forces act in the same or in opposite direc- 
tions, we have 

Fipi — JFtpi = 0, or Fipi=F%p%, 
where pi and pt are the lever-arms. But from similar triangles 

F^_BC 
F^ AC 

We see from (1) that the distances AC and BC depend only upon 
the magnitudes of Fi and Ft and the distance AB between their 
points of application, and not at all upon the common direction of 
Fi and Ft. Therefore if the forces ^i , Ft are turned about A and 
B preserving their parallelism, or if the body is turned, the forces 
Fi and Ft having always the same direction and the same points of 
application, the resultant Fr will always pass through C The point 
C IS then the point of application of the resultant. 

Hence, the reeuliam of two parallel forces acting ai the ex- 
tremities of a riqid straight line is in their plane and equal in 
magnitude to thetr algebraic sum. It acts parallel to the forces 
in the direction of the greater force, and its point of applicaiion is 
on the straight line or the straight line produced^ and divides it into 
segments inversely as the forces. Or the produxits of the forces into 
the adiacent segments are equal, (Compare page 181, Kinematics 
of a Rigid System,) 

This principle is known as the " law of the lever." 

If we take the centre of moments at B and at A, we obtain di- 
rectly equations (1). 

CoR. 1. When tiie forces act in the same direction, the result- 
ant lies within the components. When the forces act in opposite 
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directions, the resultant lies without the components and on the 
side of the larger. 

Ck)R. 2. When the forces are equal and oi)posite, Fr = 0. Also, 
from (1), AC =00^ BC= ao, or the resultant is zero and acts at an 
infinite distance. That is, two equal and opposite parallel forces 
cannot have a single force as a resultant. 

Such a system is called a force couple. (Ck>mpare page 182, Kine- 
matics of a Rigid System,) 

Since the resultant is zero, there is no force of translation, and 
the effect on AB is to cause rotation only. All tendency to rotation 
can be referred to forces forming such couples. 

Moment of a Couple.* — From the last corollary, we see that a 
couple consists of two e^ual and parallel forces acting in opposite 
directions at different pomts of a rigid body. 

The perpendicular distance between the directions of the forces 
is callea the arm of the couple. 

The product of the arm by one of the forces is the momsnt of the 
couple. This moment represents tendency to rotation of the rigid 
body. 

Let the two equal, parallel and opposite forces, +F, —F, act at 

the points A and B of a rigid bod v. 
Draw any line CidbC% at right 
angles to the direction of the 
forces. 

Take any point d on the left as 
a centre of moments. Then we 
have for the resultant moment 
about Ci , F . da - FKCxa + a6) = 
-p F.ab, 

For any point C% on the right, we have 

F. Cib — FiCtb + ab^^F. ah. 

For any point C between the forces, 

-F. Ca — F.Cb='-F.ah, 

The minus sign denotes clockwise rotation. 

In general, the moment of a couple about any point in its plane 
is constant and equal to the product of the armoy one of the forces, 
(Compare page 186, Kinematics of a Rigid System,) 

CoR. 1. A couple may be turned round in any manner in its 
own plane without altermg its effect, the arm ab \)emg unchanged. 

Cor. 2. A couple may oe removed to any position in its own 
plane without altering its effect, the arm ab being unchanged. 

Cor. 3. A couple may be transferred to any other plane parallel 
to its own plane without altering its effect. 

Cor. 4. All couples whose planes are parallel and moments 
equal, are equivalent. 

CoR. 6. Any couple may be replaced by another which shall be 
equivalent and have an arm of any given length. 

CoR. 6. We have for any point Ci the resultant moment 

F.Cia — FiCia + ab). 

If da = 00 , then, since a6 is insignificant with respect to Cia, we 
have Foo — Foo = 0. The algebraic sum of the forces or the result- 
ant force is also zero. The moment of a force is the algebraic sum 
of the moments of its components (page 67). The resultant there- 

* Compare page 186, Kinematics of a Rigid System. 
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fore acts throiu^ any point where the moment sum of the compo- 
nents is zero. The resultant of a couple is therefore zero at an m- 
finite distance in any direction in the plane of the couple. This is 
Cor. 2, page 72. 

Cor. 7. A couple cannot be replaced by a single force, but only 
by another equivalent couple. 

Cor. 8. A couple cannot be held in equilibrium by a single 
force, but only by another equivalent couple. 

Line Bepresentative of a Couple. — A line perpendicular to the 
plane of a couple is called the axis of the couple. 

A couple can then be completely represented by a straight line. 
The length of the line represents the moment of the couple. The 

Slane of the couple is at right angles to its line representative. The 
irection of rotation may be indicated by an arrow, so that looking 
alon^ the line representative in the direction of the arrow, rota- 
tion IS seen to be olockwiee. Thus the line AB represents the mag- 
nitude of a couple causing rotation as indicated in ^^ 

a plane at right angles to the axis AB. The line ^ { . ] » b 

representative coincides with the axis of rotation. ^ 

A couple is thus a vector quantity, like displacement, velocity, 
acceleration, moment, force, and the same prmciples apply as to 
composition and resolution of forces. 

When we speak of the ''direction of a couple" we mean the 
direction of its line representative. 

Composition and Besolution of Couples. — We have then the 
^'parallelogram and polygon of couples." 

When couples are in the same plane, or pturallel planes, their 
line representatives are all parallel. Hence the resultant of any 
number of couples in the same or in parallel planes equals the al- 
gebraic sum of the component couples. 

The resultant of two couples in different planes is given by the 
diagonal of the parallelogram constructed on the line representa- 
tives of the components, taken the other way round. 

The resultant of any number of couples m different planes, the 
axes being all in the same plane, is given by the line which closes 
the polygon formed by the line representatives taken the other 
way round. 

The line representatives can then be combined and resolved just 
like forces in general. 

The action of a couple acting upon a rigid body is tp cause an- 
gular acceleration of tne body about an axis perpendicular to its 
plane. 

Centre of Parallel Forces.*— Let Fij Ft, Ft, etc., be any num- 
ber of parallel forces acting at the 
points Ai, A^, At, etc., of a rigid 
Dody. 

Then the resultant Fr must be 
parallel to the forces and eciual in 
magnitude to their algebraic sum, 
or 

Fr = Fi+Ft + F9+ . . . = 2F. 

In taking the summation, all 
forces in one direction are (+), in 
the opposite direction (— ). 

Take any two of the parallel 
forces, as Fi , Ft , and draw a line 




* Ck>mpare page 192, EinemoUca of a Rigid SysUm. 
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AiAt through their points of application and produce it to intersec- 
tion K with the plane of ZX Drop peri>endiculars AiBi , AtB% to 
this plane and draw the line KBiBt in this plane. 

Wow, from page 71, the resultant of Fi and jFi is 12i = jPi + F% 
and its point of application is at J. on the line AiAt , such that 

Fi ^ A^A 

Ft AiA' 

Drop the perpendicular AB to the plane ZX. Then we have by 
similar triangles 

AtA^BtB 

AiA BBx' 

Denote the distances AiBi , A%B% by yi , y% respectively, and the 
distance AB, or the ordinate of tiie point of application of the re- 
sultant Ri of Fi and ^t , by yu Then we have by similar triangles 

B%B _ y% — yx 

BBi y^^y/ 

Hence 

Ft_ y.^yx or y,^i^Ml±IJMl, 
Ft y^ — yi Fi + F% 

In the same way for three forces jPi , jFs , F% we can combine 
the resultant Ri of Fx and F^ acting at the point A. with Ft. We 
thus obtain for the ordinate of tne point of application of the 
resultant of three forces 

_ Fxyx + Ftyt + Ftyt 
^' ■" Fx+Ft^F. • 
In general^ then, for any number of parallel forces we have for 
the ordinate y of the point of application of the resultant 

i-w- ■ ■ • « 

In precisely similar manner, if we denote the distances AC and 
AD of the pomt^of application of the resultant from the planes of 
FZand JTFby x and z, we have 

s = ^; m 

- 2Fz 

^=w ^«> 

Eijuations (1), (2) and (3) give the co-ordinates of the point of 
application of the resultant for any number of p€trallel forces. 
Tnis point is called the centre of parallel forces. 

We see that its position depends only upon the magnitude of 
the forces and the position of their points of application, and is 
independent of the common direction of the forces. 

GoR. 1. If z is zero, then Zi, Ztj etc., must be zero, and the paral- 
lel forces are co-planar and all lie in the plane XY. The centre is 
then given by (1) and (2). If z and y are zero, the points of applica- 
tion are all in the axis of X, and the centre is given_by_(2). (Com- 
pare page 192, Kinematics of a Rigid System.) If Xy y and z are 



CHAP. II.] PROPEBTIES OF THB^ CEKTBE OF MASS. 75 

zero, the centre is at the origin. If x and z are zero, the centre is 
in the axis of Fand the points of application are all in the axis of 
F, etc. 

CoR. 2. If a force equal and opposite to the resultant is applied 
at the centre of {parallel forces, we have a system of parallel forces 
in equilihrium. 

Cor. 3. If a bodj has a motion of translation only, all the points 
of the hody move m parallel paths with the same acceleration, if 
any, in the same direction at any instant. Let / be this common 
acceleration. Then if we consider the body to be composed of an 
indefinitely large number of indefinitely smaU piurticles of mass 
mi , mt , mi , etc., the parallel forces on each of them are Fx = m/, 
F% = m^f. Ft = mt/, etc. The total resultant force in the common 
direction is then 

R = m^/*+ mrf + m%f + etc. =f(mi + m. + w« + etc.); 

or if the total mass M= mi + m« + ms + etc., 

B=fM. 

Also, if the co-ordinates of the particles mi, m%,m%^ etc., are 
(x\ , yi , Zi), (Xtytft, Zt), etc., and the co-ordinatosjDf the point of 
application of the resultsmt are denoted by x, y, z, we have, since 
the moment of the resultant is equal to the algebraic sum of the 
moments of the components, 

i2x =/iM£ = mifxi + m^Xt + etc. =f2mxy 
or 

— 2mx ,^. 

'^=~ir (^> 

In the same way we have 

V = ^, (2) 

i = ^". (3) 

The point given bv equations (1), (2) and (3) coincides with the 
centre of mass of the body (page 17). 

Hence, the centre of mass of a body coincides with the point of 
application of the resultant of that system of parallel forces which 
acts upon all the particles of a translatinq body ; that m, when each 
paraUel particle force causes in the particle on which it acts the 
same acceleration in the same direction (page 18). 

Properties of the Centre of Mass. — ^We have then the following 
properties of the centre of mass : 

1. The centre of mass coincides with the point of application of 
the resultant of that svstem of parallel forces which acts upon all 
the particles of a translating body. 

2. Hence, inversely, if all the forces acting upon a rigid body 
reduce to a single resultant force acting at the centre of mass, the 
motion of the body is one of translation only. 

3. The algebraic sum of the moments of the masses (page 19) 
of all the particles with reference to the centre of mass is zero (page 
17). 
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If, then, the origin of co-ordinates is taken at the centre of mass, 
we have 

Smx = 0, 2my = 0, 2mz = 0. 

If pol€ur oo-ordinates are taken, and the pole is taken at the 
centre of mass, we have 

where r is the distance of any particle from the centre of mass. 

4. Since the attraction of the eeurth for a body at or above its 
surface, whose longest dimension is insignificant compared to the 
earth^s radius, is practically an ecjual and parallel force on every 
equal particle of tne bodv, tne weight of the body in such case acts 
at its centre of mass, and a body acted upon only by its weight has 
a motion of translation only. 

Hence the centre of mass is often erroneously called the ''centre 
of gravity ** (pa^es 18, 46). 

6. In all positions of a rigid body about the centre of mass, the 
weight then passes i)racticaJJly through the centre of mass, because 
changing the direction of a system of j>arallel forces does not, as 
we have seen (page 74), change the pomt of application of the re- 
sultant, provided the points of application of the forces and their 
mafincutudes are unchajiged. 

Hence if a rigid body free to move is supported at its centre of 
mass, it will be at rest m all positions about this centre, because in 
all positions we have two equal and opposite forces acting at the 
same point. 

We can therefore locate the centre of mass of a ri^d body by 
suspending it successively in two different positions. The two di- 
rections of the suspending string relative to the bodv must inter- 
sect practically at the centre of mass, since in each case, if the 
body is at rest, the centre of mass must be vertically under the 
point of suspension. 

6. If a rigid body free to move is supported at a point vertically 
below the centre of mass, it will then be in equilibrium. But if the 
body be moved in any direction, however slightly, around the point 
of support, we shall have the weight of the body and the upward 
pressure on the support forming a couple causing the body to rotate 
away from its former position of equihbrium. 

A body in such a position is said to be in unstable equilib- 
Hum, 

If a rigid body is supported at any point vertically above the 
centre of mass, it will be m equilibrium also. If the body is moved 
in any direction however slightly around the point of support, we 
shall have a couple causing rotation tow£irds the former position of 
equilibrium. 

A body in such a position is said to be in stable equilibrium. 

If the Dody is supported at the centre of mass, it will remain in 
equilibrium in any position about the point of support. It is then 
said to be in indifferent equilibrium. 

7. The centre of mass may lie outside the limits of the body, as 
for example in the case of a circular ring or a spherical shell. 

8. The motion of the centre of mass of a rigid body is the same 
as if the body were replaced by a particle of eaual mass at the 
centre of mass, and all the forces acting upon the Dody were trans- 
ferred to this particle without change in magnitude or direction 
(pages 18, 83). 
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Besnltant Foroe and Couple for any Hnmber of Parallel Forces. 
— ^Take ti^e axia of FpMuUel to the com- 
mon direction of the parallel forces Fi , 
Fi , Ft , etc.. and let these forces be ap- 
plied at the points of a rigid body whose 
co.-ordinate8 are (xi, yi, zOy {x%y y%,z%\ 
etc. 

Then the resultant will be the alge- 
braic sum of all the forces, or 

Fr^^Fx + F^ + Ft^ .. ,^2F, . (1) 

all forces acting in the direction OY 
being positive, and all in the opposite 
direction being negative in the fidgeoraic sum. 

The point of application (a?, y, z) of this resultant, or the centre 
of force, is given oy 

5-?^ «^?^ F-?^ m 

^^ SF' ^^ SF' SF ^^ 

Taking positive rotation in each co-ordinate plane as indicated 
in the figure from Zto F, Fto Z, Zto X, we have for the moment 
about the axis of Z in the plane YZ 

Mz—z2F=^2Fz, (3) 

and for the moment about the axis of Z'in the plane XY 

Mg = x2F=z2Fx. (4) 

There is no moment about the axis of F, or 1^ = 0. The line 
representatives of these moments are positive in the direction OX 
and OZj negative in the opposite directions. 

The resultant moment is then 



Mr=VMx^'\-Mz\ (6) 

The line representative of the resultant moment makes angles 
dy e and / with the axes of X, Y and Z whose cosines are given by 

coBd = ^, oose = ^ = 0, cos/ = ^. . . . (6) 

Looking alon^ this line representative towards the origin, the 
direction of rotation is always seen counter-clockunse. 

Equilibrium of a Kigid Body.— If a ri^d body acted upon by 
any number of forces applied at different points is in static equilib- 
rium (page 58), all the forces must evidently reduce to two equal 
and opposite resultant forces acting in the same straight Ime. 
That IS, the cdgebraic sum of the moments of all the forces about 
every point in space must he zero. Or, any one of the forces must 
be equal and opposite to the resultant of all the others and act in 
the same straignt Une with it. If any one of the forces is equal 
and opposite to the resultant of all the others, but does not act in 
the same straight line with it, we have molar equilibrium (page 
68). 

Conditions of Sqailibrinm of a Bigid Body acted apon by Paral- 
lel Forces. — If all the forces acting at different points of a rigid 
body are parallel, we have then for ttie necessary and sufficient 
conditions of static equilibrium: 
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1st, The cUgebraic sum of the forces mast he zero, or 

3F:=^0 (1) 

When this condition only is complied with, there is no resultant 
force, or any one of the forces is equal and ophite to the resultant 
of all the others, hut does not necessarily act in the same straight 
line with it. We have then molar equilihrium. 

2d. Hie algebraic sum of the moments of the forces with refer- 
ence to any two co-ordinate planes, paral- 
lel to the forces, mvM he zero. 

That IS, if we take th6 common direc- 
tion of the forces parallel to the axis of F, 
and take the origin O as the centre of 
moments, we have the resultcmt moment 
Mr = 0, or 

2i?'a? = 0, 2F5f = 0. . . . (f) 

When this condition only is complied 
with, there is no rotation about the origin 
O, or about any point in the axis OY. 

The resultant then coincides with the axis OY, If this resultant 
is not also zero, there can be no static equilibrium. If it is zero, 
then the 1st condition is also fulfilled, and we have the algebraic 
sum of the moments of all the forces about every point in space, 
equal to zero. 

In order, then, that there may be static equilibrium, both con- 
ditions (1) and (2) must be satisfied. 

Cor. 1. If equilibrium, molar or static, exists for any one direc- 
tion of the parallel forces, it will exist whatever the common direc- 
tion, provided the magnitudes and points of application of the 
parallel forces are imchanged. 

CoR. 2. If the parallel forces are co-planar, let their common 
plane be the plane of XF, and let their common direction be paral- 
lel to the axis of Y. 

Then we have for the conditions of equilibrium 

:SF^Q\ (1) 

2Fx = (^ (2) 

If the first condition alone is satisfied, we have molar eqiiilib- 
rium. 

If the second alone is fulfilled, the resultant coincides with the 
axis of Y, 

If both are fulfilled, we have the moment about every point in 
the plane zero, and hence static equilibrium. 



EXAMPLES. 

(1) Show that the cerUre of mass of the perimeter of a triangle 
cannot coincide with the centre of mass of the triangular area, ex- 
cept in the case of an equilateral triangle, 

(2) A nuiss P at rest on an inclined plane is attcu^hed to one end 
of a string which passes over a pulley at the top of the plane and 
sujjports at the other end a mass Q. The pressure of the plane upon 
P is normal to the plane, Shotv that when Q is movea verticaUyf 
the centre of mass of P and Q will neither rise nor fall. 
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Ana. Let a be the anffleof the plane with the horiaontal. Let the string 
make the angle fi with the plane. 

The weight of P is the aUraction of the earth for P. 
The tension of the strinff is the same as the weight of 
Q. Since Pis at rest, uie tension of the string Q, the 
weight P and the normal pressure if are in eqnilibriam 
and ooneur at the centre of mass (7. Let I be the length 
of the string, and x the length of that portion of it, 0?, - 
between the body and the pulley, and y that portion of it, cQ, between the 
puller and the body Q. Then x + y =^ l^no matter where the body P is on 
the plane. The distance of the centre of mass of Pand Q below the pulley is 
then 

Pp sin (g ± /g) + gy 

P+Q 

where the (-f-) sign for fi is taken when fi is aboye and the (— ) sign when fi, 
as in the figure, is below the parallel to the plane through 0. 

But since Pis at rest, the component of its weight parallel to Cc must be 
equal and opposite to the tension of the string Q. Hence P sin (a ± /5) = ^, 
and the distance of the centre of mass of P and Q below the pulley is 

^ig = p^r& ^^^^ ^ independent qfthepoMiian of Q. 

(3) Three masses of 2, 3, 4 ounces respectively lie in a straight 
line. The distance bettveen the first and second is 10 inches, bettoeen 
the second and third 6 inches. Find the centre of mass. 

An& At the centre of mass of the middle mass. 

(4) Four masses of 1, 2, 3, 4 pounds are placed in order at equal 
distances one inch aj^rt on a rod. Neglecting the rod, find the 
point at which they will balance. 

Ans. At the centre of mass of the third mass. 

(5) At the comers of a square, taken in order, are placed masses 
1, 3, 5, 7. Find the centre of mass. 

Ans. If « is the length of a side of the square, the distance of the centre of 

mass from the side (1, 7) is ^ , and from the side (5, 7) j. 

(6) Fromafixed horizontal rod are suspended a given number 
of equal masses by strings, the sum of the lengths of tmich is given. 
Find the distance of the centre of mass from the rod. 

Ans. If n is the number of masses and I the whole length of string used, 

the required distance is — . 

(7) Two masses support each other on two smooth inclined planes 
by means of a fine string passing over the common vertex of the 
planes. If the masses are moved, show that the centre of mass 
moves in a horizontal line. 

(8) A solid right cone stands on a plane inclined at an angle 
of 30" to the horizon and is prevented from sliding. Find the 
height of the cone in terms of the radius of the base, in order that 
it may be on the point of overturning. 

Ans. 4rVSr 

(9) A circular table weighing w lbs. has three equal legs at equi- 
distant points on its circumference. The table is placed on a level 
floor. Neglecting the legs, find the smallest weight which, placed 
anywhere on the table, will just bring it to the point of overturning. 

Ans. 10 lbs. 
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(10) IfihetaMeha8f<mrleg8ateqiddi9tafUpaMa,findthe least 
weight that toill upset it 

Ana. 2.4to. 

(11) The centre of mass of a ladder u)etghing 60 lbs, is 12 ft from 
one end. which is fixed. What force mtist a man apply at a dis- 
tance Of 6 ft. from this end to raise the ladder f 

Ans. 100 lb8. 

(12) Two parallel forces, acting in the same direction, are 17 and 
33 U>s, re^ctively, and their points of apj^lication A, B are 8 ft. 



apart. Find the resultant and its intersection C with the line 
Ans. Fr = 60 lbs. parallel to the f onsee 

^(7 =6.28 ft.. fiC=2.73ft. 

(18) Find the resultant and the point C when the forces in the 
preceding example act in opposite dtreetions. 
Ans. Fr = 16 lbs. in the direction of the larger force 
^C= 16.6 ft., ^0=8.6 ft. 

(14) Two parallel forces Fi. Ft of 12.6 and 26 Ubs. act in the same 
direction upon tux> points. The resultant acts at a distance of 4 ft. 
from Fi. What is the distance between the forces f 

Ana. 6 ft. 

(16) Bescive a force Fr = 62 Ws. into two parallel fiyrees acting 
in the same direction, Fx and F% : (a) when the distances from Fr are 
2 and 3 ft.; (b) when Fi = 20lbs.ata distance of 2 ft. 

Ans. (a) Fx = 81.2 Ibe., F^ = 20.8 lbs. 

{b) Ft = 82 lbs. at a distance from Fr of 1.26 ft. 

(16) Resolve a force Fr = 20 fiw. into two parallel forces Fi, Ft, 
one of which, Fx , acts opposite to Ft : (a) when the forces are distant 
from Fr 8 and Zft,; (6) when Fx is 30 U)s. and distant from Fr ^ft. 

Ans. (a) Fx = 12 lbs.. Ft = 82 lbs. 

(b) Ft = 60 lbs. at a distance of 8.6 ft. 

(17) A beam of length I is supported at its ends. Parallel forces 
Fx, Ft, Ft act upon it at right angles to its length, dividing the beam 
into the segments b, c, d avid e. Find the pressures Ri and Rt at the 
supports of the left and right ends, neglecting the weight of the beam. 

._ „ F,{l^b) + F,{d + e) + Fte „ Ft(l - e) + Ft(b + e) + Fxb 
Ans. Ai = -. , Mt = J . 

(18) A table is supported by three legs at the points A, B, C. 
A load F is placed upon the table at the point F. Find the press- 
ures on the legs. 

Ans. Let the upward pressures on the legs heFx, Ft, Ft. Then 

F. + Ft + Ft-Fz^O (1) 

Let nt be the distance of F from the line AC, and At the 
distance of B. Then, taking moments about A C, 

Fnt - Ftht = (2) 

Let nt be the distance of J^from the line AB, and ht the 
distance of 0. Then, taking moments about AB, 

Fnt-Ftht = (8) 

From these three equations we have 

„ Fn^ „ Fnt „ _ Fnx 

^•= AT' ^'""aT' ^'""aT' 

where ni is the distance of Ftiom BC, and Ai the distance of A 
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If the Bides of the triangle ABG are a, b, e, and the angles BFO, OFA, 
AFB are a, ft, y, and the distances of Ftiom. A, B and Cniep, q and r, we have 

1 

|p.^_^ _^a _^ qrmna 

^ hi 1. ^sina-|-|?r8in yC^-l-j^sinx' 

In the same way we can find F% and F». If there are four leffs, we have 
four unknown quantities and only three equations of condition. The problem 
is then indeterminate. 

(19) Find the resultant for a system of parallel co-planar forces 
given by 

.P, =+881bs., X, =+25ft., y. = +18ft; 
Ft = + 20 '' », = - 10 " y, = - 15 " 

j^, = - 85 " », = +i5** pt^-fyr*' 

.Fi = - 72 " 054 = - 81 " y4 = + 17 " 
.P, = + laO " «, = +28 " y, =r - 10 *• 

Am. .Pr=+661b8., i = +77.15 ft., J= -86.82ft. 
If the forces are parallel to the axis of 71 Ifs = + 6091.0 lb..ft. 
If the forces are parallel to the axis of X i^s = + 2480.12 Ib.-ft. 
If we look along the line representative of the moment towards the origin, 
the rotation is seen counter-clockwise. 

(20) Find the resuUant for the parallet-force system given by 
.P, = + 60 lbs., Xi =0, y, = 0, «, = 0; 

J^, = +70" », = +lft., y. = +2ft., •, = +8 ft; 

J^, = - 90 " «, = +2 " y, = +8 " «, = +4 " 

.P4 = -150" X4 = +8" y4=+4" f4 = +5" 

-F; = +200 " x, = +4" y, = +5" f. = +6" 

Ans. J^r=+901b8.. x = + 2^ft., 7= +8 ft., 7= + 8ift. 
If the forces are parallel to the axis of T, we have 

JG = +8151b..ft.. Jrs = +2401b..ft., Jfr = 896 lb. -ft. 
The line representative making the angles with the axes of X, F, Z given bjr 
^ , 815 ^ ^ , 240 

^ +S6' cos« = 0, ^/= + iw* 

d = 822' 41' 41", « = 90% / = 52' 41' 41". 

If we look along the line representative towards the origin, the rotation is 
seen counter-clockwise. 




CHAPTEE nL 
STATICS—NON^ONCUKBING FORCES IN GENERAL 

OOMFOSmOK AND RESOLimOK OF FOBCBS AZID OOTTFLBS. CKNTRAL AXIS OF 
A FORCE 8T8TE1C. CONDITIONB OF BQUILIBRnTM OF A RIGID BODY. 
ANAIiTTICAL DETKRMINATION OF RB8X7LTANT FORCB AlTD COUPLE FOR 
AK¥ NUMBER OF KOK-OONCURRIKO FORCES IN SPACE. EQUIYALKNT 
WRENCH. THE INTARIANT. COMPOSITION AND RESOLUTION OF 
WRENCHES. 

In the preceding Chapter we have considered non-<K>ncarriii^ 
forces when they are patiUleL We shall now consider non-concur- 
ring forces in general, whatever th«ur direction. 

Composition and Resolution of Forces and Couples. — Let a 
force AB = + i^act at any point ^ of a ri^d body. 

If at any other point O of the body we introduce two equal and 

opposite forces, Ob= + F and Cki = 
-^B — ^f ^^^^ equal in magnitude to AB 
and parallel to it, the motion of the 
body is obviously unaffected by such 
introduction. We have then the 
force AB = + i^ acting upon the 
body at A, reduced to an equal and parallel force 06 = + /*, acting 
at any point O we please, and a couple consisting of AB and Oa, 
The moment of this couple is the same for every point in its plane 
and equal to Fp, where p is the perpendicular distance between the 
forces AB and Ob (page 72). The action of this couple is to cause 
angular acceleration of the body about an axis perpendicular to its 
plane (page 72). 

Since tne motion of the point O is not affected by the introduc- 
tion of the equal and opposite forces Oh and Oa, the axis of rotation 
passes through O. The motion of the body is therefore that of the 
point O at any instant, combined with rotation about the axis 
through O, perpendicular to the plane of the couple. 

Hence (compare page 189, Vol. I, Kinematics\ A force Faustina 
at any point of a rigid body can be resolved into an equal ana 
paraUel force at any point O of the body at a distance pfrom the 
Line of direction of F, and a couple whose moment is Fp^ whose 
plane is that of th^ forces, and whose axis of rotation passes through 
the point O perpendicular to this plane. 

Conversely, The resultant of a force F acting at any point O of 
a riaid body and a couple whose mxyment is Fp and whose oms of 
rotation passes throuqh the point O at right angles to the plane of 
the couple, is an equal and parallel force acting at a distance p in 
the plane of the couple. 

Cor. 1. Any number of forces acting at different points of a 
rigid body in different directions can then be reduced to a system 

88 
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of ooncurring forces actinfi; at any given ]M>mt of the body, and a 
number of couples whose line representatives pass through that 
point. The forces can be reduced to a single resultant (page 58), 
and the couples can be reduced to a single resultant (i)age 73). 

Hence any number of forces acting at different points of a rigid 
body in different directions can be roduced in general to a single 
force B acting at that point and a couple whose une representative 
passes through that point. The couple will var^ with the point 
chosen. The force is the same no matter what pomt is chosen. 

Cob. 2. This resultant force E and couple wnoee moment is Bp 
can again be reduced to a single resultant equal and parallel force 
B at ttie distancep in the plane of the couple. 

If this single resultant lorce impasses through the centre of mass, 
every jkoint of the body has the same acceleration / in the same 
direction and the motion of the body is one of translation " 



75). The single resultant force is then B=f2m, or/s=- , 

2m 
where 2m is the mass of the body. 

If this resultant force B does not pass throueh the centre of 
mass, it can be reduced to an equal and parallel force B =f2m, 
which does, and a couple whose plane is that of the forces and 
whose axis of rotation passes through the centre of mass. This 
couple then does not affect the acceleration of the centre of mass, 
which is therefore in both cases in the same direction and equal 

Therefore, when a rigid body is acted upon by any number of 
forces applied at different points and acting in different directions, 
that is, whatever the motion of the body may he, the motion of the 
centre of mass is predaely the eame as %f the body were replaced by 
a particle of equal mass at the centre of mass, and all the forces 
were transferred to this particle without change in direction or 
maanitude. 

Central Axis of a Force System. — ^Any number of forces acting 
at different points of a rigid body in different directions may be 
reduced to a single force and a couple whose axis is in the line of 
action of the force. 

Let OB be the line representative of the force B, and OM the 
line representative of the couple M, passing 
through Oj to which, as we have seen, any 
number of forces acting upon a rigid body 
may be reduced. Eesolve OM into the com- 
ponents ON at right angles to OB, and OC 
along OB. The couple represented by ON can 
be replaced by the equal parallel and opposite J^ 
forces — J^ at O and + Jt at a point Oi , the 
distance OOi being perpendicular to the plane of ON and OB and 

ON 
equal to ~^. Then •*- B and + iS at O balance, and the system is 

reduced to ^ at Oi and the couple represented by OC, whose axis 
is parallel to B (compare page 191, Vol. I, Kinematics of a Bigid 
System). The couple represented by OC causes rotation of the 
body about the axis OC with a certeon angular acceleration or, and 
therefore Oi has the acceleration of translation OOi . or. 

But (page 190, Vol. I, Kinematics of a Bigid System) an angular 
acceleration a of a rigid system about any axis can be resolvea into 
an equal angular acceleration about a parallel axis at any distance 
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OOi and an acceleration of translation OOi . a: in a direction at 
right angles to the plane of the axis. The axis through O can 
then be shifted to Ox. The entire system of forces reduces then 
to the resultant force B at Oi and a couple whose axis is in the line 
OiB. 

When this reduction is made, the line of action of the force is 
called the central axis of the force system, or Pointsot's central axis. 
(Comparepage 191, Vol. I, Kinematica of a Rigid System.) 

Sir R. S. BaH has given the name wrench to the resultant force 
and couple to which a given system of forces may be reduced when 
the line of action of the resultant force is the central axis. 

Ck)R. 1. Since OMis always greater than OCj it is evident that 
the magnitude of the resultant couple is less when its direction is 
that of the central axis than when it has anv other direction. 

CoR. 2. If ^ is the angle between B and Jf, then denoting ON 
by N, and OC by C, 



OOi = ^=^^^C = Jlf cos 0, 




B- 

and this value of C gives the least value of the resultant moment. 
This is called Pointsofa moment. 

Conditions of Eqmlibriam of a Bigid Body. — ^We have proved 
in the preceding Article that any forces acting on a rigid body can 
be reduced to a single resultant force R and a couple whose axis is 
parallel to that force or whose plane is at right angles to it. 

In order, then, that static equilibrium may exist, R must be zero 
and the moment of the couple must be zero. Or, as we have stated 
(page 77), all the forces must evidently reduce 
to two equal and opposite forces acting in the 
same straight line. Hence, the algebraic sum 
of the moments of all the forces about every 
point in space must he zero. Any one of the 
forces, then, must be equal and opposite to the 
resultant of all the others and act in the same straight line with it. 
If any one of the forces is equal and opposite to the resultant of all 
the others, but does not act m the same line with it, we have molar 
equilibrium (page 58). 

We have then two necessary and sufficient conditions for static 
equilibrium:* 

1st. The algebraic sum of the components of all the forces in eaok 
of any three rectangular directions must be zero. 

If the forces i^i, Ft, Ft, etc., make the angles (ai, fit, yi), 
(any fit, rOf etc., with the co-ordinate axes, then we must have 

Fx^FiCOBai + F% cos a^ + etc. = 2FcOB a = 0; 1 

Fy= FiCOB fii-^ Ft cos fit + etc. = SFcos fi = 0; > . . (1) 

Fm = Fi cos rx + Ftcoert + etc. = 2F cos r = 0. J 

When these equations only are complied with, there is no re- 
sultant force and any one of the forces is equal and opposite to the 
resultant of all the others, but does not necessarily act in the same 
line with it. We have then molar equilibrium. 

M. The algebraic sum of the component moments in sack of any 
three given pmnes cU right angles must he zero. 

* Compare page 109, VoL 1, EinmMtic9ofa Bigid /System. 




Fx=2FcOBa^Q;\ 



CHAP, in.] CONDITIONS OF EQUILIBBIUH OF A RIGID BODY. 85 

I^ (^> > Vi f ^Of (^« , y* , 2^0, etc., are the co-ordinates of the points 
of application of the forces Fi, Ft, etc., 
then 

Mx = 2Fy cos r — 2Fz cos /? = ; 

Jlfy=^i?'«cos a — 5i?'aj cos r=0; \ (2) 

iG = 2i^a: cos fi — 2-Py cos a = 0. 

The figure shows the direction of posi- 
tive rotation in each plane and of positive 
components F cos a, jF cos y», F cos r • 

when these equations only are satis- 
fied, there is no rotation about the origin O. The resultant then 
IMisses through O. 

If this resultant is not also zero, there can be no static equilib- 
rium. If it is zero, then the 1st condition is also satisfied and we 
have the algebraic sum of the moments of all the forces about every 
point in space equal to zero. 

In order, then, that there may be static equilibrium, both condi- 
tions (1) and (2) must be fulfiUed. 

Cor. 1. If the forces are ail co-planar, let XY be their plane. 
Then z = 0, cos y =0, and the general conditions of static equilib- 
rium become 

= 0;) 

Fy = 2FcOB/3==0; ) 

Mz = ^Fx cos ft — 2Fy cos a = (2) 

That is, 

l8t. The algebraic sum of the components of the forces in each of 
any two rectangular directions in the plane of tne forces must be 
zero, 

2d, The algebraic sum of the moments of the forces about any 
point in this plane must be zero. 

If the first condition only is satisfied, we have molar equilib- 
rium. 

If the second only is satisfied, there is no rotation about the axis 
OZ. The resultant then coincides with this axis. 

When this resultant is also zero, we have the algebraic sum of 
the moments of the forces about every point in the plane zero; both 
conditions are satisfied and there is static equilibrium. 

CoR. 2. If three non-concurring forces acting at different points 
of a rigid body are in equilibrium, their lines of direction produced 
must intersect in a common point and the forces must be co-planar. 

For the resultant of any two must pass through their point of 
intersection and lie in their plane. The third force must be equal 
and opposite to this resultant and act in the same straight line. 

Cor. 3. If the forces are parallel, take their common direction 
parallel to the axis of Y, Then cos a = 0, cos r = 0, cos ft = ly 
Fx = 0, Fg = 0, Fy = 2F, and we have 

2F = 0; (1) 

2Fx = 0, 2Fz = (2) 

That is, 

1st. The algebraic sum of the forces mvet be zero, 

2d. The algebraic sum of the moments of the forces with reference 

to any two co-ordinate planes parallel to the forces must be zero. 
These are the same conditions given on page 78. 
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If the first condition onl^ is satisfied, we have molar equilih- 
rium. If the second condition only is satisfied, the resultant 
passes through the origin and coincides with the axis of F. 

CoR. 4. If the forces are x)arallel and co-planar, let their common 
plane be the plane of XF, and let them all oe parallel to the axis of 
IT. Then we have 



2^ = 0; 



(1) 



2Fx = (2) 

That is, 

1st. The algebraic 9um of the forces muat be zero. 

2d. The algebraic sum of the moments of the forces about any 
point in their plane must be zero. 

Analytical Determination of Eetultant Foroe and Couple for Any 
Hnmber of Hon-concnrrinf^ Forces in Space. — (Compare pi^ ld7, 
Vol. I, Kinematics of a Rigid System.) Let an^ number of forces 
Fi , Fi , Ft , etc., acting at different points of a rind body be given 
by ixx , yi , Zi\ {x% , yt , z^), etc., the orinn being taken at some point 
of the rigid body. Let Fi make with tne co-orainate axes of X, F, Z 
the angles (ai , >5i , v i) respectively ; Ft , the angles (a« , fi% , r%), etc. 
Then we have for the algebraic sum of the components parallel to 
the axes 



l^af = i^i cos ai + Fi cos a. + . . . = 22^ COS a; 
Fy = FiCOBfii + FtCOBfit + . .. — SFco&fi; 
jRi = i^i cos r» + -P« cosxt + . . . = SFcos r- 



a> 



Resultant Force.— If the resultant Fr makes the angles a» 6, e 
with the axes, we have 

FrQOBa^Fx, FrCO%b = Fy, i?Vcosc = jRr, 

and hence the direction cosines are given by 



cosa = 



<50s6 = -=?-, — -- 



cosc = 



Ft' —--JF^^ p^ 

Squaring and adding, since cos'a + cos*& + cos*e = 1, 



(») 



Ft = VF»^ + Fv* + Fm* (8> 

The magnitude and direction of the resultant force are thus 
determined. 

There are precisely the same equations as for concurring forces, 
I 60. 

Itant Conple.— We can resolve each force, Fi , i^t , etc. (page 

Y 82), into an equal and parallel force 

acting at the origin O, and a couple 

causing a moment about O. Each 

fc<M/3^S^ couple can be resolved into component 

T \ couples in the planes XT, TZ, ZX. 

H — »*Foo»a Taking, then, positive rotation as 

-X indicated by the ngure in each plane, 

we have for the component moments 

]^y Jf / in each plane about each axis (coinpare 

*- ^ _ page 198, Vol. I, Kinematics of a Rigid 

^^ iSyetem): 
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'^'Ste^li;''} ^» = 2^^ COB « - SFxcosr;- 



about axis of Z 
in plane XY, 

The moment of the resultant couple is then given by 



m'pl^iFf!^ = ^^«»'»-2^«»«- . 



(4) 



Mr = VJJ&' + Jfv' + i6', (6) 

and its direction cosines are given by 

COS<i = ^, COB« = ^, cos/=^ (») 

JUr Jar -O^r 

The axis passing through the origin is thus known in direction. 
The line representative coincides with this axis and is given in 
magnitude by (6). Looking along the line representative towards 
the origin, the direction of rotation is seen counter-clockwise. 

The magnitude and direction of the resultant couple are thus 
known. 

We have thus reduced the forces acting upon the body to a re- 
sultant force Fr aciang at any point of the body taken as the origin 
O and a couple whose moment is Mr. The resultant force Fr is the 
same in magnitude and direction whatever point be taken. The 
moment Mr depends upon the point. 

If r is the lever-arm of the resultant with reference to the origin 
O, we have 

i?Vr = Jlfr, or r = :^. 

Jfr 

Conditions of Eqailihriun. — If the body is in static equilibrium, 
we must have 

Fx = 0, Fy = 0, Fm=0, andalso JCr = 0, My=zO, if« = 0. 

We see from (3) that the first condition is fulfilled when Fr = 0, 
or the resultant force is zero. Therefore all the forces must reduce 
to two equal and opposite forces, or any one of the forces must be 
equal and opposite m direction to the resultant of all the others. 

We see m>m (5) that the second condition is fulfilled when 
Mr = 0, that is, the two equal and opposite forces must act in the 
same line. 

We have then for the equations of condition for equilibrium, 
from (1), 

^i^cosa = 0; 



2FC08/3 — 
2Fco&r = 



(7) 



and from (4), 



2FycoBr — 2Fzco&/3 = 0', 1 

SFz COB a— 2Fx cosy = 0; I W 

SFxcoBfl — 2Fy cos a := 0. J 

If equations (8) only are fulfilled, the two opposite resultant 
forces pass throu^ the origin O, but unless (7) is also fulfiUed they 
are not equal. (Compare page 199, Vol. I, Kinematics of a Rigid 
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System.) If (7) only is fulfilled, we have molar equilibrium (page 
58). These are the same equations as on page 85. 

Condition that there shall be a Single Resultant Force only.— If 
£dl the forces intersect at a single point, the moment at that point 
is zero, and all the forces acting upon the rigid body reduce tiien 
to a single resultant force at this point. 

There is, however, one case m which the forces may not all 
intersect at a single point, and yet we mav have a single resultant 
force. In this case all the forces must reduce to three, any two of 
which intersect, while the other, although it does not pass through 
their point of intersection, yet intersects their resultant. 

Thus let the resultant forces parallel to the plane XT, Fx and Fy , 
intersect in a point A, We can then take them as acting at any 
point in the line of their resultant AC Now suppose that the 

resultant force Fz parallel to the axis 
OZ intersects this resultant AC at B, 
Then we can take all three as acting 
at B, and thus have a single resultant 
force passing_through B. 

Let iP, j(, 2; be the co-ordinates of 
the point B. Then considering Fx^Fy^ 
Fz acting at this point, we have 

Mx^Fi^-F^\ 

JOly = FxZ — FzX\ 

t Mz^ FjfiG - Fxy. 

If we multiply the first of these by Fx , the second by Fy . and 
the third by Fz and add, we have (compare page 200, Vol. I, Kine- 
matics of a Rigid System) 

FxMx -¥ FyMy + FzMz = (9) 

Equation (9) gives the condition which must be satisfied in order 
that all the forces may reduce to a single resultant. 

We have evidently for the projection of the line of this resultant 
on the co-ordinate planes 

' Fz' 




Fy Mz 

Fx Fx 






Fz MX 

Fy Fy 

Co-planar Forces.— If the forces are all co-planar, take their plane 
as the plane of XY, Then 2; = 0, cos r = 0, and, from equations (1), 

jPx = J^i cos ffi + i^« cos aa + . . . = 2FQO& a\ 
Fy = Fx cos/5, + jPa cos/Ja -H . . . = SFcoQft; 
Fz=0; 
and from equations (4), 

-Mi = 0, My = 0, Mz = 2FxcoBp — 2FycOBa. 

We see, then, that equation (9) is satisfied. When the forces 
are co-planar, therefore, they reduce to a single resultant. 

The equation of this resultant, if the plane of the forces is the 
plane of JtF, is 

Fy Mz 

' Fx Fx 
The magnitude of the resultant is 

Fr = ^/Fx* + Fy\ 
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The resultant moment is Mm ; and if r is the lever-arm of the 
resultant with reference to the origin. 

Ft 

Parallel Forces.*— If the forces are all parallel, we have a, p, y 
constant for aU the forces. Hence from (1; and (2) 

Fx = cos a^F = J?V cos a; \ 

Fy=^cmfi^F^ Ft Qo%h\ (10) 

jP, = cos y'SF = Ft cos C. ) 

The resultant Ft must have the common direction of the x)ar- 
allel forces, or 

a = a, & = /5, c = ;^, and Ft = ^F. 

That is, the resultant Ft is equal to the algehraic sum of the forces 
and is parallel to them. 

If we transfer the origin to any other point of the hody whose 
co-ordinates are a?', y', 7^^ we have from (4), by putting y — y\ 
x — x\z-s^in place of y, a?, z, and taking a, ft, y constant, 

Jfc = C06 viFTy-vO - cos ^a^« - arO = «» y\XFy-y'XF\ - cob ^\^Fz - xfXW\ ; \ 

Jfy = COB aXF{z -aO- co« yS^a; -«') = cos apE^ - «'SJP]- cos y[S^- ar'SF] ; I . (H) 

Jfs = cos ^a-FT*-«')- cos aSin[y-y') = cos ^[XRr-«'SF] - cos q\XFu- y'SF]. J 

If we substitute (11) and (10) in equation (9), we see that equa- 
tion (9) is satisfied. All the forces reduce then to a single resultant 
force. The point of application of this force is given by the values 
of oj', y\ 7i which make Mx.My^Mz zero. Hence the co-ordinates 
of the point of application of the resultant force are 

- 'SFx - ^Fy - 2Fz ..^x 

This point is the centre of parallel forces (pctge 73). 

Eqnivalent Wrench. — (Oomparo page 201, V ol. I, Kinematics of a 
Rigid System,) We have seen (pages 83, 86) that all the forces act- 
ing upon a rigid body may be reduced to a resultant force Ft acting 
at an^ point of the ifody taken as the origin and a couple Mr causing 
rotation about an axis through that point. The resultant force 
Ft is the same in magnitude and direction no matter what point is 
taken. The couple Mt varies with the point. We have also seen 
(page 83) that this force and couple can oe reduced to the resultant 
force Ft at a certain point and a resultant couple Ct whose axis is 
in the line of direction of Fr- The name torench is ^ven to this 
resultant force and couple; the axis is the central axis; the mag- 
nitude of the resultant force F- is called the intensity of the 

wrench; the ratio of the moment Ct to the force F^ or -=^, is 

rT 
evidently a linear magnitude and is called the pitch. It is the 
lever-arm of the couple which gives the moment Cr when the forces 
of the couple are equial to Ft. 

A single force may thus be regarded as a wrench of zero pitch, 
a couple alone as a wrench of infinite pitch. 

* Compare page 200, Vol. I, Kinematics of a Rigid System. 
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(1) The reBultant force along the central axis is given by (3) 

(2) The direction-coBines of the central axis are given hj (2) 

F» -L Fy Fm 

COS a = — , cos 6 = ^, ooBC = ^. 

(8) The moment at every point resolved in a direction parallel 
to the central axis must be the same and equal to that in the direc- 
tion of the central axis. Let Cr be the resultant moment along the 
central axis and let its components along the co-ordinate axes be 

Take an^ point for which Fx, Fy, Fg and Mx^ My, Mm^tq given 
as the origin, and let the co-ordinates of any point of the central 
axis be (x", y", s^'). Then the components ma;, my, m* of the 
moment at the origm due to the couple in the plane at right angles 
to the central axis are from equations (4), page 87, 

fn» =^ Fmu" - Fysf' \ ) 

my^Fxaf'-Fza^'; > (18) 

m, = Fyaf' - Fxy". ) 
We have then 

Mx = Cx-k'fnx, My — Cy + vfiy, Kv =r os + m* , 
or 
Cx = Mx" ma , Cy = My — my , Cg = Mg — m«. . . (14) 
Hence 
Cr = (Mx —mx) COS a + (My — my) cos & + (Mg — mc) cos c. 

Inserting the values of the direction-cosines of the central axis, 
we obtain 

erFr-(Mx-mx)Fx-^(My^m^)Fyk' (Mg'-mg)Fz. 

But since mxFx + myFy + mgFg = 0, this becomes 

CrFr = FxMx + FyMy + FgMg aS) 

We also have from (14) 

CrCosa^Ox^Mx — mx, Crcos 6 = -afy — my, Cr cos c=-M]5—m«. (16) 

Hence from (18), inserting the values of the direction-cosines, 

Cr _ Mx+Fysf'-F^' _ Jfy 4- F^'-Fxsf' ^ Mg+Fxr - Jyp" (17) 
Fr Fx Fy Fg 

Equations (17) give the equation of the central axis. 
From (15) we have 

Cr^ _ FxMx -f FyMy + FgMg ^^ 

Fr" Fx' + Fy^ + Fg^ """^^ 

This we have called the pitch (compare page 202, Vol. I, Kine- 
matic8 of a Rigid System). It is the lever-arm of the couple which 
gives the moment Cr when the forces of the couple are equal to Fr. 
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If we insert (17) in (16) and reduce, we have for the equation of 
the central axis 



^r J^ J=^V^ F? j 

'fA Ft' )] 



(19) 



Therefore the central axis passes through a point whose co- 
ordinates are* 

,/ FyMa — FzMy « FmMx — FxMz ^, ^^ FxMy — FyMjg .gj(\\ 

a? ^n . tr ^r? ^^ ^i • ^^) 

If we substitute these values of aj", a", 2?" in (13) and (16), we 
have 

Jlfc = Cr cos a - Fr(2f' COS 6 - ff" COS c), Fx = -Pr cosa; ] 

Ify = Cr COS 6 — Fr(pcf' COS *- 2?" COS a), Fy = Fr COS 6; >• . (21) 
if» = Cr COB C — JFr(ff" COS a — flj" COS 6), F« = jPr COS tt. ) 

When, therefore, JKp , JIfy , Jfe , i^* , i^y , i^z are given for any point 
of the body, we can find the equivalent wrench, that is, the result- 
ant force Fr , the direction of the central axis, and from (20) its 
position with reference to that point as an origin. We have also 
the couple Cr in the direction of tae axis from (18). 

Chi the other hand, if the position {ocf', y'\ z") of the central a.xis 
is given, together with Cr and Fr , we can find Mx^ My, Mz and Fx , 
Fy , Fz lor the origin. The Quantities Fx^ Fy.Fz and MxyMy^MM 
are called the components of the wrench. The wrench is known 
when these six quantities are known. 

The Invariant. —(dompare page 203, Vol. I, Kinematies of a Rigid 
System.) From (15) we see that the quantity 

FxJOlx + FyMy + FzBfg 

is always equal to FrCr , and is therefore invariable no matter what 
point is taken and whatever the values of Fx, Fy, Fz, that is, 
whatever the direction of the axes. This quantity is therefore 
called the Invariant of the components. Since Fr is also invariable 
whatever the direction of the axes, it may also be called the inva- 
riant of the couple. 

If the invariant is zero, it follows that either Fr is zero or Cr is 
zero. The condition 

FxMx + FyMy + FzMg = 

is therefore the condition that there is no resultcmt force, or rota- 
tion only, or that there is no rotation and therefore a single result- 
ant force only (see equation (9) ). 

Cromposition and BMolntion of Wrenches.— -(Compare page 203, Vol. 
I, Kineniatica of a Rigid System.) If two wrenches are given, then by 
(21) we can find the sis components of each wrench. Adding these 
two and two, we have the six components of the resultant wrench. 
Then by equations (2), (3), (15) ana (20) the resultant wrench may 
be found. 

* If the perpendiealur from the origin to the eentral axis is p, then ^*, ^', 
t" are the projections of p upon the axes of X, F, Z. 
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Conversely, we may resolve any given wrench into two 
wrenches in an infinite number of ways. Since a wrench is given 
by six components at any point, we have in the two wrenches 
twelve quantities at our disposal. Six of these are re quir ed to 
m£U^e the two wrenches equivalent to the ^ven wrench. We may 
therefore in general satisfy six other conditions at pleasure. 

Thus we may choose the axis of one wrench to be any given 
straight line we please. 

Special Cases. — All cases are included by the general formulas 
(1) to (21) of the preceding Article. 

(a) For concurring forces in space, take the origin as the point 
of concurrence. Then Mx =0, My = 0, Mz = 0. If the concurring 
forces are in equilibrium, we have also Fx = 0, Fy— 0, Fg = 0. 

(6) For concurring co-planar forceSy take the ori«n as the point 
of concurrence. Then Jlfi = 0, ify = 0, lf« = 0, and in? = 0, « = 0. 

(c) For non-concurring co-jplanar forces y take XY as the plane. 
Then 2 = 0, -Fi = 0, ilfar= 0, A^ = 0. 

(d) If one point of the body is fixed, take that point as origin. 
Then since there can be no translation, -Px =■ 0, -Fy = 0,-P« = 0. 

(e) If an axis parallel to X is fixed, there C€Ui only be translation 
along this axis and rotation about it. Hence Fy = 0, jF^ = 0, My = 0, 
ik& = 0. 

(/) If two points are fixed, there can be no translation, but only 
rotation. If we take the axis of X through the points, we have 

Fx =^0,Fy=: 0, Fz = 0, iify = 0, Mz = 0. 

(g) If one point is always in the plane XY, the body can have 
no translation parallel to z. Hence Fe = 0. 

(h) If three points not in the same straight line are confined to 
the plane XY, we have rotation about Z only and no translation 
along Z, Hence Fz = 0, Mx = 0, My = 0. 

(t) If two axes parallel to X are fixed, we can only have transla- 
tion parallel to X Hence Fy = 0, Fz = 0, and Mx =0, My= 0, 
Mz = 0. 

(j) If the forces are all parallel to Y, there is translation paral- 
lel to F only, and rotation only about Z and X Hence Fx = 0, 

Fz = 0,Fy = 0. 

EXAMPLES. 

(1) Let a rigid body be acted upon by the co-planar forces 
Fi = 50 lbs., F^ = 80 lbs., F, = 70 lbs., F^ = 90 lbs., Ft = 120 lbs. 
acting at the points given by 

flj, =+.5ft., y, = + 10ft,; aj, = + 9ft., yj = ^-12ft.; 
aj, = + 17 ft., y, = 4- 14 ft.; a?* = + 20 ft., y* = + 13 ft.; 
Xt = + 15 ft., y5 = + 8 ft. 

Let the forces make angles with the axes of X and Y, given by 
ai = 70\ /?! = 20^ a, = eO% /?, = 150^ a, = 120% fit = 80"; 
a* = 150% /54 = 120% a. = 90% /?. = 0% 

Find the resultant, etc. (Compare Ex. (1^), Vol. I, page 207.) 
Ans. We have (page 86) for the components parallel to the axes of X and 

T: 

J^a?= 50 008 70"* -f 80 cos 60"* - 70 cos 60'' - 90 cos SO** = - 80.842 lbs.; 

2^y = 60cos20'-80co8 80'+120 + 70cos80"-90cos60'' = + 156.626 lbs.; 

Ft = 0. 
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The resultant is giyen in magnitude by 



Ft = ^Fx^ + Pri' = 176.269 lbs., 
and its direction-KX)sines by 

-- = t = ^^^' o, a = liri8'r; 

coeJ = fL=±i°^. o, 6 = 27M8'1". 
Fr 176.259 ' 

We have from equation (4), page 87, 

2Fx cos/? = + 60cos20'x5-80co8 30'x9 + 70co8 80' 

X 17 - 90 cos 60" X 20 + 120 X 16 = + 1981.670 Ib.-ft.; 
SFy cos a = + 50 cos 70' X 10 + 80 cos 60" X 12 - 70 COS 60** 

X 14 - 90 cos 80" X 18 = - 1162.246 Ib.-ft. 
Mx = 0, My = 0, Ifx=^2FBcos/3 - SFy cob a = + 8088.916 Ib.-ft. 
Bince, then, equation (9), page 88, 

PxMx + FyMy'\-FzMz = 0, 

is satisfied, the forces reduce to a single resultant force. 

The moment of this resultant force relative to the origin is 



Mr = V'JTx* + My' + Ms^ = Jl£z=+ 8088.916 Ib.-ft. 
Its leyer-arm is 

^_Mr _ 8088.916 .„... 

^ = :Fr = i76:269=^^-^"- 

The eqiMtion of the line of direction of the reealtant (page 88) is 

y = 5^ - ^ ^ - 1.96a> + 88.14. 

The co-ordinates of the point of application of the resultant are given from 
equations (12), page 89 : 

-_:Si^co8/J_-M?31L67_ ^ 
*"" Fy -+156.626-+^^"" 
- 2Fy cos a - 1152.246 . , , «^ ^ 
y=-V— = -80.842 = + ^^-^ft> 

(2) Find the r^esultant, etc., for the force system acting on a rigid 
body given by 

F,=: SO lbs. ; ai = 60". fti = 40", ^i acnte; 

Ft= 70 " a, = 65% /5, = 46". ^'a obtuse; 

J^, = 90 •* art = 70", fl, = 50", yt acute; 

J^4 = 120 " a* = 75", /54 = 56", r« obtuse. 

«x = 0, y, = 0, f 1 = 0; 

«, = +lft., y. = + 4ft., «, = + 7ft; 

Xt = + 2 ** y, = 4-6 " «, = +8 " 

af4 = +8" y4 = + 6" «4 = + 9" 

(Compare Ex. (16), Vol. I, page 208.) 
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Ans. We find the angles y by the formula, Vol. I, page 13, 

coa^ y ^ — COB (a -f /^) ooe (a — /S). 
Then from i>age 86 we have 

F«r=+116.4S81ba., Fy = +dl4.4801b6., A = - 51.0QP7 lbs. 
Therefore the reaoltant is 

Ft = i^W + iV + W = +249.885 Iba., 
and its dlrection-ooaines are given by 

O0aa = ^, OOB^rs^, 0066 = -^, 

a ==69^9' 48", 6 = 80' 89* 20", o = 101* 4^. 
We also have for the moments from equation (4), page 87, 

JG = - 1888.604, JTy = + 928.947, JCi = - 86.908 lb.-ft. 
The resultant moment about the origin is 

Mr = V'if** + JV + JG» = + 2061.789 Ib.-ft.. 
and the direction-oosines of its line representative are given by 

eoBd = j^, eoa0 = j^, cos/=^. 

Jar -air Mr 

or 

d = 168'* 5' 40". d = 68* 14' 15", / = 92'* 24' 56". 

Looking along this line representative towards the origin, the direction of 
rotation is seen counter-clockwise. 

The equations of the projection of the resultant on the co-ordinate planes 
are 

y = 1.885« + 0.746. « = - 2.28s + 18.19, « = - 0.28^ - 8.57. 

We see that 

JFxMig "t" JejfMy -f- IfzMz 

does not in this case equal zero. Hence, page 88, the forces do not reduce to 
a single resultant force, but to a resultant force along the central axis and a 
couple whose axis is the central axis. 

The resultant force along the central axis is, as already found, Fr = 249.825 
lbs., and its angles with the co-ordinate axes are as already found. 

The co-ordinates of the central axis are given by equation (20), page 01, 

i^' = -S!^^^^i^ = + 0.468 ft.. y=5i^^^y^ = +1.678 ft.. 

«" = -^'^''~/''^ =+8.08ft. 
The resultant couple tr is given by equation (15), i>age 90, 

rr 

The direction cosines of its line representative are the same as for the re- 
sultant Fr , and looking along this line representative towards the origin the 
rotation is seen counter-clockwise. 

The components of Or are given by equation (16), page 90, 

o« = 6r COS a = — 19.481 lb. -ft., cy = cr cos i = — 85.806 Ib.-ft., 
0, = cr COB c = + 8.5288 lb. -ft. 
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(8) In the preceding eoMmpie find what the eo-crdinatee ae« , 1^4 , 
z* of the force F* = 120U}8. muat be in order that all the farces may 
reduce to a single resuUant. (Compare Ex. 16, page 362.) 

A218. We evidently have F», Fy, Fz, Fr and the angles a, b, c unchanged, 
^noe changing the point ol application of F^ without changing its direction or 
magnitude has no effect on the magnitude of the resultant or its direction. 

We have then 

J&= -669.571- 08.96^4 -68.82ai«; \ 

Jfy = + 8M-0S9 + 81-060i« + M-d6da;4; [ 0) 

Jf« = ^ 107.08e+68.8dto« - 81.069^4. ) 

We hare as the equation of oondition for a single resultant, equation (9), 
Pi«e88, 

116.«38J& + 814.48Jry - ^l.mMn = 0, 

J& + l-B42Jry-0.4886Jrs = 0. (d) 

From (1) we obtain 

(J&+ 669.571)81.059 + (My - 869.629)68.899 = (Jfs + 107.086)98.368, 

Jfx + 2.216Jf|f-8.008Jfs = + 481.084 (8) 

From (8) and (8) we obtain 

0.874iry - 8.6641C» = +481.084. 

If we retain for My its value in the preceding example, + 928.947 lb. -ft., 
we shall have 

Mm-- 62.108 lb..a, 

J& = - 1788.96 
If we substitute these values in (1), we obtain 

98.26^4 + 68.829^4 = + 10744; 
81.05904 +98.262074=+ 669.808; 

68.82904 - 81.051^4 = + 64.984. 
Henoe 

fl;« = - 0.888s« + 6.997; 

y^--^ 0.788i4 + 11.620. 

If than we assume s« = 0, we have 

«4 = + 6.997, y4 = +11.620. 

(4) Using the values of the preceding example, find the point of 
application of the resuUant. {Compare Ex. 17, Vol. I, page 210.) 

Ana. We have 

Fx = + 116.428 lbs., 1?^ = + 214.480 lbs., A = - 61.0671b8., 

i^r = +249.825 lbs.; 

a = 62*9'48". 6 = 80' 89' 20", c = 10r49'; 

J(Ep=- 1788.976 lb.-ft., Jry = + 928.947 lb. -ft., JCi= - 62.1061b.-ft., 

jrr = + 1967.828 lb. -ft.; 

<r=i6r4r. « = 6r 49^58", /'=9i*8i'r. 
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The co-oMinatefl x,y,lioi the point of appUcation of the resultant ar» 
given (page 89) by 

- 1733.975 = ^4^ - Fj;e = - 61.057y - 214.480«; 
+ 928.947 = ^ai-i?ii = + 116.428^+ 61.067«; 

- 62.108 = -Pi« - -Pa^ = 214.48(te - 116.42%. 
Hence we obtain 

« = -2.2802ir+ 18.194, 

y= -42008« + 88.961. 

If we aasome J = 0, we have then 

5 = + 18.194ft., y= +88.961 ft. 

If we introduce, then, a fifth foroe, F^ = +249.825 lbs., whose directioa 
makes with the axes the angles 

a. = m"* 50' 12", /J. = 149' 20' 40", r* = 78M1', 

acting at a point whose co-ordinates are 5 = + 18.194 ft. and y = 88.961 ft., 
s = 0, we have a> system of forces in equilibrium. 

(5) Find the resultant, etc., for the paraUel-force system given 6y 
Fi = + 60 lbs.; «, =1 0. y, = 0. «, = 0; 

F, = + 70 •' », = + lft., y, = +2ft., «, = +8ft.; 
F, = -90" {C» = +2" y, =+8" «,=+4" 
F4 = -150 " «4 = +8" y4 = +4" «4 = + 5" 
F. = +200 " «,=+4" y. = +5*« #,=s+6" 
Ans. Fr = 2F= + 90 lbs.; 

2F^ 
Ft 






^ft., 



y=-ier^ =+8ft.. « = -^= + 8lft. 



Fr 



(6) -4. rigid body is acted upon by two forces Ft = 40 lbs, and 
Ft = 30 lbs, applied at points whose co-ordinates are Xi = 2 ft , 
Vi = Sft.j Zi = 0, and x% = 0, y. = 0, Zt = 0, and making angles with 
the axes given by a, = 0% fix = 90% yx = 90% and a. = 90% fit = 90% 
y% = 0. Find the equivalent wrench, 

Ans. (paffe 89). We have the components 
of the wrench 

F, = +401bs., Fy = 0, l»!i = + 801bs.; 

lfaj=0, jry = 0, JG = - 120 Ib.-ft. 

The resultant force is Fr = 50 lbs., and its 
direction-cosines are 

+ 40 ^ ^ +80 

cosa = -i~-, 0086 = 0, cosc = X_, 

a = 86'* 62', 6 = 90% <j = 58* 8'. 




or 



The central axis coincides with Fr and makes the same angles with the 
axes. It passes through the point whose co-ordinates are 

«" = 0, y" = + 1.92 ft. = OOir ^ = 0. 
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The moment of the couple whose axis coincides with the central axis is 

cr = - 72 lb. -ft. 

The minus sign indicates that the line representative acts opposite to Vr , 
that is, its components in the direction of the axes are 

Cjr = - 67.6 lb.-ft., cy = 0, Cz= - 130 Ib.-ft. 

Its line representative acts then in the opposite direction from Fr and 
makes angles with the axes given by . 

a = 148' 8', 5 = 90% c = 126'* 2'. 

Looking along this line representative towards the origin, rotation is seen 

ecu nter-clock wise. 

The moment Cr can be replaced by the two eqaal and opposite forces P, P 

Cr 72 
acting at Oi and as shown in the figure, each equal to -^^ = ^-^^ = 37.5 lbs. 

If is the centre of mass, then since the motion of the centre of mass is 
the same as if the entire mass of the body were concentrated at the centre of 
mass and all the forces acted at that point (page 83), the motion of is the 
same as if Fr acted upon the entire mass M concentrated at 0. The accelera- 

— F- 

tion of is then / = r^ . The motion of the body is then a motion of trans- 

lation due to Fr acting at the centre of mass and an angular acceleration a, 
due to the moment Cr , or the two equal opposite forces P, P acting at Oi and 
O about an axis through coinciding with the direction of Fr, 

<v 72 
If we divide cr by ^r , we obtain r=r- = =77 = 1.44 ft. That is, we can re- 

Jfr oU 
place the moment cr by two equal and opposite forces Fr , Fr acting at Oi 
and Os. The distance OiOa is then the pitch, 

(7) All the forces acting upon a rigid body reduce to a resultant 
force Fr = 10 Iba. acting at a given point and a couple whose moment 
is Mr = S lb,-ft causing rotation about an a/xis through the pointy 
which makes an angle of 46' with the direction of Pr, Find the 
equivalent wrench, 

Ans. Take the direction of Fr as the axis of X, and the plane of Fr and 
the axis as the plane of XZ, and the point as 
origin. Then the components of the equi- 
Talent wrench are 

-Fx = + 101bs., i?V = 0, Fz-0\ 

ifx = + -^lb..ft., 
V2 



ify=0. 



. lb.-ft. 




V2" 

We have then for the intensity of the 
wrench 

Fr = 10 lbs., 

making the angles with the co-ordinate axes 

a = 0. 6 = 90% c = 90^ 

The central axis passes through the point d whose co-ordinates are 

8 



«' = 0, y"=: . 

10^2 

and coincides with the direction of Fr, 



ft. = 00„ z" = 0, 
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The moiiM&t of the couple whose azia oolnddee with the central aads is 

Cr = + -|rlb.-a = J&. 

The (+) sign indicates tliat the line representatLye acts in the same direc- 
tion as Ft , that is, its components in the direction of the axes are 

8 
C« = H -rlb.-ft., C|f = 0, Cfp = 0. 

i/2 



Its line representative acts then in the same direction as Fr and makes 
the same angles with the axes as Fr> Looking along this line renresentatiTe 
towards the origin, rotation is seen connter-clo&wise. 



The moment er can be replaced by two equal and opposite forces each equal 
to Fr acting at a distance given bj 

— =— ^a 

Fr 10 V^ 
Since this distance is equal to y" = OOi , the pitch is in this case OOt, 



OHAPTEB IV. 

STATICS-NON-CONCURRINa CO-PIANAR FOECES. 



<X>irDITIONB OF BQUILIBBIUM OF A RIGID BODY ACTED UPON BY NON-OON- 
CUBBING OO-PLANAB F0BCE8. DBTERMIKATIOK OF THB REACTIONB OF 
A FRAMED STRUCTURE. DETBRHINATION OF THE STRESSES IN A 
FRAMED STRUCTURE. SUPERFLUOUS MEMBERS. CRITERION FOR SUPER- 
FLUOUS MEMBERS. 

Conditions of Eqnilibrinm of a Bigid Body Acted Upon by Von- 
concoiring Co-planar Forces — We have seen (page 84) that when 
a rigid body is acted u^n by ctny number of non-concurring co- 
planar forces, the conditions of static equilibriuin are two, viz.: 

l8t. The algebraic sum of the components of the forces in each of 
any two rectangular directions in the plane of the forces must be 
zero. 

Hence if the forces Fi, Ft^ etc., make the angles (ai , fli), (as, 
>9a), etc., with the co-ordinate axes, we must have 

Ficoeai + FtCOBat + FtCOSat+ . . . = 2Fco6 a = 0; . (1) 
Fieoaffi-\-FtCOQPt+FMCoai3»+... = 2F cos /5 = 0. . (2) 

When these equations are complied with there is no resultant 
force, and ctny one of the forces is equal and opposite to the result- 
ant of all the others, but does not necessarily act in the same 
straight line with it. We have then molar 
equilibrium (page 58), but not necessarily static 

equilibrium. y^ 

a,OT / 



^ 



In taking the algebraic sum, ^F cos 
21^ cos /5, components acting in the directions 
OX and OY are positive (-I-), in the opposite 
directions negative (— ). Also angles with OX 
and OF are measured from OX and OF around towards the left. 

M. The cdgebraie sum of the moments of the forces about any 
point in their plane must be zero. 

Hence if pi , p« , pt , etc., are the perpendiculars from air^ given 
point in the plane upon the directions of the forces i^i , Fs , A , etc., 
then 

Fipi + -P.p. -I- Fzpz + ...=: 2Fp = (3) 

When this condition is complied with, there is no rotation about 
the point selected. But there may be rotation about some other 
point. In order, then, that there ma^ be static equilibrium, both of 
these conditions must be complied with. We have therefore three 
equations of condition. 
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In taking the algebraic sum ^Fp of the moments of the forces, 
rotation counter-clockwise is taken as positive (+), and clockwise 
as negative (—). 

CoR. If three co-planar forces bcX on a rigid body at different 
points, and the bodv is in equilibrium, the line representatives of 
these three forces, if produced, intersect in a common point. For 
the resultant of any two of them must pass through their point of 
intersection and be equal and opposite to the third and in the same 
straight line with it. 

Framed Structure— Stress, etc.— A framed or jointed structure 
or "truss" is a collection of straight members pinned or jointed 
together at the ends so as to make a rigid frame. 

The simplest rigid frame is obviously a triangle, because that is 
the only figure whose shape cannot be altered without changing 
the length of the sides. All rigid frames must consist, therefore^ 
of a combination of triangles. 

Any point where two or more members meet is called an apex 
of the frame. 

The force in any member which resists change of its length is 
called the stress in that member (page 7). If the stress resists 
elongation, it is called tensile stress. If it resists shortening, it is 
called compressive stress. Any member in tensile stress is called a 
tie; in compressive stress, a strut. A vertical strut is called a 
post. An inclined member generally is called a brace. 

Determination of the Eeactions of a Framed Structure. — In 
general a framed structure rests upon supports. The pressures 
exerted by these supports are called the reactions of the supports. 

These reactions usually have to be 
determined. 

Thus if the co-planar forces Fi,Fi^ 
F% act at the apices a. c, d of a rigid 
framed structure, and if 12i, R%, R% 
are the unknown reactions or press- 
ures in the same plane exerted by the 
supports at the apices A, By and e, 
then if there is equilibrium of the 
frame, the algebraic sum of all the ver- 
tical components must be zero ; the al- 
febraic sum of all the horizontal components must be z^ro ; the alge- 
raic sum of all the moments about any point in the plane of tne 
frame must be zero. 

If ax , a% , a% are the angles made by the forces Fiy F^, Ft with 
the horizontal, and ai , a^ , at the angles made by the reactions Ri , 
Ri , Rt with the horizontal, we have then 

Fi cos ax +F9 cos a^+Ft cos at+Rx cos ai +Ri cos at +i2i cos a8=0. (1) 

In this equation components towards the right are positive (+), 
and towards the left negative (— ). 

If /3i, fit, fit are the angles made by the forces Fx, Ft, Ft with 
the vertical, and hi , bt , bt the angles made by the reactions Ri , 
Rt J Rt with the vertical, we have 

FiCO8lSi+FtCOBfit+FtCOB/5t+RiCOBbi+RtCoabt+RtCOBbt=0. (2) 

In this equation components upwards are positive (-I-), and 
downwards negative (— ). 

Again, if we take any point, as for instance the point 6, as a 
centre of moments, and let pi , p* , p* be the lever-arms of the forces 
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2^1 , Ft , JT*, , and Li, Lt, Lt be the lever-arms of the reactions, we 
have, since in this case X« = 0, 

RiLi + RtLt + Fipi + Ftp* + F^pn = (3) 

Saeh moment in equation (8) must be taken with its proper sign 
(+) for counter-clockwise rotation, and (— ) for clockwise rotation. 

If the directions of all the forces and reactions are known as 
well as their points of application, and if the forces Fi, Ft, Ft are 
also known, we have then three equations between three unknown 
quantities, J^i , J2* , ctnd Rt , and can therefore determine them. If 
tnere are more than three. reactions unknown, we cannot deter- 
mine them. There are then more unknown quantities than equa- 
tions of condition. 

If there are but two reactions, Ri and Rt, that is, if Rt then is 
zero, we can determine Rt and Rt from the equations (1) and (2). 

We can also in such case determine Ri oirectly from equation 
(3), and thus have, since Rt = 0, 

RiLi+Fipx+Ftpt + Ftp% = 0. 

B^ taking moments about A, we can in the same way determine 
Rt du-ectly, when Rt = 0. 

Determination of the Stresses in a Framed Structure. — As soon 
as all the external forces acting upon a framed structure, including 
the reactions, are known we can proceed to find the stresses in the 
various members. We can make use of two methods. The first 
method is based upon the fact that the algebraic sum of vertical 
and horizontal components is zero. We call it the **metiiod by 
resolution of forces. ' The second method is based upon the fact 
that the algebraic sum of moments is zero. We call it tne ''method 
by moments," or the "method by sections." 

1. Method by Resolution of Forces.*— Since the frame is in equi- 
librium there must be equilibrium at every apex of the frame. 
Hence all the forces acting at any apex must form a system of con- 
curring forces in equilibrium. 

But the necessary and sufficient condition for equilibrium for a 
system of concurring forces is that the resultant shall be zero. 
'Hiat is, the algebraic sum of the horizontal components of all forces 
acting at an apex must be zero, ctnd the alge- 
braic sum of all the vertical components 
must be zero. 

Take for instance the apex a of the pre- 
ceding figure (pctge 100). At this point we 
have acting the force Fi and the stresses in 
the members Aa, db, and ac. These four 
forces form a system of concurring forces in 
equilibrium. 

Hence if a \, at, at are the angles made 
by the members Aa, ab and ac with the 
horizontal, and ax the angle made by Fi 
with the horizontal, ctnd we denote the 
stresses in the corresponding members by oA, ab, ac, we have 

-Pi cos ai -I- aA cos a i -I- a6 cos «• -I- oc cos «>= 0. . . (1) 

Ji fti, fit, fit are the angles made be the members Aa, ab, and a/i 
with the vertical, and hx the angle made by Fx with the vertical, 

* For corresponding graphic method see page 185. 
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and we denote the stresses in the corresponding members by aA^ 
a6, etc, we have 

FiCOBhi + aAcoB fii + ab COB IS^ + 04: COB fl»=0. . . (2) 

Components towards the right or upwards are positive, towards 
the left or downwards negative. Angles are measured from the 
horizontal aJTand vertical aFarouDd towards the left. 

Since we have thus two equations of condition, this method can 
be cypplied at any apex when all the forces except two are known. 

If more than two are unknown at any apex, it cannot be applied 
at that apex. 

If the value of a stress as found by (1) and (2) comes out positive 
(+), it shows that the stress in the member is away from the apex 
or tensile. If it comes out negative, the stress is towards the apex 
or compressive. (See Example 2, page 104, for illustration.) 

2. Method by Moments, or the " Method ox Sections." *— Suppose the 
frame completely divided into two parts by a section cuttmg any 
member the stress in which is desired. Tnen the stresses which 
existed in the members before they were cut must evidently hold 
in equilibrium the external forces acting upon each of the two parts 
into which the frame is divided. 

Thus if we wish to find the stress in any member ae (see figur©i 
page 100), take a section cutting ac, be andoe, thus completely divid- 
ing the frame into twoportions, and consider the left- 
hand portion only. Tnen the stresses in oc, 6c and 
be must hold in equilibrium the external forces Rt 
andi^i. 

Place arrows on each of the cut pieces as in the 
figure, always pointing towards the section. Now 
if we take moments about the apex &, that is, if we 
take the point of moments at the point of intersection of the other 
members cut by the section, whose stresses are unknown, their 
moments relative to this point will be zero. We have then the 
algebraic siim of the moments of the external forces Fi and Rx and 
tiie moment of the stress in ac, all with reference to 6, eqiial to zero. 
Hence, denoting the stress in ac by ac and its lever-arm by p, we 
have 

04: y.p + 2 moments of external forces = 0. 

If then the external forces and their lever-arms are known and 
the lever-arm p of oo is known, we can find the stress 04:, 

The moments in the alj^ebraic sum must be taken with their 
proper signs, {+) for rotation counter-clockwise, and (— ) for rota- 
tion clockwise, and the moment of ax: with the sign indicated by 
the rotation due to its arrow. Thus in our figure the moment of R\ 
is negative, of Fi negative, and of ac negative. If the stress comes 
out positive, it indicates, as before, that it acts away from the apex 
of the cut member or is tensile. If negative, towards the apex or 
CQinpression. (See Example 2, page 104, for illustration.) 

Tnis method is general and can always be applied when all the 
cut members whose stresses are unknown, except the one whose 
stress is desired, meet in a point. 

Thus if two of the cut pieces are parallel, their intersection is at 
an infinite distance. 

Then if we wish to find the stress in c&, we take a section cutting 
aby bo and od. The intersection of oh and cd is at an infinite dis- 

* For oorresponding graphic method see page 148. 
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tance. We therefore have the lever-arm for c&, oo cos fi^ where fi is 
the angle of ch with the vertical. Hence 



or 



Aoo— i?\oo— i^ioo +c&xao cos>9 = 0, 
c6 = - (Ui - 2^1 - Ft) eecfi. 



The algebraic sum of the external forces {Ri — l^i — F%) is called 
in this case the shearing force. For horizontal chords and verticsd 
forces we have, then, the stress in any brace equal to the shear 
mtUtiplied by the secant of the angle which the brace makes wiUi the 
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vertical This shear should always be taken as acting at the end c 
of the brace belonging to the left-hand portion. If, then, it is posi- 
tive, or if JRi is greater than Fi + Ft, it acts upward at c and hence 
gives compression in cb. Therefore we have the minus sign in the 
equation above for the value of the stress in cb. (See Example 4, 
page 106.) 

Superilnons Members. — ^In general the external forces acting upon 
a rind frame are always known or must first be found. The stresses 
in we members are required. Since every apex of the frame is in 
equilibrium, we have at every apex a system of concurring forces 
in e qu ilibrium. 

We have then two e<][uations of condition in order that the re- 
sultant shall be zero, viz., 

2 F COB a = 0, 

SFcoBfl = 0, 

or the algebraic sums of the horizontal and vertical components 
must be zero. 

If, then, all the forces actine at any apex except two are known, 
these two can be found. But li at every apex there are more than 
two forces which are necessarily xuiknown, the problem is indeter- 
minate, and the frame has superfluous members. 

Criterion for Superflnons Members.— The simplest rigid frame is 
a triangle, because that is the only figure wnose Bhai>e cannot 
change without changing the length of its sides. All rigid frames 
must consist therefore of a combination of triauj^les. 

Any one member of the frame fixes the position of two apices, 
one at each end. Every other apex after the first two requires two 
members to fix its x)06ition. Ii then, n, is the number of apices, 
2(n — 2) will be the number of members lacking one. Let m be the 
number of members. Then, if there are no superfluous members^ 
we must have 

t» = 2(» — 2) -I- 1 = 2n — 3. 

If tn is less than 2n — 3, there are not members enough. 
If tn is greater than 2n — 3, there are superfluous members. 



A 
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EXAMPLES. 

(1) In the cases of the three frames represented by Figs, 1, 2, 3, 
each supporting a weight F at the apex, show that in the first case 
there are not enough members ana the fram^ is not rigid; in the 
second case the frame is rigid ; in the third case there is a super jlur 
ous member, 

Ans. From our criterion, m =z 2n — 3, page 108, we have the number of 

apices in the first case n = 6. Hence 

Jr I the number of members should be 

4 t m = 9. But the number of mem- 

^Fxo. t. /\ Fia. z, /\^^' ^ ^^ ^ ^^^y S» ^^ 1®8S than the num- 

ber necessary. 

In the second case n = 6 and m 
should be 9, and the number of 
members is 9. 

In the third case n = 6 and m should be 9, but the number of members is 
10, or greater than the number necessary. 

(2) A rigid frame ABC, consisting of two rafters AB and AC 
and a horizontal tie BC, supj^orts a load F at the apex A, If the 
angles made by the rafters with the horizontal are ai and (x% at B 
and Cy find the stresses Si, St, S* in the rafters AB, AC and the 

' tie BC, for equilibrium; also the pressures Ri and lit of the sup- 
ports. The weight of rafters and tie neglected, 

Ans. Let the pressures or reactions of the 
support be Bi and Rt at B and 0, Fig. 1, and 
the stresses he 8i , 8% and 8m in the rafters AB 
and A and the tie BO. 

Ist Method: By Betolntion of Forooi.— 
(Page 101.) The forces acting at each apex 
must constitute a system of forces in equilib- 
rium. 

Let us take first the apex A as origin, Fig. 2. 
We have here the force ^and the two stresses 

.c 8i and 8^, constituting a system of concurring forces 

' in equilibrium. Therefore the algebraic sum of the 

horizontal forces must be zero and the algebraic sum 
of the vertical forces must be zero. Hence giving 
the proper signs to F and the sines and cosines of 
the angles ai and a^ (page 102), we have 

- Si cos ai + 8t COB at = 0] (1) 

- i», sin ai - /8i sin a, - F = (2) 

From (1) and (2) we obtain 

q _ F COB at a _ FcoBai .^ 

^"- sin (a» + atY °^ " sin (a» + a,)* ' ' ' ^^> 

In equations (8) the (— ) sign denotes direction towards the origin A as 
indicatea in Fig. (1). A negative result then denotes compression. 

At the apex B we have the stresses 8i and 89 and the reaction Ri in equi- 
librium. At the apex C we have 89, 83 and R, in equilibrium. Heuce for 
the algebraic sum of the horizontal components at £we have, taking the 
origin at B, 

8t + 81 coe ai = 0, ^ 

and for the algebraic sum of the horizontal components at C we have, taking 
the origin at U, 

— 8t — 8t cos a% = 0. 
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From both equations we have, from (8), 



i^ = — /8i COB flfi = — S« cos at ; 



, J'cOSQfiOOSQf, 

"^ sin (a» + a.) • ' ' ^*' 



The positiye lesalt denotes direction away from the origin in each case, or 
tension, as shown in Fig. 1. 

At the apex B we have for the algebraic sum of the vertical components 

a«ina.+S. =0. or jj. = 4 ^«»« «• «»ln «■ 



At the apex C we have 

iS, sin a, + ij, = 0, or -B, = -f 



sin (ai + at) ' 
F COB ax sina* 



(5) 



(6) 




sin (tfi + a,) • 

The positive result denotes upward direction for Ri and iS^. 
In all formulas the ctcute values of the angles a/re to he used, 

2d Method : By Moments.— Let the horizontal 
•distances of F from B and Chee and d, 
Ijet the length of the rafters be a and b. 
Then we have 

a cos ai = c, h cos a% =z d, b sin a^ = a sin a^ 

Since all the forces acting on the frame are in ^> 
equilibrium we have the ^gebraic sum of the ^ 
horizontal And vertical external forces zero. 
Hence 

Ri + BfF=0. 

Also taking moments about C, we have 
- Bi{c + d) + Fd = 0, or Bi = 
and taking moments about B, we have 

^ ^ ' e + d sm (ai + a,) 

If we conceive a section through AB and BC, we have as on page 102 » 
taking moments about G, 

-^,(c + d)sina. - A(c + d) = 0, or 5. = - -^ = - ^Z^2?J^ 
' ' V I / sin «! sm («! 4- a,) 

The minus sign denotes compression. If in the same way we cut AC and 
CB and take moments about B, we have 

^ ' ' (c + cQsma, sm (0:1 + a,) 

Again, cut AB and PC7 and take moments about A, and we have 

Bi FcoB ax cos a:» 



^d _ J^cos at s in ari 
c+d "" sin (ai + ^«) * 

Fc Fc(y& ai sin a» 



/S'a X a sin OTi — i^iC = 0, or 8t = 



tan ai sin (ai +^s) 



(3) A roof 'truss has a span of 50 ft, and a centre height of 12.5 

ft Each rafter is divided into 

four equal j)anels, and the lower 

' tie is divided into six 

The bracing is as 

^-^ ^ - - r - -, ^..^^.. ... the figure. Find the 

t^ f 9 I stresses in the members by ttoo 

a. I,, methods, for a weight of 800 lbs, 

* at each upper apex. 



cVx^T\J /^^^ equal jhx 

A,^^^ /\\i horizontal tie 



Wi 
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Ans. Bi:=Bt = + 2800 lbs. 

Stiess inAa=- 0860 lbs., ab=^ 5818 lbs., b6 = - 4696 lbs., 
cd = - 8677 Ibe., Ae = + 6600 Ibe.. <f = + 4802 lbs., 
/i7 = + 4008 lbs., ae = ^ 720 lbs., eb = + 720 lbs.. 
d/= - 1081 IbB., /c s= + 020 lbs.. <y = - 1448 Iba., 
gd = + 2401 lbs. (See Example (1), page 104.) 

(4) A bridge-truss I ft. lonq is divided into five equal panels in 
JF |F iF IF |F the lower chord and four equal panels in 
t<i je 1^ f i *^ upper chord. The depth is constant 

and equal to d ; the panel length is p. 
The bracing is isosceles as shoion in the 
yjiqure. Find the stresses for a load F lbs. 
at each upper apex. 

Ans. R,=Bt = + 2.6F; 

a a 

Ad=-BiBec/3, os^-iBi-F) sec fl, hf=:- (Bi - 2^) sec ft, 
da=: + BiBecfl, «6 = + (i2, - F)sec A 
where fl is the angle made by the braces with the vertical. 

(5) A weight of 6 lbs. hangs on the arm of a safety-valve at a 
distance of 18 inches from the fulcrum. The vcUve-spindle is at- 
tached at 1 inch from the fulcrum. Disregarding friction and the 
weight of the army find the steam pressure for equilibrium. 

Ans. 108 lbs. 

(6) In a wheel and axle the radius of the axle is r, and of the 
wheel JR. A weight Q hangs by a rope wound about the axle. Find 
the force P acting tangent to tne wheel in order to hold Q suspended^ 
disregarding friction. 

Ans. P = ^. 

(7) A shopkeeper h<is correct weights but an untrue balance, one 
arm of which is a and the other b. He serves out to each of two 
customers, as indicated by his bcUance^ W Ws. of a eommodityj using 
first one scale-pan and then the other for the commodity, I)oes he 
gain or lose % 

Ans. Loses IT ^^^^ Ibe. 

(8) The arms ofabalance are unequal, and one of the scales is 

loaded. A body, the true weight of which is Plbs., appears, when 

placed in the loaded scale, to weigh W lbs., and when placed in the 

other scale to weigh W lbs. Find the ratio of the arms and the 

weight with which the scale is loaded. 

TF — J* P^ — WW 

Ans. Ratio of anna = ^ — =7; weight required = — =. — — ^ 
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(9) A square and a rectangle of uniform thickness and density 
are joined in one plane at a common side. Find the length of the 
rectangle in order that the two may balance about that side, the 
density of the rectangle being one half of that of the square, 

Ans. The length of the rectangle = a diagonal of the square. 

(10) The inscribed circle being cut out of a right-angled triangle, 
the sides of which are 3, 4, 6,fina the centre of mass of the remainaer. 

Ans. T^e side 8 as axis of X, and side 4 as axis of F. Then 

(11) A cubical box half filled with water is placed upon a rect- 
angular board, so that the edges of its base are parallel to those of 
the board. If the board is slowly inclined to trie horizon about an 
edge, and the box is prevented from sliding, at what angle unll the 
box just tend to overturn f 

Ans. 45% 

(12) Let the forces +4,-7, +8, — 3 lbs. act perpendicularly to a 
straight line at points A, B, C and D, so that AB = bft,,BC = ift.y 
CD = 2 ft. Find the resultant and its point of application E. 

Ans. J?= 2 lbs., AE=2ii. 

(18) Let three forces which, if concurring, would be in equilibrium 
act each in the stde of a triangte which r^resents them in magnitude 
and direction. If not concurring, show that they are equivalent to 
a couple whose moment is proportional to the area of the triangle. 

(14) Three forces act at the middle points of the sides of a rigid 
triangular ptate in its plane, each force being perpendicular afid 
proportional to the side on which it acts. If the forces are all in- 
ward or outward, show that the resultant is zero. 

(16) A system of any number of co-planar forces being represented 
in magnitude and direction by the sides of a closed polygon taken 
the same uxiy round, show that the sum of fheir moments about any 
point in their plane is constant and independent of the position of 
the point. 

(16) Forces of 10, 20, 30 and 40 pounds act on a rigid body at A, 
B, C, D, the four comers of a square whose side is 2 ft. and in its 
plane. Their inclinations to AB, BC, CD, DA are 45*, 90" 30^ 60* 
respectively. Show that the resultant is a force of 86.66 lbs., and 
that its line of action is distant S.OS ft. from C. 

(17) Parallel forces in the same direction, and of the magnitudes 
10, 15, 20, 26 lbs., act at points A, B, C, D respectively of a straight 
rod, the distances AB, BC, CD being 2, 3, 4 ft. respectively. FHnd 
the distance of the point of application from A. 

Ans. 6.07 feet. 

(18) Two parallel forces in opposite directions of 20 and 6 lbs. act 
at points A and B of a rigid body 4 ft. apart. Find the distances 
from A and B of the point in which their resultant line of actum 
GutsAB. 

Ans. HandSift. 

(19) The numerical measures of the magnitude of a force which 
acts upon a point in a given direction, and of the co-ordinates of the 
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paint in the plane of the force, are denoted by a, by c ; but it is not 
Icnown which is which. Find the centre of all the forces which may 
be represented. 

(20) Forces 1, — 3, — 6, 7 oc* on a rigid rod at points A, B, O, A 
whose distances are such that AB = 3, BC = 2, CD = 2. Find the 
resultant. 

Ans. A coaple whose moment is 15 units. 

(21) Three equal and co-directional forces (F) act at three comers 
of a square (fvde = a) perpendicularly to the square. Find the 
magnitude of the force which, applied at the other comer of the 
square, would with the given forces constitute a couple, ana the 
moment of the couple. 

Ans. ZF\ 2aFi/2. 

{22) ABC is a triangle rigfU-angled at B. At A a force Fis 
applied in the plane of the triangle perpendicular to AC; at Ca 
force 2F in the same direction ; at B a force SFin the opposite di- 
rection. Find the moment of the resulting couple. 

^ FiAB* - 2BC^) 

'^' Ad ' 

(23) Two forces P and Q act at the ends A and B of a straight 
lever AB without mass. To find the position of the fulcrum in order 
that equilibrium may be produced, the inclination of P and Q with 
AB being a and fi. 

Ans. Let AB = e, and x, y the distances of the fulcmm from A and B re- 
spectively. Then 

Qcsin/g _ Ft si n a 

* "" Psin a + Q sin fi' ^ ~ Psina + Psin/S' 

(24) A rod CD, without mass, moving about a smooth hinge at C, 
presses at D against a wall inclined at an angle a with the horizon, 
and has a weight W suspended at its centre. Find the inclination B 
of the rod to the horizon in order that the pressure at D may be 

Ans, 6 = -^a. 

(25) Two weights P and Q are suspended from the extremities of 
a lever without mass, in the form of a circular arc, which rests witn 
its convexity doumvxirds upon a horizontal plane. If 2(x is the 
central angle of the arc and 9 the central angle from the point of 
attachment of P to the point of tangency with the horizontal plane^ 
find B for equilibrium. 

P— 

Ans. tan = ^.q - tan a. 

(26) The arms of a balance are unequal, and a substance placed 
successively in each scale appears to weigh P and Q lbs. Show 
that the lengths^f the arms, disregarding the mass of the balance, 
are as |/JP to i/Q. 

(27) If weights P and Q, P being the greater, balance on a lever 
ACB without mass, about a fulcrum at C, and the u)eights are inter' 
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changed^ show thcU the additional weight required at A for equilib- 
rium unll he 

(28) It is found that a body tveighs P when suspended at the end 
A of a balance without mass, and O when suspended at B. Show 
that the fulcrum ought to be shifted towards A a distance equal to 

VP- VQ . AB 

VP+VQ^' 

(29) The lenath of a false balance-beam is Sft. A body in one 
scale weighs 4 lbs.; in the other, 6 lbs. 4 oz. Find the true weight of 
the body and the lengths of the lever-arms. 

Ans. Trae weight = 5 lbs. ; lengths of arms, 1 ft. 4 in. and 1 ft. 8 in. 

(30) Three uniform rods AB, BC, CD, rigidly connected so as to 
farm three sides of a square, rest upon afulcnim at A. Suppose 
the weight of each rod to a^ct at its centre, i^ind the inclination of 
AB uHth the horizon. 

4 
Ans. tanO = ■^, 

u 

(31) AB, CD, DEare three equal uniform rods, rigidly connected 
at right angles, B being the middle point of CD. Suppose the weight 
of each rod to act at its centre, ana the system to hang from a ful- 
crum at A, Find the inclination B of AB to the horizon for equi- 
librium. 

Ans. tan 6 = 6. 



^^z^^^ mt^^. 



CHAPTER V. 



EQUILIBRIUM OF A PERFECTLY FLEXIBLE 
INEXTENSIBLE STRING. 



OBKERAL EQUATIOKB OF BQUILIBRIUM. EXTERNAL FORCES VERTICAL. CON- 
TINUOUS CURVE. LOAD UNIFORMLY DISTRIBUTED OVER THE HORIZONTAL. 
CATENARY. CATENARY OF UNIFORM STRENGTH. LOAD PROPORTIONAL TO 
THE AREA BETWEEN THE STRING AND HORIZONTAL. STRING ACTED 
UPON BY A CENTRAL FORCE. 

Eqnilibrinm of a Perfectly Flexible Inezteiuible String. — If a 
perfectly flexible inextensible string is fixed at two points and 
acted upon by forces applied at any given points in any directions, 
we may consider the string, when in its position of equilibrium, as 
a rigid body. 

The resultant force at any point must then act in a direction 
tangent to the string at that pomt; for otherwise there would be a 
normal component, which, as the string is perfectly flexible, would 
act to change the position of eouilibrium of that point. 
We shall consiaer only co-manar forces. 

General Equations of Equuibrinm. — Let a perfectly flexible in- 
extensible string be fixed at the two points A and B and be acted 

upon by external forces in its 
plane. It is required to de- 
termine the tension T of the 
string at any point P, and the 
position of any point P for 
equilibrium, disregarding the 
. weight of the string. 

Hie string when in equi- 
librium will evidently take 
the form of a polygon, if the 
forces are applied at points 
or are *' discontinuous"; the 
tension in any segment, as 
hCy being the resultant of the 
tension in the preceding segment ah and the force F\ at h. 

Take the origin of co oromates at the lowest point O of the string, 
and let the co-ordinates of any point P of the string be x and y. 
Let the external forces acting upon the portion OP of the string be 
Fy^ F%, etc. ; the co-ordinates of their points of application a, 6, etc., 
be given by {x\ , yO, {Xt , y«); etc. ; and their angles with the axes of 
Xand Fbe given by (on , Pi), (a, , fit\ etc. 
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Then the almbraic sum of the horuontal and vertiottl components 
of the eztemiu forces between O and P is 

^« = i^iCOSai+^«COSa« + ... = 2*i^C0Sa; . . . (1) 
Fy^FiOOBfli +FtCOBPf¥..»=2p^COBp. ... (2) 

Also the algebraic sum of the moments of all the external forces 
between O and Pvrith reference to O, or the moment about the 
axis of Z, is 

Mz^^Fxeos/S-S^Fyco&a (3) 

p p 

In taking the algebraic sums, components to the right or upward 
are positive, to the left or downwards negative. Also rotation 
counter-clockwise is positive, and clockwise negative. 

Let the tension at the point Pbe T, making the angles a and fi 
with the axes of X and x, and let the horizontal tension at the 
lowest point O be H^ 

If the portion of the string from O to P is in equilibrium, we can 
treat it as rigid, and we have then the algebraic sum of the hori- 
zontal and vertical components of aU the forces acting upon it equal 
to zero ; also the algebraic sum of the moments of all the forces 
acting upon it, with reference to an^r point as O, equal to zero. 

Hence the conditions for equilibriiun are 

— -ff-l- P« -I- Tcos a = 0; 

Py+ rcosjff=0; (4) 

Mm+ TxooBl^—Tyoooa^O. 
We have also 

cos' a -I- C08^= 1. 

We have then four equations between the four quantities H, T, 
a and fi^ and can therefore find them for anv given x and y. Equa- 
tions (4) are general and apply whether the forces are discontinuous 
•or applied continuously along the string. 

Sxtemal Forces Y erticaL— If all the external forces acting upon 
the string are vertical, we have Fx^O and Fy = 2)F. Hence 
from equations (4) of the preceding Article, 

TC06£taJ7; 

rcos/8 = --2iF. 

That is, for a perf ectty flexible inextensible string in equilibriiun 
under the action of vertical external forces, whether the forces are 
-applied continuouslv along the string or discontinuously : 

Ist. The horizontal component of the tension at any point is con- 
stant and equal to the horizontal tension at the lowest point. 

2d. The vertical component of the tension at any point is equal 
to the algebraic sum of all the forces between that point andTthe 
lowest paint. 

Continnons Curve — Tangential and Vormal Components.— If the 
forces are applied continuotrsly along the string, then the shape of 
the string when in equilibrium will be a continuous curve instead 
of a polygon. 
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Let a& = (28 be the length of an indefinitely small portion 
of the curve. Let the resultant force in anv direction continu- 
ously applied over cw be i'', so that the 

force per unit of length is -^. Let the 

tension of the string at a be Ti , tangent 
to the curve at a, and the tension at 6 be 
T*, tangent to the curve at b. Let the 
very small angle between these tangents 
be d% and let the force F make the angle 
with the tangent at a. 

Then since for equilibrium we may 
consider ab as rigid, the three co-planar 

forces Ti , Ta and F are in equilibrium and must intersect at a 

common point c (page 85). 

We can consider them, then, as three forces concurring at c and 

in equilibrium. If then we resolve these forces along the tangent 

at a, we have 

r» cos dB + Fcos - Ti = 0. 

When a& = d8 is indefinitely small, the points a and b come 
together, d8 becomes zero, and cos dO = 1. Hence 




ds 



cos <p : 



ds 



dT 

ds ' 



(1) 



That is, the tangential component of the external force per unit 
of length at any point is equal to the variation of tension per unit 
of length at that point. 

Again, resolvmg the forces along the normal at a, we have 

Tj sin do — i^sin = 0. 

If p is the radius of curvature, we have M = p sin dB. When ds 

ds 
is indefinitely small, we can take bd^ds = ab. Hence sin cfe = — . 

P 
Substituting this, we have, when the points a and b come together^ 



T, 



J- sm = 
ds f} 



(2) 



That is, the normal component of the external force per unit of 
length at any point is equal to the tension at that point divided by 
the radius of curvature at that point. 

Cor. If the external force per imit of length at every point of 
the string is normal to the string, = 90% and, from equation (1), 
Ta — Ti = or Ti = Ta at every point. That is, the tension is con- 
stant throughout the string. This is the case when the string is 
stretched over any smooth surface whose pressure on the string at 
every point is normal, and acted upon by no forces except the nor- 
msl pressure of the surface and two equ£d terminal tensions. In 

T 
such case m = -, or the normal pressure of the surface per imit of 

length at any point is inversely proportional to the radius of 
curvature at that point. That is, wp = T = the consta^it tension in 
the string. 
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Load Uiufoniily Bistribnted over the Horizontal Projection of 
the String.— This is approximately the case of the ordinary suspen- 
sion bridge. 

Let the mass of the imit load or load per unit of horizontal pro- 
jection be constant and equal to 
w in gravitation imits (page 6) 
or wg in absolute units. Cet H 
be the horizontal tension at the 
lowest point O, and T be the 
tension at any point P of the 
string, bo^ in gravitation units. 

Equation of the Carve.— Let x 
and y be the co-ordinates of any 
point P of the string, the origin 
being taken at the lowest point O. Then we can consider any por- 
tion of the string OP when in equilibrium as rigid and acted upon 
by the forces H, T, and the entire load wx between O and P. The 
resultant force wx of the load between O and P acts at the centre 
of mass of the load, or, since the load is uniformly distributed, half 
way between O and P. If then we take moments about P, we 
have for the moment of the load with reference to P, 

x u?x" 

wx X — = -— —. 




We have then for equilibrium 

WQ(? 



— Hy = 0, or a?" = 



W*' 



(1) 



The curve of the string is then a parabola whose axis is vertical 

and whose parameter is — . If w is constant and the parameter is 

constant, H is constant. Hence, the tension at the lowest point is 
constant for all parabolas having the same parameter, when the 
load per unit of horizontal projection is constant, idhatever may be 
the length of the curve. 

Tension at the Lowest Point. — To find the tension H at the lowest 
I>oint, we have only to substitute in equation (1) the co-ordinates of 
some known point. Thus let xt and yt be the co-ordinates of the 
end B. Then equation (1) gives 



H = 



WXb^ 



(2) 



Or we may find this value of H directly by taking moments 
about B. Thus the resultant of the load between the lowest point 
O and B is wxt and it acts at the centre of mass of the load, or, 
since the load is uniformly distributed, half way between the 
lowest point O and B, If then we take moments about B, the 

Xii 113Xt^ 

moment of the load is wxt x "o ~ ~2~' ^® have then for equilib- 
rium 

-^-^y^-O, or H^~. 

Slope of the Curve.— -For the slope or inclination a of the curve 
at any point with the horizontail, we have seen already, page 111, 
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that for vertical forces the horizontal component of the tension at 
any point is constant and equal to H^ and the vertical component 
is wx. We have then for the slope at any point P 

tana=-gr (3) 

For the slope at the end B we have then 

tan«6 = ^*. (4) 

Tension at Any Point.— For the tension T at any point P we have 
then 



r = Hj/Tl- (^y = -ff sec a 



.... (6) 
For the tension at the end B we have 

n = ^ Vxb* + 4yt\ (6) 

[Solntion of Preceding Case by Calcnliu.]— Let the unit load or 
load per unit of horizontal projection be constant and equal to w in gravi- 
tation units (page 6). 

Then referring to our general equations (4), page 111, we have in 

gravitation units J?« = — wXj Fx = Oy cos a = --, cos /? = «-^, where 

ds as 

ds is the length of an element of the curve and dxy dy its horizontal and 

vertical projections. Therefore from equations (4), page 111, 

d9 

- t£WJ + T^ = 0, 
ds 

where H and T are to be taken in gravitation units if t£7 is taken in gravi* 
tation units. 

Eliminating T, we obtain 

Hdy = wxdx. 

Integrating, and taking the origin at the lowest pomt 0, so that when 
a; = 0, y is also zero, we have 

rr «^ ^ Sir 

By= —, or a?* = —y (1) 

This is the equation of the curve as already found, page 118. 
If we substitute the co-ordinates of the end B, Xt and y^, in place of 
X and y, we have from (1), for the tension ^at the lowest point, 

^=^' (» 

For the slope or inclination a of the curve at any point we have, by 
differentiating (1), 

dy wx ,^. 

tan a = -J- = -^ (o) 

ax M 
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The alope at the end B is then 



2^ 



tana6 = ^ (4) 

Xb 

For the tension Tat any point j> we have 

T=H% =H^'^ = Hl/Z^ =J4ATMW8eo a .(6) 
dx dx y da^ ^ \Hi 



For the tension at the end By 



r»=^i^?Tw. 



(6) 



[Load Uniformly Distribnted over the String.]— 1^^ cnrve of equi- 
librinm assumed under the action of gravity, by a perfectly flexible string 
of uniform normal section and density, when suspended from two points 
not in the same vertical, is called the catenary. In such case the load is 
the weight of the string and is uniformly distributed over the curve. If 
the unit load or weight of a 
unit length of the string is 
not constant, but varies con- 
tinuously according to any 
law, the curve of equilibrium 
is called a catenarian curve. 

Let 10 be the mass of the 
unit load, or the load per unit 
of length of the string, in 
gravitation units (page 6). 
Then if 5 is the uniform den- 
sity of the string, or the mass per unit of volume, A the constant area of 
normal section, and $ the length of any portion of the string, the mass of 
that portion is dA$y and the mass per unit of length, or the load per unit 
of length in gravitation units, is 

iD = SA (1) 




In absolute units we have w = SAg, 

Bef erring to our general equations (4), page 111, we have in gravita- 
tion units ^ = — to<, where < is the length of the string from the lowest 

point O to any point P. We also have -Poj = 0, cos « = 3:> ^^ >^ == ^> 

where ds is the length of an element of the string and <22), dy its horizontal 
and vertical projections. 

Hence from equations (4), page 111, 



dx 



0; 



where ^and T are to be taken in gravitation units if to is taken in gravi- 
tation units. 

Eliminating T, we have for the slope a at any point P 



. dy w 

tan a = TT = -=r«. 
dx H 



(2) 
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Let fl'= foc, or c = — , where c is then the length of that portion qf the 
string toTiose toeigfU is equal to t?ie tension Hat the lotvestpoint C. Then 

%=i- <«> 



Differentiating (3), Bnbstituting ds=iVda^ + df^, and rednoing, 



it) 



or 

dx 



Integrating this, we have 



r = '»«-{l + V^]+«-t- 



dx 



If we take the axis of F passing through the lowest point (7, we have 
^ = 0, where « = 0. Therefore const = and 

~ = '»« -{I + /^] = »«« -{a ^ ♦^'"^- • ^*> 

Or, if = 2.718282 is the base of the Naperian system of logarithms, 

j=^ + |/77g=^+|^=?+/rT|. . . (6) 

dx ^ dx^ dx dx c ^ & 

Solving this equation, we have for the slope a at any point (see (3)) 

Integrating (6), we obtain 

y = |f^+tf ^)+ const. 

Now, taking the origin (see figure) at a distance equal to CO^c 
below the lowest point C^ we have y = <5 when » = 0. This gives const. = 0. 

The horizontal line OX at the distance c s= — below the lowest point C is 

w 

called the directrix. The distance 0(7 = c = — is called the parameter. 



X X 
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We have then for the equation of the curve, taking the origin at the 
<K]8tance CO = c = — below the lowest point C7, 



.=|(;+.-^) 



y = sK +« "; (7) 

S 

The point at the distance 00 = c=: — below the lowest point is 

w 
called tTie origin of the catenary, and equation (7) is the equation of the 
catenary referred to this origin. 

We have from (6), 






(8) 



any jpibint P. 
Froi 



Equation (8) gives the length of the curve from the lowest point O to 
intP. 
m (7) and (8) we have 

y' = «» + c'; W 

and differentiating (9), 

* = y^ = ycos/J (10) 

Let PM and PT be the ordinate and tangent at P, and let fall the 
perpendicular MNon PT, Then 

Py = 1^ cos /5 = «; (11) 

and since y* — i* =s <jP, we have 

MN=e (12) 

Hence, given the catenary, we can construct its origin and direction as 
follows : 

On the tangent at any point P measure off PN equal to the arc CP, 
At N erect a perpendicular NMto the tangent meeting the ordinate of P 
in M. Then the Tiorizontal line through if is the directrix. 

We have seen (page 111) that for vertical external forces the horizontal 
projection of the tension at any point is constant and equal to ff, and the 
vertical component is ws. Therefore the tension Tat any point is 

T= ^E^+u^s" ^Sl/l +^ (18) 

^ c 

rr 

But, from (9), c* + «■ = y*; therefore, since «? = — , 

c 

T=^y:=^wy (14) 

That is, the tension at any point of the catenary is equal to the weight 
of a portion of tTie string whose length is equal to the ordinate of that 
point, 

T 
From page 112 we have to sin ^ = — , where p is the radius of curva- 

P 
ture. In the present case <f}:=. p=z angle made by vertical with the tan- 
gent at P. SuDstitnting T = wy, we have 

^ sin ^ = p cos a =: y. 
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We see then from the figure (page 115) t?uU the length of the radius cf 
curvature at any point is equal to the length cf the normal between that 
point and the directrix. 

We also see from the figure that ^co6a=& ory = . Theief ore 

cosa 



We also haye 



p = — z— =csm*a. (15) 

cos" a 

<j = «tanA or - = -:— ^. 
^^ c sm fi 

Hence from equation (8), after reduction, 

iB = «tan/?lognatcot-/9. (16) 

The catenary possesses other interesting properties, among which are 
the following : 

The centre of mass of the catenary is lower than for any other curve of 
the same length joining the same two points. 

If a common parabola is rolled on a straight line, its focus describes a 
catenary whose parameter c is equal to the focal distance of the parabola. 

If an indefinite number of strings (without weight) are hung from the 
catenary, so that their lower ends are in a horizontal line and then the 
catenary is drawn out into a straight line, the lower ends of the strings 
will be m the arc of a parabola. 

[Catenary of Uniform Strength.]— If the area of the normal section 
of the string at every point is proportional to the tension at that point, the 

unit tension, or tension per unit of area, 
will be the same at all points, and the 
curve assumed under the action of grav- 
ity by such a string of uniform density 
and perfectly flexible is called the catr- 
enary of uniform strength. 

Let Ao be the area of normal section 
of the string at its lowest point (7, where 
the horizontal tension is if, and let t be 
the constant unit tension, or tension per unit of area. Then 

JT=tA (1) 

The tension at any other point P, where the area of normal section is 
A, is 

T=U (3) 

Hence, from (1) and (2), 

A: A.:: Tiff, or ^-^•L (8) 

Let S be the uniform density of the string. Then the mass of an ele- 
ment of the string of length <2«, or the weight in gravitation units (page- 
6), is SAds, The weight in absolute units is SAds x g. 

Referring to our general equations (4), page 111, we have for the 
weight in gravitation units of the string from the lowest point C to any 
pointP 




^''=-/' 



SAds. 
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We have also J^a; = 0, cob a = ^ , cos>9 = j^, where ds is the length 

of an element of the string, and ^, dy its horizontal and yertical compo- 
nents. Hence, from equations (4), page 111, 



or d{ '^ 



ds 

where JET and Tare to he taken in gravitation units. 
Eliminating T, we have 

dy _ t/o "^ d(^\= 

dx^ H ' \dxj H Tdm '• 

Inserting the yalue of ui = -^, we have 

\dxj Edx 
Let diP = dflf + <2y*, and let 

8A. 1 Hi ,.. 

-^■=7' ^" ^=ii:=^ ^^^ 

That is, c i9 ^^ length of a string of constant cross-section A^ equal to 
tlie cross-section at the lowest point O, and the same uniform density S as 
the euroe, whose weight is equal to the horizontal tension H at the lowest 
point. Then 

d(^\ = — = ^ + ^y* 

\dxj edx edx ' 



or 



or 






da? 1 



^ da? 
Integrating this, we obtain 

tan-'(^)=?+Oon«t 

Let the axis of Fpass through the lowest point of the curve. Then, 
when« = 0, we have 

^ := and Const. = 0. 
da 

Hence 

tana=^=tan* (5) 

da 6 
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Integrating again, we have x 

y =5= — clog nat oqs- + Opnat. 
c 

If we take the origin at the lowest point (7, then, when jp = 0, we have 
y = and Const. = 0. Henoe 

X X 

y = — clognatooB- = elog natsec (8) 

c c 

Equation (6) is the equation of the catenary of uniform strength. 
From equation (5) we have 

X . , dx 

a = - ana oa = — . 
e e 

If p is the radius of curvature, we have pda = if, and hence 

ds d$ X ,^ 

" = 5^ = '^ = "**'* ^'> 

_ , _ dec sc t iP » 

If we integrate the equation -r— = cos a = cos -, or <u = sec --dx, 

dg e e 

we have, since, when a; = 0, < = and the Const, of integration is zero, 

• = clogntan^46* + ^] (8) 

Equation (8) gives the length of the curve from the lowest point to 
any point P. 

From (8) we have 



» , , 1 + sin - 

c 



» , 1 + sin 
^ = tan (45'^ + ^ ] = 



cos — 
c 



where e = 2.718282 is the base o f the Nap erian system of logarithms. 
If we substitute sin - = |/ 1 — cos* — and reduce, we obtain 

-1^ = sec? = 1(^4-.-'-) C, 

COS— ^ ' 

e 
Substituting (9) in (7), we have 



.=i(/..-i) 



i> = j[<f*' ') (10) 

We have seen (pagje 111) that for vertical external forces the horizontal 

projection of the tension at any point is constant and equal to H, and the 

X _ 
vertical component is therefore ^ tan a = H tan — . We have then for the 

tension at any point P 

r=^|/l+g = ir^l + tan«J=^sec^. . . .(11) 



CHAP, v.] 8TATIC8— NON-CONGUBBING CO-PLANAR F0B0B8, 121 



Let the two points of support A and B lie in 
Then the carve will be symmetrical with respect 
to the lowest point C. Let the entire length of 
span AB be 2Z, then the weight of the entire 
string W will be given by 





a horizontal line AB. 




or, since, by equation (4), c = — , 

o 

ir=21ftan^^ 



or 



H^ - cot ^. 



The 



of normal seotion at any point P is then, from (2) and (11), 

W 

con -~ sac 
c 



, T R X 

-4 = -r = -7- sec —= ^^ 

it c Zt 



oot*?8eo*. 

V 



X t 

Substituting the value of sec - from (9) and putting c = t-, we have 

for the area of cross-section A at any point P at a distance measured along 
the curve from the lowest point C equal to * = CP, 



^ f 1 ~'t\ . ^^ 
= -5-(e' + e 'jcoty. 



(12) 



From equation (12), if the points of support are on a horizontal, and 
the span AB, the weight of the entire string, its density and the unit ten- 
sion are given, we can find the area of normal section at any point P at a 
distance s along the curve from the lowest point C. 

[Load Proportional to the Area between the String: and a Horiion- 

tal.] — Let the load on anv portion of 
the string CP be proportional to the 
area OCBjd between the curve and a 
horizontal line OX Take the origin 
at in the vertical through the lowest 
point (7, and let the distance OC = y%. 
Let w be the mass, or weight in 
gravitation units (page 6), of one unit 
of area of the load area between the curve and OJT. 
Ldt H=:VHf, or 

- = (f; (1) 

that is, <fi8 the area of that portion of the load area whose weigM is , 
equal to the tension H at the lowest point C, 

Let the area OCPx be denoted by u. We have then for the load from 
C to any point P, 

(3) 




jPy = — wu :sz — w I ydx. 



Referring to onr general equations (4), page 111, we have also jPi = 0, 
«»a = ^, cos/J = ^,alid 

ds 



-^w f" ydx + T^ = 0. 
«/o dz 
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Eliminatiiig T, we haye 

dk-d^^W"? ^^^ 

Multiplying by 2dti, 

%dudhi _ 2udu 

da^ " & ' 

Integrating, 

du^ u* ^ ^ 
- = ^ + Oonst. 

Now u = lyda, and du = ydte, or -^ = y. Therefore, whenus: 0, 
t/o dx 

du 
^ will be equal to 2^0 = OC^ and Ck>n8t. = y^. Henoe 

Integrating, 

« = c logn - +y ^ + y«' + Oonat. 
When u = 0, we have « = 0, and Const. = — c logn y». Henoe 

?->«»fev^] <« 

^ Or, if 6 = 2.718282 is the base of the Naperian system of logarithms, 

•'-k^i^'- "' 

SolTing this for u, ve obtaia 

8rea = « = ^f««_e «] («) 

Also, since y = ^=f/~ + y.», (7) 

y = §(«•+«"•) (8) 

We have from (8) also 

For the tension Tat any point P, sinoe Fy = iT^ = ffj!^^ 

r=4/^f* + JZ'" = -ff|/l +^=:fl'seca. . . . (10) 
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The length c is the parameter of the carve. From (6) we have 



12a 



.»=4/^, + l, and ^=i/*l-l. 
Therefore, from (4), 



and hence 



c = 



■^gr^^-') 



(11) 



(13) 



String Acted on by Central Force. — When the lines of action of tho 
forces applied to the elements of the string all pass through the same pointy 
the force acting on the string is said to be 
central, and this point is the centre of 
force. 

Let P be any point of the curve, and 
take the centre of lorce as the origin, and 
let the radius vector 0P= r make the angle 
6 with the axis of X Then we have 



cosO= -, 



sm 8 = ■ 



(1) 




Let the force F upon the element ds at 
any i)oint P make the angle tp with the tan- 
gent at P, and let the tangent make the angle a with the axis of x. Then* 

dx dy 

da ds 



X dx y dy 
cos = cos (a — 0) = COB a COB + sin a sin = --^ + — ^; 

sin rf> = sin (a — 5) = sin a COB — cos a sin = - J^ — ?^ — . 
^ ^ r da r ds 



(3) 



If p is the perpendicular ON let fall from on the tangent at P, and f> 
is the radius of curvature of the curve at P, we have, page 88, Vol. I, Eine- 
maticB, 



P = 



rdr 
dp * 



(4) 



Now from equation (1), page 112, if ^ is the force upon the element 
c2ff, we have 

r,— Ti =(fr= — i^'cos 0, 
or, subetitating the value of cob from (8), 

But 2^ + ^ = r*, hence xdx + ydy = rdr, and therefore 



da 



(5) 
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From equation ^2), page 112, ve have 

T F , ^ 
— = -y- sin 0, 
p da ^ 

or, snbetitating the value of sin from (S), 

p rd8\ ds dsj 

But »-J^ — y^- = ajsin a — y cos a ^p. Therefore 
as as 

Tr=^. . . * («) 

SuhstitutiDg the value of -r- from (5), we obtain 
as 

ftP 

Substituting the value of p from (4)) we obtain 

dT_ _dp 
T- p' 
If we integrate this and let T= Ti when p s=i>i , we have 

Tp = Tipi = a Constant (7) 

Hence we see that the moment qf the tension toith respect to ffie centre 
of force is constant j or the tension varies inversely as t?ie perpendicular p 
en the tangent from the centre of force* 

Eliminating T between (7) and (6) and putting for p its value from (4), 
we have 

dp __ dr F ^ 

"p^ " Tipi ' ds ' 
or integrating, 

p J Tipi ds* 

the limits of the integral being given by the conditions of the problem. If 
the force is away from the centre, or repulsive, F is positive ; if towards 
the centre, or attractive, F is negative. 

From (8), when F is given, the equation to the curve is to be found, or, 
if the curve is given, F may be found. 

Also from (7) and (5) the tension at any point of the curve may be 
found. 

From equation (46), page 88, Vol. I, Kinematics, we have 

. r*de* 1 1 df* 



or if we denote — by u, 



A=t*«+^" (9) 



Equation (9) will be found useful in reductions. 



* Compare with page 85, Vol. I, Kinematics, where we see that for a particle 
moving with central acceleration the moment of the velocity is constant. 
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[Central Force IiiTeraely as the Square of the Distance.]—- As an 

application of the preceding Article, let ns suppose the force i^npon an 
element ds of the string to be repulsive and to 
vary inversely as the square of the distance from 
the centre of force. 

Let S be the density of the string or the mass 
of a unit of volume. Then the mass of an ele- 
ment of length da whose area of normal section 
is il is dAda, Let the central acceleration of 
one unit of mass at a knofm distance of r' from 
the centre be a". Then the acceleration a at any distance r is given by 

-=^, or a = — . 

The force F upon an element ds at the distance r is 

F= ±^.dAd8, 

where the (+) sign is to be taken for repulsive force and the (— ) sign for 
attractive force. Let the density d and area A of normal section be 
constant, and let 

//=oV<JA, (1) 

where the constant m is evidently numerically equal to the force on the 
mass of one unit of length of the string at a distance unity. 
Then if the force is repulsive, we have 

s'*^ '^> 



From equation (6), page 123, 
Integrating, 



dT=- ^dr. 



T=^ + Const. 
r 

When the initial value of r is ri , let the corresponding value of T be 

Ti. Then Const. = Ti — - , and we have* 

T=T,^,(l-l) (8) 

From equation (8), page 124, 

p " J Tipx' 7* " J mi' f*' 

where we denote the moment Tipi by mi. 
Integrating, 

^ = -^ • 1 + Const. 
p nil T 

* Notice the analogy with the velocity as given on page 145, Vol. I, Kine- 
matics, of a particle acted upon by an attractive force varying inversely as the 
square of the distance, viz.. 



*' = *.' + 3aV'(;-i). 
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Let p = j7i when r = Tu Then Const. = — and 

p Pi mi\r TiJ 
If we pat for the sake of simplicity 



(4) 



-^ = c and l^-ii;. = -Cif, . . . • (5) 
Wi pi miVi 



equation (4) becomes 



1 c 



or if we denote - by u, 

'-^=zCU — CK (6) 

We have then from equation (9), page 124, 

Hence 

g'=(c»-l)M«-2c«iftt + c»K* (7) 

The integral of this equation will give the equation of the curve of 
equilibriumf 

We have evidently three cases : when c* > 1 ; when <? = 1; when c* < 1. 

Case I : When c* is Greater than Unity.— Let c' be greater than unity. 
Then let 

and we have from equation (6), after reduction, 



V(«-$)--^ 



(8) 



From equation (8) we have dT^fidfi. But we have seen, page 112, 
that when dT = 0, the force is normal to the curve of the string. That 
_ vaJue of u in equation (8) which makes dtt = 

j>«^N^ will then give an apse A, that is, a point where 

| A the string is perpendicular to the force. Let this 




e^ iT — J — • ' - - - ^ 

value of u be u« = — . 
r« 

du 
From equation (8), pattiDg ^ = 0, ve obtain 

For any value of u less than this, equation (8) becomes imaginary. AU 
values of u must ther^ore he greater than Ua , that is, u increases or r 
diminishes each way from the apse. We have then du positive in equa- 
tion (8). 
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Integrating eqaation (8), we obtain 

e = liogn [« - ^ V(« -?)*-§*] + "^^ 

Le 6 = when u = u%= ^(i + c). Then Ctonat. = 0— - logn^-. 

If = 2.718382 is the base of the Naperian system of logarithms, we 
have 



Squaring and reducing, we have 

"s-h' — ^ — ) <'»' 

Equation (10) is the polar equation of the curve of equilibrium. 
The values of c and k are given by equations (5) and (1). 
If we measure from the initial radius vector Vi through the apse, we 
have = 0, and Ui = Mo. Therefore, from (9), 

«. = -,(! +0, or >c=:^^^-^. 
8al»tituting this ralae of k in (10), we obtain 

. . . (11) 



w = — Hi— f— + «'"* + """* "I 
JL + tLm> a J* 

nil 



Equation (11) is the polar equation of the curve of equUibrium when 
the angle 6 is measured from the initial radius vector ri through the apse. 

We have u = -, Ui = — » and the value of /< is given by equation (1). 

f Ti 

Case 2 : When c* is Equal to Unity. — When (^ = 1, we have 
0= +lorc=s— 1. When c = + 1, we have n* = c* — 1 = 0, and from 
equation (11), u = Uu or r = ri. The centre of equUibrium when c = 
+ 1 19 ther^are a eirde. 

When c = — 1, we have also n* = c* — 1 = 0, and, from equation (11), 

tt £= - or indeterminate. In this case we have, from equation (7), 

dfi = 7^^ (12) 



r/^ 



Putting^ =: 0, we have for the value of u at the apse 



K 

«• = »• 



For any value of u greater than this equation (12) is imaginary. All 
Talues of u must then be less than t«o , or u diminishes each way from the 
iipse. Hence du is negative. 
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Integrating (12), we have 



=/ 



2u 
1 - — + Const. 



Let 6 = when u = u.=^. Then Const. = 0, and 



Hence 

2 



""=' '- (18) 



l-(e-0)* 

Equation (18) is the polar equation of the curve of equilibrium when 
c = - 1. The value of k is given by (5). ^ "i^num wnen 

If we measure from the initial radius vector r, through the apee, wo 
have = 0, and ui = j = l, or '^ = J^. Substituting this value of ic, 



we have 



"■-r^^ (14) 



Equation (14) is the polar equation of the curve of equilibrium when 
^ = - 1» w**en the angle is measured from the initial value of r through 

Gaae 3: When <* is Less than Unity.— Let c« < 1 and put 1 -c» -«• 
Then from equation (7), after reduction, we have "" 

.... (15) 



du 



vs=-(-W 



^**^^ 50" = ^» ^® ^ve for the value of u at the apse 



ti.=^(l-.C). 



Any value of w greater than w. gives equation (16) imairinarv AU 
values of u must then be less than «. ,*or u diminishes eLhX^m ^e 
apse. Hence we take eft. negative in Equation (15). In^^to^^^^ 



1 ^ + ^ 

^=^n^"'-lK^+ Const 

Let 9 = when u = wo. Then Const. = 0, and 

(e-0)=Lcos-ifc + ?^V 
w \ etc r 

or ' 

cos n(0 — 0) = c + — . 
Hence 
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Equation (16) is the polar equation oi the curTe of equilibrium. 

The value of k is given by (5). 

If we measure from the initial radius vector ri through the apse, we 

have = 0, and tt, = Mo = ^f (1 — c), or k = "'^ -. 

Substituting this value of k in equation (16), we have, if we put 
c = , where m is given by equation (1), 



u=— !i^f^ + eosn«V 
mi 



(17) 



Equation (17) differs from the focal polar equation of a conic only in 
having the angle B multiplied by a number n less than unity. 



BXAMFLES. 

(1) An endless flexible string of uniform linear density but with- 
out weight is moving so that toe vdocvty of each element has a con- 
stant magnitude v and a direction always tangential to the string. 
Show that the tension is the same at every point of the string^ and 
find it. 

Ans. Since the tangential velocity is constant, there is no tangential accel- 
eration and hence no tangential force. 

Therefore from equation (1), page 112, T^— Ti = 0, or there is no variation 
in tension. 

If p is the radius of corvatore at any point, then the normal acceleration of 

hat pohit is/n = — (page 68, Vol. I, Kinematics). 

U6 is the linear density, or the mass per unit of length, then the normal 

force per unit of length is 6fn = — . From equation (3), page 112, we have 

then 

i2? = ^, or r=5f^, 
p p 

where T is given in poundals. In gravitation units (page 6), 

where ff is the acceleration of gravity. 

(2) An endless flexible circular string of radius r and of uniform 
linear density ^, but without u)eight^ rotates in its own plane about 
its centre with the angular velocity oo. Find its tension. 

Ans. The tangential velocity roo is constant, and hence there is no tangential 
force. Therefore, just as in the preceding example, there is^no variation in 
tension. 

The normal acceleration is/n= rtn^ (page 76, Vol. I, Kinematics). 

If 5 is the mass per unit of length, then the normal force per unit of length 
is Srm^. From equation (2), page 112, we have then 

tfro^ = -, or T^dr^oo\ 
r 
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where T \b given in ponndftls. In gravitation units (page 6), 

''" g ' 

where g is the acceleration of gravity. 

(3) 'A body weighing 7 Iha. is suspended from a fixed point by a 
uniform string^ 12 inches long^ toeighing 18 oz. Find the stress in 
the string at its middle point and at its upper and lower ends. 

Ans. 7^^ Ibe., 8^ Ibe., 7 lbs., in gravitation units; or, taking g = 82, 242 
poundals, 260 ponndals, 224 poondals. 

(4) Show that the horizontal component of the tension at any 
point of a uniform ^exible string hanging in equilibrium from two 
fixed points is equcu to the tension at the lowest point, ana that the 
vertical component is equal to the weight of the portion of the string 
between the given point and the lowest point. 

Ans. See page 111. 

(5) Show that at any point of a uniform fiexible string which is 
hanging in equilibrium with two points fixed, its inclination to the 
horizon is the angle whose tangent is the ratio of the weight of the 
portion of the string between the given point and Ihe lowest point to 
the tension at the lowest point. 

Ans. See page 116. 

(6) In the preceding example, show that the square of the tension 
at any point is equal to the sum of the squares of the weight of the 
portion of the string between the given point arid the Unvest pointy 
and of the tension at the lowest point. f 

Ans. See page 117. 

(7) A telegraph wire, weighing 400 lbs. per mile, is stretched be- 
tween two points in the same horizontal line at a distance of 100 yds. 
with a horizontal tension of 400 lbs. Find the defiection of the lowest 
point of the ivire below the fixed points, neglecting stretch and sup- 
posing the unre perfectly fiexible. 

Ans. From equation (6), page 116, x = 150 ft., e = 5280 ft., deflection = 
2.1 ft. 

(8) A uniform wire weighs w lbs. per foot and is just able to stand 
a stress of P pounds. It is hung between ttoo points in the same 
horizontal line, distant d ft, so as to be on the point of breaking. 
Obtain an equation to determine the half length s, the wire being 
supposed to ^ perfectly fiexible and inextensible. 

Ans. From p age 117 we have F* = 2r*+ M*««. Hence H= ^I* — «»«». 

Also fl = — = -1 , and x = ^. Therefore, from equation (8), 

10 to » 

dw dtp 



4/ f»-to«<'7 8VP»-t«^«« _^ V2P«- loV^ 



2i0 



)■ 



(9) A string 202 ft. long, which weighs 1 lb. for every 10 ft., is 
hung between tico points in the same horizontal line distant )9(X)y](. 
Obtain an equation to determine the tension Hat the lowest point in 
gravitation units. 

Ana. We have $ = 101 ft., io = ^ lb., aj = 100 ft., c = - = lOH. 
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From equation (8), page 117, 

/ 10 _10\ 
101 = 5£r(a^-.a ^j. 

Solying this equation by a series of approximations, we find if to be about 
40 lbs., provided the string is perfectly flexible and inextensible. 

(10) Find the law of variation of the mass per unit of length at 
each point of a string acted on by gravity in oraer that it may hang 
in the form of a aemt-circle whose diameter is horizontal, 

Ans. Let AB = 2r be the horizontal diameter and the centre of the semi- 
circle. Let F be anj point of the curve, and the 
anffle P00= a. Let the co-ordinates of Pbe « p x 



Then cos a= —-, sin a = -f-. ^*^..*_cl^..^>^ 

dt dt — ' — ^ ^ 

We have from equations (4), page 111, 

where d is the linear density or mass per unit of length, and £'and Tare in 
gravitation units. 

Dividing the second by the first, we have 

or 

p^y dds 
da^ '~ dx' 

But the equation of the curve is a^ -f- y' = ^* Hence 

^__» , tf^ ^ da? _ f* 

da ^ ^ da? ^ ^ ~y** 

Therefore 

6dt „f^ ^ rr^ dx 

dx JT y* ds 

^ dx ^ dx ^ 

But 3- = cos a, and r-^- = — y. Hence 

08 as " 

That is, the mass per unit of length varies inversely as the square of the 
distance of the point below the horizontal diameter. 

(11) A telegraph line is constructed of wire which weighs 7.3 lbs. 
per 100 feet. The distance betioeen the posts is 160 feet and the wire 
sags Ifoot in the middle. Show that it is screwed up to a tension of 
about 820 Jbs. 

OS) Find the law of variation of the mass per unit of length in 
order that a string may hang under the action of gravity in a 
parabola. 
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Ana. From pajre 118, the load per nnit of horiwmtal projeeftioii is oonstont 
and equal to to. The load per unit of lanjfth is then proportional to the tangent 

of the slope, or ^ = «o tan a. 

Bat tan dr is proportional to the horisontal projection of the length. Hence 
the mass per unit of length Is proportional to the horiaontal projection of the 
nnit of length. 

(13) Shaw thai the area of normal eeetion at any point in the 
catenary of uniform etrength is proportional to the radina, of cur- 
vature. 

Ans. From page 121, we see that A is proportional to sec - . From page 



IdO, equation (7), we see that sec - is proportiottal to the radios of cnrvatore. 

(14) A uniform inexteneible string <u»umee the form of a circle 
under the action of a repuUive force emanating from a point on ite 
circumference. Find the law of force. 

Ans. From page 124, 1^ = Const = «, or r= — . Bat if r is the radios 

▼ector of any point P, p = r cos 0. Hence T= -z. 

rcoeo 

T "F 

From page 112, ^ = "^7 ^^^ ^' ^^®i^ A is the ndivs 

of the circle. Hence -r- . i?oos = -r, Bat^oosO 

of 9*008 V 

= jT Slid <^^ ^ = n »• Hence — = — , or the force 
▼aries inversely as the cobe of the distance. 
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<X>KCUBRINO CO-PLAIVAB F0RCB8. APPLICATION TO FRAMED 8TBUCTUBB8. 
APPABKNT INDBTKRMINATIOir. NON-OONCfUBBIKO F0BCB8. BQIXIIJBBnTH 
POLYGON. GRAPHIC CONSTRUCTION FOR CBNTRB OF PABALLSL FORCES. 
PROFERTDiB OF Bf^inLIBBIUH FOLTGON. APFUOATION TO PARALLEL 
F0IUIB8. 

Oraphioal Statios. — ^While the solution of statical problems 
computation and analvtical methods is sometimes tedious ani 
involved, they may oiten be solved with comparative ease and 
4nifficient accuracy oy graphic construction. 

The solution of statical problems by graphic methods gives rise 
to graphical statics. We snail consider only oo-planar forces. 

Concurring Oo-planar Forces. — Let any number of co-planar 
forces Fx, F%, F%, F*, etc., 
^ven in magnitude and direc- 
tion, act at a point A, Fig. 1. 

In Fig. 2, from any point 0, ^^ — -^ 
lay off to scale the Ime repre* /h \ ^ »iat 8; 

tentative of Fi from to 1, 
then the line representative of 
F9 from 1 to 2, then the line 
representative of F» from 2 to 3, then the line representative of Ft 
from 3 to 4, and so on. The polygon 01234 thus obtained we call 
the force polygon. 

If all these forces are in equilibrium, the algebraic sum of their 
horizontal and vertical components must be zero. But when this 
is the case, evidently 4 cmd 0, in Fig. 2, must coincide, or the force 
polygon must close. We have then the following principle : 

If any number of concurring forces are in equilibrium, the force 
polygon is closed. If the force polygon is not closed, the line 4 
necessary to make it close gives the magnitude and direction of the 
resultant R. If we consiaer this resmtant acting at the point of 
application A m the direction from 4 to 0, obtained by following 
round the polygon in the direction of the forces, it wilt hold the 
forces at A in equilibrium. If taken as acting in the opposite direc- 
tion at A,' it vntl replace the forces. 

Cor. 1. The order in which the forces are laid off in the force 
polygon is immaterial. Thus in Fig. 2, if we had laid off 1, then 
the hue representative of F% from 1 to 3', and then the line repre- 
sentative of Fi , we should arrive at 3 just as before. By a similar 
<;hange of two and two we can have any order we please. 
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Cor. 2. Any line in the force polygon, as 2, 3, or 13, is the re- 
sultant of the forces on either side. Thus 2 is the resultant of Fi 
and Fi , and, acting in the direction from 2 to 0, holds Fi and Ft in 
equilibrium and replaces F» , Fa and R. 

CoR. 3. If the forces are all parallel, the force polygon becomes 
a straight fine. Thus in Fig. 1, if the parallel 
forces Fi , Ft, F*, Faj etc., act at the point A, 
we have the force polyeon Fig. 2, 01 2 3 4, and 
the closing line 40 is as before, the resultant R 
and equal to the algebraic sum of the forces. 
If taken as actmg from 4 to 0, it will hold 
Fio. 1 the forces at A in equilibrium. In the opposite 
direction it will replace the forces. 

Notation for Framed Structures. — Let the 
figure represent a roof -truss composed of two 
rafters, a horizontal tie-rod and intermediate 
braces consisting of struts and ties. 

The notation which we adopt in order to designate any number 
of a framed structure, or any force acting upon the structure, is as 
follows: 

We place a letter in each of the triangular spaces into which 
the frame is divided by the members, and also a letter between any 
two forces. Anynumber or force is then denoted by the letter on 
each aide of it Thus in the figure AB de- 
notes the force Fi , BC denotes the force 
Ft , CD denotes the force Ft , DE denotes 
the upward pressure of the right-hand 
support Rt , JEA denotes the upward pres- 
sure of the left-hand support Ri, Also Aa, 
Bb, Cdy De denote the portions of the 
rafters which have these letters on each 
side. The portions into which the lower 
tie is divided are in the same way Ea, ECy Ee, 
ab, 6c, cd, de. 

The student should carefully adhere to this notation for the 
frame whenever using the graphic method. 

Character of the Stresses. — ^The determination of the hind of 
stress in a member of a frame, whether tension or compression, is 
as important as the determination of the magnitude of the stress. 

In the preceding figure, suppose we know the upward pressure 
at the left support Ri or EA, and we wish to find the stresses in 
the members iia and Aa^ Fig. 1, which meet at the lower left-hand 
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apex. If these stresses and Ri are in equilibrium, they will make a 
closed polygon. If then we lay off EA in Fig. 2, upwards, equal 
to Ri , and then from A and E draw lines parallel to Aa and Ea 
in Fig. 1, and produce them till they intersect at a. Fig. 2, evi- 
dently the lines Aa and Ea in Fig. 2, taken to the same scale aa 
EA^ will give the magnitude of the stresses in Ea and Aa in Fig. 1» 
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Thus, lines in the force polygon which have letters at each end 
aive the stresses in those Tn&mbers of the frame denoted by the same 
letters at the sides. 

Now as to the character of these stresses, the directions Aa and 
aE in Fig. 2, obtained by following round in the known direction 
of i2i, are the directions for equilibrium (page 133). 

Since we are considering the concurring forces acting at the left- 
hand apex, transfer these directions to Fig. 1, and we see that Aa 
acts towards the apex we are considering and thus resists compres- 
sion, and aE acts away from it and therefore resists tension. The 
stress in Aa is therefore compressive (— ) and in aE tensile (+). 

In general, then, if we take any apex of the frame in Fig. 1, and 
consider the concurring forces acting at that apex as a svstem of 
concurring forces in equilibrium, we nave the following rule: 

Follotv round the force polygon in Fig, 2 in the airection in- 
dicated by any one of these forces already knovm^ and transfer the 
directions thus (Stained for the stresses to the apex in Fig, 1 under 
consideration. If the stress in any member is thus found acting 
away from the apex^ it is tension (+); if towards the apex^ it ts 
compression (— ). 

Application of Preceding Principles to a Frame. — Let Fig. 1 
be a frame consisting of two rafters, a horizontal tie-rod and brac- 
ing as shown, carefully drawn to a scale of a certain number of 
feet to an inch. This we call the frame diagram. 





Let the forces Fi, Ft, F» act at the upper apices, and let the 
reactions or upward pressures of the supports be Ri and i^a. 
Notate the frame and these forces as directed, so that Fi = AB, 
Fa = BC, Fs = CD, Bt = DE, Ri = EA, while the members are Aa, 
Bb, Cd, DCy Ee, Ec, Ea, ab, be, cd, de. 

The outer forces acting upon the frame cause stresses in the 
members. These outer forces must first be all known, or if any are 
unknown, they must first be found. 

Lay off these outer forces AB, BC, CD, DE, EA in Fig. 2 to a 
scale of a certain number of pounds to an inch. Each force in Fig. 
2, having letters at its ends, ts equal and parallel to those forces in 
Fig. 1 which have the same letters at the sides. 

The polygon formed by AB, BC, CD, DE, EA (in this case a 
straight line, Cor. 3, page 134) we have called the force polygon. 

If the frame is in equilibrium, this polygon must always close, 
that is, the outer forces acting upon the frame must be in equilib- 
rium. If it does not close, these outer forces are not in equilibrium 
and the frame will move. That is, the frame itself, so far as its 
motion as a whole is considered, may be treated as a point (page 
83). 

Having thus drawn and notated the frame Fig. 1 and con- 
structed the force polygon Fig. 2, we can find the stresses in the 
members. The forces and stresses at each apex must be in equilib- 
rium, and therefore form a closed x)olygon. 
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Thus consider first the left-hand B;pex, Fig. 1. At this point we 
have the reaction EA and the stresses in Aa and Ea^ o(xistituting 
a system of concurring forces in equilibrium. But we alreadj 
have EA laid off in Fijg:. 2. If then we draw Aa and Ea in Fig. 2 
parallel to Aa and Ea in Fig. 1, and produce to intersection a, the 
polygon is closed and we have in Fig. 2 the stresses in Aa and Ea^ 
to the same scale employed in laying oft EA. Since EA acts up- 
wards, if we follow round from £ to A and A to a, and a to i?, in 
Fig. 2y and transfer the directions thus obtained for Aa and aE to 
the left-hand apex in Fig. 1, we have the stress in Aa towards this 
apex or compression (— ), cmd the stress in oE away from the apex 
and therefore tension (+). 

[The student should follow with his own sketch and mark each 
stress with its proper sign as he finds it] 

Let us now pass to the next uj^per apex, at Fi , Fig. 1. Here we 
have Fi or AB and the stresses in Aa, ab and Bb in equilibrium. 
But we abeady have the stresses in Aa and AB laid off m Fig. 2. 

If then we draw from a and B in Fif. 2 lines parallel to ab and 
Bb in Fi^. 1, and produce to intersection 6, the polygon is closed 
and we nave in Fig. 2 the stresses in ab and Bb. Since AB is 
known to act downw£krd, we follow round in Fi^. 2, from A to B, 
Btod, dtoa, and a to A, and transfer the directions thus obtained 
to the apex at Ft , Fig. 1, under consideration. We thus obtain the 
stress in Bb towards the apex or compression, the stress in 6a to- 
wards the apex or compression, and the stress in aA towards the 
apex or compression, just aa already found. 

Note that in the first case, when we were considering the apex 
at Ri , we found the stress in aA acting towards that apex. Now 
when we consider the apex at Fi we find the stress in a A acting 
towards that apex— in both cases, then, compression. 

Let us now consider the second lower apex, Fig. 1. We have 
here no outer force, but the stresses in Ea, ab, be and eE must be 
in equilibrium and therefore form a closed polygon. But in Fig. 
2 we nave already found the stresses in Ea ana ab. If then we draw 
from b a line parallel to &c in Fig. 1, and produce it to intersection 
c with Ea, the polygon closes, and we have in Fig. 2 the stresses 
in be and cE. We have already found aE to be tension. It must 
therefore act away from the apex we are considering. We there- 
fore follow round in Fig. 2, from E to a, a to byb to c, and c to J^, 
and transfer the directions thus found to the corresponding mem- 
bers in Fig. 1. We thus obtain the stress in Ea tension and the 
stress in ab compression as already found, and the stress in be 
tension and in extension. 

Let us now consider the top apex. We have here the force 
Ft = BC, and the stresses in Bb, he, ed and dC, in equilibrium. 
But in Fig. 2 we have already laid off BC, and we have found the 
stresses in Bb and be. If then we draw from c and C lines parallel 
to ed and Cd in Fig. 1, and produce to intersection d, the polygon 
closes and we have in Fig. 2 the stresses in ed and Cd. Since BC 
acts downwards, we follow round from B to C, C to d, d to c, c to &, 
and b to B. Transferring these directions to the corresponding 
members in Fi^. 1, we obtain the stress in Cd compression and in 
de tension, while the stress in c& is tension and in oB compression 
as already found. 

We can thus go to each apex and find the stresses in every 
member. 

The lines in Fig. 2 which thus give the stresses in the members 
constitute the stress diagram. Each atrcBS having letters at ita 
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ends in Fig. 2 is paralM to thai mmRber in Fig. 1 whkh ha9 the 
same letters at its sides. 

Apparent IndAtermiaatioa of 8treiteg.--^It sometimes happens 
that a frame has no superfluous memhere and yet in applying the 
graphic method we are imaUe to find any apex at which all the 
forces hut two are known. In such case the difficulty may he 
overcome hy taking out one or more of the memhers and replacing 
them by another member, and then applying the method until we 
find the stress in some member which ts not affected by the change. 
Or we may find the stress in this member by the method of sec- 
tions (page 102). Having found this stress, we can replace the 
members taken out and find the actual stresses. 

Thus let Fig, 1 be a frame* acted upon by the forces Ft, F%, 
FtyF*, etc., and the reactions or upward pressures of the supports 

J2l , Jm. 




Notate the frame and the forces by letters on each side as di- 
rected (page 134). 

Then lay off to scale the outer forces in Fig. 2, thus forming the 
force iwlygon ABCD . . . HIA, This polygon is a straight line in 
this case, because all the forces are paraUel, and it must close, that 
is, the outer forces are in eouilibrium. 

We can now proceed to nnd the stresses as follows: 

Consider first the left-hand apex. Fig. 1. At this ^int we have 
the reaction lA and the stresses in Aa and la constituting a sys- 
tem of concurring forces in equilibrium. But we already have lA 
laid off in Fig. 2. If then we draw Aa and la in Fig. 2 parallel to 
la and Aa in Fig. 1, and produce to intersection a, the polygon is 
closed and we have in Fig. 2 the stresses in Aa and la to the same 
scale employed in laying off the forces. Since lA acts upwards, 
we follow round from I to A, A to a, and a to 7, in Fig. 2, and 
transfer the directions thus obtcdned for Aa and al to the corre- 
sponding members in Fig. 1. 

We have then the stress in Aa towards the apex we are con- 
sidering or compression (— ), and the stress in al away from that 
apex or tension (+). 

Considering now the next upper apex, we have here the force 
AB known, the stress in Aa already found, and the stresses in ab 
and Bb unknown. If then in Fig. 2 we draw ab and Bb, thus clos- 
ing the polygon, we obtain the stresses in ab and Bb. 



* BiBregard for the present the dotted member in Fig. 1. 
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Since AB acts down, we follow round in Fig. 2 from A to B, B" 
to 6, 6 to a, and a back to A, and transfer the directions thus ob- 
tained to the corresponding members in Fig. 1. We have then the 
stress in Bb towards the apex we are considering or compression 
(— ), the stress in ba towards that apex or compression (— ), and the 
stress in aA also towards that apex or compression (— ), just as we 
have already found it. 

Note that when we were considering the apex at JRi , we found 
the stress in aA acting towards that apex. Now when we consider 
the apex at Fi we find the stress in aA acting towards that apex. 
In both cases, then, compi*ession. 

We can now consider the next lower apex, where we have the 
stresses in Ja, a6, be and cl in equilibrium. We already know la 
and abj and if we draw in Fig. 2 be and cl^ we obtain the stresses,, 
in be tension f +), and in c7 tension. 

Thus far tnere has been no difficulty in the application of the 
graphic method. But now we cannot consider the next upper or 
lower apex, because at each we have more than two unknown 
forces, tf we should start at the ri^ht end, we should soon come U> 
the same difficulty on the right side. Apparently we can go no 
farther. 

The number of members is 27 (we disregard the dotted member 
in Fig. 1). The number of apices is 15. We have then, applving 
the criterion for superfluous members (page 103), w = 2n — 3. There 
are then no superfluous members. 

If now v)e remove the two members de and ef and replace them 
bj the dotted member e/, where e' takes the place in the new nota- 
tion of the two letters e and d, we have still a rigid frame with no 
superfluous members. For the number of members is now m = 25* 
and the number of apices is n = 14. We have then m = 2n — 3. 

But this change has evidently not affeeted the stress in the member 
Ig, We can therefore now carry on the diagram until we find the 
stress in Ig, or we may compute the stress in Ig directly by the- 
method of sections (page 102). 

Thus if we now consider the apex at Ft , Fig. 1, we have at this, 
point the stresses in the members Bby &c, ce' and e'C, and the force 
BC, all in equilibrium. We know BC, Bb and be, and if we draw 
in Fig. 2 ce' and e'C, we obtain the stresses in e'C compression and 
in ce' compression. 

We can then pass to the a]^x at F» , Fig. 1, where we know all 
the forces except the stresses in JDf and fe'. We draw then Df and 
fe' in Fig. 2, and obtain the stresses in JDf compression and in fe^ 
tension. 

We can now pass to the next lower apex, where we have the 
stresses in 7c, ce' and e/, and can therefore find fg and Ig, We 
draw then fg and Ig in Fig. 2, and obtain the stresses in fg and Ig 
tension. 

We have thus found the stress in the member Ig, and since this 
is unchanged by the removal of the members de and ef, we can now 
replace those members and remove e^f. 

We can now consider the second lower apex and find the 
stresses in cd and dg, and can then pass to the apex at F» and find 
the stresses in ef and Df and so on. We can thus find the stress in 
every member of the frame, and there is no real indeterminateness. 

Remarks upon the Method.— The method lust illustrated we 
may call the ** graphic method by resolution of forces. ^^ The stu- 
dent will note that he must always know all but two of the forces 
concurring at any ai>ex before he can consider that apex. 
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It is evident that if the frame is completely divided into two 
portions by cutting the members, the stresses which existed in 
the cut members before the section was made must hold in 
equilibrium the outer forces acting upon each x>ortion of the frame 
(page 102). 

This is at once made evident by Fig. 2, page 137. 

Thus suppose a section cutting the members Eb, be and cE, Fig. 
1, and thus dividing the frame into two portions. We see from 
¥ig. 2 that the stresses in the cut pieces make a closed x)olygon 
with EA and AB, the outer forces on the left-hand portion, or 
with BC, CD and DE^ the outer forces on the right-hand portion. 

If we solve the triangles in Fig. 2, page 137, we obtain algebraic 
expressions for the stresses identical with those obtained by the 
** £u|gebraic method by resolution of forces " (page 101). 

Thus since the algebraic sum of the horizontal and vertical 

components of the forces acting at each apex must be zero, we 

j> 

have + jRi + Aa cos a = 0, or Aa = —, where a is the angle 

cos a ^ 

of the rafter with the vertical. We get the same result at once 
from Fig. 2 by solving the trian^e AaE. In the same way we 
have at once, from Fig. 2^ ab = — jPi cos fiy where fi is the angle of 
ab with the vertical. 

We see also from Fig. 2, page 137, other relations. Thus we see 
that the stress in ab will be the least possible when it is perpendicu- 
lar to the rafter. We also see at a glance how the stress in any 
member is affected by a change of inclination of the member. 

Finally, the apphcation of the method is equally simple no 
matter how irregular the frame may be. 

I£ the frame is symmetrical with respect to the centre, and the 
forces 2^1 , Fa in Fig. 2 (page 137) are equal, it is evident that the 
stresses in each half wul oe the same. We have then Cd = Bb,' 
cd=^cby and so on. 

Choice of Scales, etc. — In general the larger the frame is drawn 
in Fig. 1, the better, as it then gives more accurately the direction 
of the members composing it. 

The force polygon Fig. 2, on the other hand, should be taken to 
no larger scale than consistent with scaling off the forces to the de- 
gree of accuracy required, so as to avoid the intersection of very 
long lines, where a slight deviation from true direction multiplies 
the error. If an error of one twenty-fifth of an inch is considered 
the allowable limit, the scale should be so chosen that one twenty- 
fifth of an inch shall represent a small number of pounds, withm 
the degree of accuracy required. 

The stress polygon Fig. 2 should be completely finished and the 
signs for tension {+) and compression (— ) placed on the frame for 
each member as its stress is founds to avoid confusion, oefore the 
stresses are taken off to scale. A good scale, dividers, straight-edge, 
triangle, and hard fine-pointed pencil are all the tools required. Tne 
work should be done with care, all lines drawn light, points of 
intersection accurately located and the frame properly notated to 
correspond with the force polygon. Care should be exercised to 
secure perfect parallelism in the lines of the frame and stress 
polygon. Some practice is necessary in order to obtain close results. 
it should be remembered that careful habits of manipulation, 
while they tend to give constantly-increased skill and more ac- 
curate results, affect very slightly the rapidity and ease wiUk 
which these results are obtcdned. 
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EXAMPLES. 

(1) A roof'trusB has a ^pan of 60 feet and rt$e o/18.5 feet. Each 
rc^fter is divided iniofour equal panala, and the lower horizontal tie 
into six equal panels. The bracing is as shoum in the figure. A 
weight o/ 800 M. is sustained ai each upper apex. Find the 
stresses. 

Ans. Draw the frame in Fig. 1 to a scale of, say, Id feet to an inch, and 
notate it. Then constnict the force polirffon ABODEFOHIA, Fig. 2. 

Note that Rt or HI and Hi or LA are 
equal and each 2800 lbs. The force poly- 
gon then closes as it shoald. We can take 
the scale of Fig. 2 as 8200 lbs. to an inch. 
Then an error of ^ of an inch will be 
about 128 lbs. 

We can then find the stresses as shown 
in Fig. 2. 

Aa Bb 

-6280 -5816 

le le 

+ 4882 +4024 

de ef 

+ 928 - 1452 + ^400 lbs 

The accurate results (Ex. (8), page 542) 
as found by computation are 
- 6260 - 5813 - 4696 - 8577 + 5600 
+ 4802 + 4008 - 720 + 720 - 1081 
+ 920 - 1443 + 2401 lbs. 

It will be seen that the greatost error is only 80 lbs. The above results 
were actually obtained from the diagram, using the scales given. 

(2) Sketch the stress diagram for a roof -truss as shown in the 
following Fig. 1, equal forces acting at every upper and lower apex, 

Ans. The student should note that the reactions DE and GA are each equal 
to half the sum of the downward forces or 2i forces. 




Cd 
-4700 


-85^ 


la 

+ 5624 


ab 


he 


ed 


-720 


+ 720 - 


1060 




We lay off then in Fig. 2 AB, BG, OB downwards. Then BE upwards 
equal to 2^ forces. Then EF, FG downwards. Then GA upwards equal to 
2^ forces, and dosing the force polygon. 

The stresses can now be found as always. 

(3) We give in the following fiqures a number of frames with 
their stress diagrams.* For the scuce of generality, the outer forces 
and reactions are often taken inclined as well as vertical. 

* The student should sketoh the stress diaframs for himself in each case, put- 
ting down as be goes along the sign (— ) and (+) for compression and tension 
upon each meml^r of the frame as soon as he finds it. 
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FIc. 1. 



Fig. 9, 



FIc. 9. 




Fl|r. 4. 





Vig. 6. 






Fir. 7. 



FIc. 8. 



F%. 9. 
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Fig. 16. 



FIff. 17. 



FIc. 18. 
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Wi^. M. 



Vlff. 88, 



Fis. M. 





Flff. »5. 



Fig. 96. 
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Vig. 87. 




Flff. 99. 



Von-oomrarring Foroei. — Let the co-planar forces Ft. Ft, Ft^ 
F* , etc., act at the points At, At, At, A* of any rigid body. Fig. 1. 

If we lay oft the forces to scale 
in Fig. 2y we have as before the 
force polygon 012 84, and the clos- 
ing line 04 gives as before the re- 
sultant. If this resultant acts in 
the direction 4 upon the rigid 
body, it will hold the given forces 
in equilibrium. If it acts in the di- 
rection 4, it will replace the given 
forces. 

We thus know the magnitude 
and direction of the resultant. But 
it& position in the plane of the forces 
in Fig. 1 is as yet unknown. 

In order to determine this, 
choose any i>oint O in Fie. i, and 
draw the lines OO and 04. This 
point O we call the pole of the force 
polygon. Now since every line in 
the force {>olyeon represents a 
force, by thus choosing a pole O and drawing lines OO, 04 to the 
extremities of the resultant 4, we have resolved the resultant into 
the two forces represented by OO and 04. This is evident from the 
fact that these two lines make a closed i>olygon with 04, and hence 
taken as acting from 4 to O and O to 0, as shown by the arrows, 
hold the forces Ft, Ft, Ft, Fa in equilibrium, or replace the result- 
ant 4 (page 133). As the pole O is taken anywhere we please, we 
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can thus resolve the resultant 4 for equilibrium into forces in any 
two directions we wish. 

Let us then consider the resultant 40 for equilibrium, replaced 
by the two forces 40 and 00, Anywhere in the plane of the forces 
in Fig. 1 draw a line 8» parallel to OO and produce it till it meets 
j^i , produced if necessarv, at a. 

If then we take «• and Fi , Fig. 1, as acting at a, their result€mt 
will pass through d and be parallel to si in the force polygon Fig. 
2, because Si in the force polygon is the resultant of J^i and So , since 
it closes the polygon for those forces. Through a in Fig. 1, then, 
draw a line parallel to Si and produce it to intersection b with Ft , 
produced if necessary. The Ime 8s in the force polygon is the re- 
sultant of 8i and.i^t. Parallel to this line then draw 89 through 6, 
Fig. 1, and produce to intersection c with Fs , produced if neces- 
sary. The Ime 8% in the force polygon is the resutlant of 8« and F». 
Parallel to this line then draw St through c, Fig. 1, and produce to 
intersection d with F4 , produced if necessary. Finally tbirough d in 
Fig. 1 draw a line 8* parallel to 8* in the force polygon. 

We thus find for any assmned position of sc in the plane of the 
forces in Fig. 1 the proper corresponding position of 8*, Since now 
80 and 84 are components of the resultant in proper position and 
each mav be considered as acting at any point in its une of direc- 
tion, we have only to prolong them, and their inter8ection gives a 
point e on the line of direction of the resultant 

We prolong 8« and 84 then in Fig. 1 to intersection e. The line 
of direction of the resultant i)asses tnroup^h e. Acting in the direc- 
tion from 4 to 0, it will hold the forces in equilibrium. We thus 
know the magnitude, direction and position of the result€mt for 
equilibrium. 

Position of Pole and of s^ Indifferent. — The method is evidently 
general no matter where in the plane of tiie forces in Fi^. 1 we 
take 80 as acting, and no matter where we take the pole in Fig. 2. 

Pole, Equilibrium Polygon, Rays, Closing Line. — ^The point O we 
call the pole in the force polygon. It mav be taken where we 
please. The polygon abed in £ig. 1 we call the equilibrinm polygon, 
and a&, bCy oa, etc., are its segments. In the present case it is evi- 
dently the shape a string would take if suspended at any two points 
as A and J9, in Fig. 1, on 80 and 84. The stresses in the segments 
would be tensile. These stresses are given by the lines OO, 01, 02, 
in the force polygon, and we call these lines rays. In general 
forces may act up as well as down, in which case some of tne seg- 
ments would sustain compressive stresses and our equilibrium 
polygon would contain struts as well as ties. 

Let us take any two points, as A and B, upon the end segments 
80 and 84 , Fig. 1, and suppose them fixed. The force 80 acting at 
A we shall then have to replace by two forces, one parallel to the 
resultant and one in the direction AB. So also for 84 at B. The 
sum of the two components parallel to the resultant must be equal 
and opposite to the resultant, and the component in the direction 
AB must be resisted by a strut or compression member AB. This 
resolution we make at once by drawing through O in the force 
polygon a line OL parallel to AB. The Tine AB we call the closing 
line. Thus we see from Fig. 2 that the sum of the components 4L 
and IX> equals the resultant. 

In any case, then, we can fix any two points of the equilibrium 
polygon as A, B, by drawing the closing line AB. A line OL 
through O parallel to AB, in the force polygon, gives the com- 
ponents into which 8« and 84 are resolved. 
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We can then consider the entire polygon AabcdB^ with its clos- 
ing line AB, as a frame in equilibrium with the given forces, and 
can apply to it the principles of page 136. 

Thus take the apex A. Here we have the reaction JRi = XO in 
equilibrium with the stresses in AB and Aa. Following round in 

the force i)olygon from Ir to 0, 
to O, and Oto L, and trans- 
ferring these directions to the 
apex A, we find So away from 
A or tension, and OL towards 
A or compression, just as on 
page 136. 

So also at the other apex B 
we have 12a = 4L in equilibrium 
with the stresses in ABand 
Bd. Following round in the 
force polygon from 4 to L, L 
to O, and O to 4, we find S* 
away from B or tension, and 
LO towards B or compression, 
as before. The components Ri 
and jRs act opposite to the re- 
sultant 04 which rej^laces the 
forces, and equal to it in mag- 
nitude. The forces at A and 
B parallel to OL are equal and 
opposite. Hence the frame is 
in equilibrium. 
Kecapitnlation. — Our method, then, is as follows : 
Ist. Draw the force polygon by laying off the forces to scale one 
after the other, in any oraer. The line which closes this polygon 
gives the resultant in magnitude and direction. When it is taken 
as acting in the direction obtained by following round the force 
polygon m the direction of the forces, it will cause equilibrium. In 
the opposite direction it replaces the forces. 

2a. Choose a pole O, and draw the rays «o , 8i , «« , etc. 
3d. Draw the equilibrium polygon. 

4th. Fix any two points in the end semients of the equilibrium 
polygon by drawing the closing line of the equilibrium polygon 
between those two points. 

5th. A line drawn in the force poly^n parallel to the closing 
line of the equilibrium polygon will divide the resultant into the 
two reactions at the ends. We thus have a frame the stresses in 
which can be found as on page 136. 

Graphic Construction for Centre of Parallel Co-planar Forces. — 
Let Fty Ft, Fs, etc. , be parallel co-planar forces acting at the i>oint8 
Aiy Aty A», etc., of a rigid body. 

We construct the force polygon Fig. 2 by laying off the forces 
Fi, Ft, Ft, etc. The resultant is then the algebraic sum of the 
forces and parallel to them. 

Then choose a pole O and draw the rays a. , Si, St, 8t, etc. 
Anywhere in the plane of the forces, Rg. 1, we draw a line 
parallel to So to intersection a with Fi\ then ah parallel to 8i to 
intersection h with Ft\ then he parallel to St to intersection c 
with Ft ; then St through c parallel to 8t in Fig. 2. 

The intersection d of 8o and St is a point on the resultant which 
therefore has the direction and position dC. 
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Now suppose the forces Fi, Ft^ Ft^ etc., oU turned in the same 
direction through a right 
an^e. 

Draw the new equilibrium 
polygon 8b a' b' & 8%\ whose 
sides are respectively per- 
pendicular to those of the 
Brst. 

The intersection d/ of 80' 
and 8% is a point on the re- 
sultant whicn therefore has 
the direction and position 
d'C. 

The intersection C of the 
two resultants nves the 
centre of force for Qie system 
(page 73). 

Cor. The same construc- 
tion evidently determines the 
centre of mass (page 75), if 
we divide a body into a con- 
venient number of portions, 
and take the weight of each 
portion, F\, F^, F%y etc., 
acting at the centre of mass 
of that portion. 

Properties of the Equilibrium Polygon. — The equilibrium polygon 
has many interesting properties. We shall calf attention to only 
two. 

1st. As we have seen, the intersection of any two segments is a 
point in the resultant of the forces included between those segments. 
Thus in the preceding Fig. 1, the intersection d of 80 and 8s is a 
point on the resultant of Fly F2 and F9 

2d. Let 8006, Fig. 1, be a portion of the equilibrium polygon, and 
Fig. 2 its corresponding force polygon. 

Take any line fe in Fig. 1, parallel to 
Fi and draw the perpendicular cd = x. 

Let de = y be the ordinate between 8» 
and 81. 

In the force polygon Fig. 2, draw the 
perpendicular OH = H from the pole to 
01. This is called the pole distance of F\. 
Then by similar triangles we have 





K 



N»o . Fio. 2.' 



y:x::Fi:H, or FiX = Hy, 

But FiX is the moment of Fi with ref- 
erence to any point on the line fe. 

Hence, the moment of any force a8 Fy 
with reference to any point, is equal to the 
ordinate through this point parallel to Fi , included between the 
segments of the equilibrium polygon which meet at Fi , multiplied 
by the pole distance of Fx in the force polygon. 

Application to Parallel Forces. — The outer forces acting upon 
framed structures are generally weights and reactions of supports 
due to these weights. We have then in general to investigate a 
system of parallel forces, 

Let FijFtf Ft , Fig. 1, be vertical forces acting upon a rigid body 
or frame. 
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Lay off the force polygon 0128, Fig. 2. Choose a pole O and 
draw the rays «o , 8i , 8i , s%. 

Then in the plane of the forces Fig. 1, draw «• to meet i^i at a; 
then %x through a to meet F\ at h\ then «i through h to meet F% at 

E K 

^ Fxa. L 





o; and finally %%> We thus have the equilibrium polygon B^ohc^. 
We see that the horizontol component of the stress m any segment 
is constsmt and equal to OB. (page 111). 

Drop verticals through A and B which meet the end segments 
«o and 8s in A! and B. If we fix the points A', B' by drawmg the 
closing line AB\ the reactions at A', B will be the reactions at A 
and B of the frame. 

Therefore in Fig. 2, draw OL parallel to AlB and we have 
X0=:jRi,and3Ir = jB«. 

Draw the pole distsmce OB, Through the apex K of the frame 
drop the vertical Khmn. Then, as just proved, OB (to scale of 
force) X fcn (to scale of distance) = the moment of Rx, Again, OB 
X mn = the moment of Fu The resultant moment is then given 
by OB X (kn — nm) or OB x km. 

That is, for parallel forces, the pole distance multiplied by the 
ordinate of the equilibrium polygon at any pointy parallel to the 
forces included between the closing line and the polygon, gives the 
resultant moment of all the forces on either side of the ordinate with 
reference to any point in that ordinate. 

If then we make a section cutting EK, CK and CA An<l take 
the centre of moments at K, we have (page 102) stress in CD x 
lever-arm for CD = algebraic sum of moments of JRi and Fi with 
reference to K, But tms algebraic sum we have just seen is given 

byffx&m. Hence stress in CD is equal to j^^^^;:^^^. 

We can therefore find the moment ^aphically at any point by 
multiplying the ordinate to the equilibrium polygon at that point 
by the pole distance. 

A few examples will make the application of the preceding prin- 
ciples clear. 

Ex. 1. Let AB, Fig. 1, be a beam or rigid body or framed struc- 
ture subjected to two unequal weights Fi and F^ applied at any 
two given points. Eequired the reactions at the supi>orts A and J9, 
also the moment at any point of all the forces right or left of that 

point, when equilibrium ex- 
ists. 

Draw the force polygon 
Fig. 2, choose a pole O, and 
draw 8o, 8i, 8«, and the pole 
distance B, 

Construct the equilibrium 

polygon Fig. 1 by drawing a 

^el to «o to intersection a 
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with -Pi; through a a parallel to «i to intersection 6 with F^\ 
through h a parallel to b%. Drop verticals from A and B and draw 
the closing luxe AB. Parallel to AB draw OL in Fi^ 2. 

Then LO and 2L are the reactions at A and B\ and since they act 
upwards, the supports must be below A and B, 

The moment at any point K is equal to the ordinate hn multi- 
plied by the pole distance H. 

Ex. 2. It IS well to observe that the order in which the forces 
are taken makes no difference in the results, although the figure 
obtained may be very different. 




Thus take the same example as before, but niunber the forces in 
inverse order, Fig. 1. 

We form the force polygon as before, choose a i>ole and draw s^ , 
«i, Bt, Now parallel to 8o we draw a line till it meets Fi at a 
[note that «» must always be produced to meet Fx] ; then from a 
a parallel to 8% till it meets 1^« at &; then from h a parallel to 8%, 
Draw the closing line AB, A parallel to it in Fig. 2 gives the 
reactions Ui and 2L as before. At apex h of the equuibritun poly- 
gon we find 8i tension, since F^ acts downward. At apex a we find 
8« tension, since Fx is downward. Hence at A\ 8o acts away from 
A\ and following round in the force x>olygon we obtain XO acting 
upwards. At B, 8« acts away, and hence 2L acts upwards also. 
Tne supports at A and B must then be below. 

As to the moments, the moment of the reaction at A with refer- 
ence to any point K is H x km. The moment of i^i is — fl" x np. 
The resultant moment is fl" x (Km — no). The lower ordinates 
subtracted from the upper will ^ve us the same figure as before. 

Whenever, then, we obtain a double figure as in the present case, 
it shows that we have taken the forces in inconvenient order. We 
have only to chanee the order to obtcdn the moments directly from 
the equihbrium x>olygon. 

Closing Line at Aight Angles to the Forces^Choice of Pole 
Distance. — ^It makes no difference what inclination the closing line 
may have, because, as we have seen, the ordinate in the equilibrium 
polygon parallel to the resultant, multiplied by the pole distance, 
gives the resultant moment, with reference to any point on that 
ordinate, of all the forces right or left. 

We can, however, if we wish always cause the closing line to be 
at right angles to the parallel forces. We have only to find first 
by preliminary construction the reactions or the i)oint L. If then 
we take a new pole anywhere in a line through this i>oint at right 
angles to the forces, the closing line will be at right angles to the 
forces. 

As to choice of ^pole distance, we have only to so choose the 
position of the pole as to give good intersections for the polygon. 
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The multiplication may be directlv performed by properly chang- 
ing the scale in the equilibrium polygon. The ordinate to this new 
scale will then give the moment at once. Thus if our scale of 
length in Fig. 1, preceding, is five feet to an inch, and the pole dis- 
tance in the force polygon Fig. 2, measured to the scale of force 
adopted, is ten pounds, we have only to take fifty moment units to 
an mch as the scale for the ordinates and they will give the 
moments directly. 

Ex. 3. Let the single weight Fi act at any point of the rigid 
body AB, Then the equilibrium polygon is AaR. The vertical 
reactions at A and B are ZrO and IjL, both acting up, and hence the 
supports are below A and B, 



Jio.l. 




We see at once that the moment is greatest at the weight and 
decreases to zero at each supi>ort. 

Ex. 4. Let Fx act outside of the supports A and B. Observe in 





constructing the equilibrium polygon that «• is always produced 
till it meets Fx-, also that the closmg line AB' always unites the 
two points vertically imder the supports, upon the two end seg- 
ments. 

The reactions require special notice. Thus the reaction RtBtB 
is the resultant of the stresses in aB and B'A\ or LL in the force 
polygon. The reaction Rx at A is the resultant of the stresses in 
A'a and A'B^ or iO in the force polygon. 

Since Fx acts downward at apex a, we have 8x compression and 
8o tension. Therefore at apex A' we take 8o acting away, and hence 
obtain XO acting down, or the support is above A. 

At apex W we take Sx acting towards, and hence obtain IX act- 
ing up, or the support is below B, 

Ex. 5. One Downward and One Upward Force between the 
Supports. — Here we need only call special attention to the fact that 
as F^ acts up and is less than Fx^s^ui the force polygon Fig. 2 lies, 
between 8« and 8x, 
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The reaction at A is the resultant of s^ and L or XO. The re€U2tion 
at B is the resultant of a^ and L or L2. 
Since Fi is down at a, we have 80 ten- 
sion, and since Ft is up at 5, we have 
«« tension. At apex A\ then, So acts 
away, and hence L is compression and 
I/) acts upward and support at A is 
below. At apex R, St acts away, and 
L is compression as before and 2L 
acts downward, or support at J9 is 
above. 

We see also that if Ft were less, 
so that 2 falls below L in the force 
polygon, the reaction at B would be 
upward also, and the support would then have to be below. The 
student should sketch the case for Ft greater than Fi. 

At the point K we see that the moment is zero. If AB is a 
beam, the point K is the " x>oint of inflection," or the point at which 
the curve of deflection of the beam changes from concave to con- 
vex. The beam would be concave upwards as far as f, and from 
there on convex upwards. 

Ex. 6. In the preceding case, let the forces be equal. Laying off 
the force polygon Fig. 2, the first force extends trom to 1, and 

the second from 1 back to 0. Choosing 
a pole O and drawing So , Si , 82 , we find 
that«o a^d 89 coincide. 

Constructing the equilibrium poly- 
gon and drawing the closing line A'B' 
and its parallel L in the force polygon, 
we see that the reaction at A or the 
resultant of 80 and L is Z<0, and the re- 
action at B or the resultant of «« and L 
is also !/>. The reactions are therefore 
equal. Since 80 and 81 are both tension, 
we have reaction at A upward or sup- 
port below A, and reaction at B down- 
ward or 8upi)ort above B. 

This is m accord with the principle (page 73) that a couple can 
only be held in equilibrium oy another couple. Morever, the re- 
sultant of 80 and 81 in Fig. 2 is zero, and the point of application is 
at the intersection of 8^ and 8a in Fie. 1, or at an infinite dist€mce. 

That is, the resultant of a couple is zero at an infinite distance 
(page 73.) 

At K the moment is zero as before, and we have a point of in- 
flection. 

Ex. 7. Two Equal Weights beyond the Supports.— The figure 
needs no explanation, except to call attention 
to the reactions. 

Thus the reaction at A is ZiO acting down. 
At ^ it is 2L acting up. 

The moment at any point, in all cases, is 
the ordinate multiplied by the pole distance 
H, The shaded areas then show how the 
moments vary. 

We repeat here that the order in which 
the forces are taken, in all cases, as also the 
position of the pole, is indifferent. The stu- 
dent wOl do well to work out cases to scale 
and satisfy himself that this is true. 
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Ex. 8. Two Equal akd Oppositk Forges beyond the Supports. 
—Observe that So is produced till it inter- 
sects Fiat a in Fig. 1; then Si from a to 
h; then Ss parallel to 8* or s. in Fig. 2. The 
closing line A'R is then drawn. A parallel 
to it in Fig. 2 gives L, 

The reaction at A is XO acting down, 
and at B, OL acting up. 

Between B and is the moment is con- 
stant. This is the graphic interpretation 
of the principle, pctge 72, that the moment 
of a couple is constant for any point in its 
plane. 

Ex. 9. A Uniformly-distributed Load. 
—Let the load be uniformly distributed. 
We might consider it as a system of equal 
and equidistant weights very close toother. 

Thus in Fig. 1 the load area, which is a rectangle of uniform 
density, whose height iB the load per unit of lengtn, and whose 
length is AB, may be divided into any 
number of equal parts. The weight on 
each of these parts acts at its centre of 
mass. We can then lay off the force 
polygon Fig. 2. Since the reactions at 
A and B are equal, we take the pole in 
a horizontal through the middle point of 
the force line. The closing line A'B' will 
then be paraUel to AB (p. 149). We can 
then draw So , «i , Ss , etc., and construct 
the equilibrium i)olygon. It is evident 
that tne points a, &, c, d, etc., will enclose 
a curve tangent to a6, 6c, cd, etc., at the 
points midwajr between, that is, where 
the lines of division of the load area meet 
the sides of the equilibrium polygon. 

The ordinates to this curve, multiplied by the pole distance H, 
give the moment at any point on the ordinates. 

It will be seen, however, that this method is deficient in accuracy, 
because the lines aft, 6c, cd, etc., are so short and there are so many 
of them. If, however, we can find what the curve A'abcd, etc., is, 
we could draw the curve at once. 

Suppose we divide the load area into only two portions of lengths 
X and t^Xy where I = AB, Fig. 3. The entire weight over the por- 
tion X can be considered as acting at 
the centre Ci of the load area. The 
same holds good for the portion l — x. 
We thus have two forces Fi and Ft. 

Taking the pole as before, so that 
the closing line A'B' shall be parallel 
to ABy construct the equilibrium poly- 
gon A'dbB'. The curve of moments 
wiU be tangent at A\ c and B\ as 
shown by the dotted curve. 

Now we see that, no matter where 
the load area is supposed to be divided, 
we shall always have for the distance 
ei €% between Fi and Ft 
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That IB, no matter where the line of division is taken, the hori- 
Bontal projection of the line ab of the equilibrium polygon is 

constant and equal to x-2. But a& is a tangent to the curve required. 

But if from any point on the line A'd we draw a line ab limited by 
the line B'cL so ttiat the horizontal projection is constant, the line 
ob will envdop a parabola. 

This may easily be proved as follows : Let the load per unit of length be p. 

Then the entire load is pi and the reaction at each end is ^. 

The moment at any point distant x from the left support is then 

pi v^ 

Bat since J^i is equal to p9, 

pi pa? 

This is the equation of a parabola. At the centre d? = q"* "^^ ^^ therefore 
have the centre ordinate ^. 

Cob. 1. We see, therefore, that when a string is suspended from 
two points A\ B and sustains a load uniformly distributed over 
the horizontal, the curve of equilibrium is a parabola (page 113). 

Also the horizontal component of the stress at any point, as is 
evident from the force polygon, is constant and equal to H. Also 
the vertical component of the stress at any point as c. Fig. 3, is 
Ri — Fy^ or equal to the total load between the lowest i)oint and the 
point considered (page 111). 

Cob. 2. We have the following construction for the equilibrimn 
curve. Lay off a perpendicular eK at the 

centre e and make it equal by scale to %-. 

o 

Through A, K and B construct a parabola 
having its vertex at K. The ordinate to this 
parabola through any point will give the 
moment at that point. 

The distance Kd is also equal to ^, be- 

o 

cause the moment of the re€u:tion with reference to e is 

and^ = ed-eli:=^-£?! = ^. 

4 8 8 

Cob. 3. How to Draw a Para6oto.— ^ince we know, then, the 
distance ed = ^, we can always draw the lines Ad and Bd. If 

B then we divide Ad and Bd into any number of 
equal parts and number these {yarts along one 
line away from d and along the other towards 
d, we have only to draw lines joining any two 
X)oints having the same niunber and these lines 

will all have the same horizontal projection -. 
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The^ will therefore enclose the parabola required. Tangent to 
these lines we may sketch the curve. 

A better method is to plot the ordinates to the curve from its 
equation, 



y — ^^ — o^- 



Methods of Solution of Framed Structures. — ^In Chap. IV we 
have given and illustrated two methods of computation for framed 
structures : 

Ist, By Besolution of Forces (page 101). 
2d. By Moments or the "Method by Sections " (page 102). 
In the present Chapter we have uie corresponding graphic 
methods : 

1st. By Resolution of Forces (page 135). 
2d. By Moments (147). 



EXAMPLES. 



(1) A roof -truss fias a »pan of 60 ft. and a centre height of 12.5 
ft. Each rafter is divided into four equal panels, and the lower 
horizontal tie is divided into six equal panets. The bracing is as 
shown in the figure. Find the stresses in the members, oy the 
graphic method of moments^ for a weight of 800 lbs. at each upper 
apex, 

Ans. We have oompnted the stresses (page 105, Ex. (8)) bv the two 
methods resolution of forces and moments. We have also foond the stresses 
hj the graphic method of resolution of forces (page 140, Ex. (1)). 




We can construct the force polygon Fig. 2, and then the equilibrium poly- 
gon Fig. 1. This, however, is not advisable for reasons already given. It 
will be more accurate to assume the pole distance as unity, thus discarding the 
force polygon altogether, and construct points in a parabola from the equa- 
tion 

pi p^ 
^ 2 2 
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In the present case the load per foot is, if we suppose half weights of 40O 

fl^4QQ 12 

at the ends, -^^ = 138 lbs. = p. Taking a? = g^, ^^ etc., we have 

1, 2, 3, 4, 

* = 8 *' r' r' r • 

y = 17500 80000 37600 40000 Ib.-ft. 

Lajinff these o£E to any convenient scale, we determine very accurately the 
points a,\ c, d of the equilibrium polygon. The other half of the polygon is 
precisely similar. 

The ordinates to this polygon will give, to the scale adopted, the moment, 
for any point of the truss, of the outer forces left or right. Thus the moment 
with reference to A; of all forces right or left is km. Fie 1. We find by scale 
km = 216661 lb. -ft. In the same way for the next lower apex we find the 
moment 85000 lb. -ft. The moment at the next lower apex or centre of the span 
is 40000 lb.-ff 

Now by the method of sections (page 102) we have for any member 

Stress X lever-arm 4- ^ moments of outer forces = 0. 

The second term is given by the ordinates of the equilibrium polygon to 
scale. 

As regards the centre of moments for any member, we must observe the 
rule (page 102), viz: Cut the truss entirely through by a section cutting only 
three members the strains in which are unknown. For any one of these take 
the point of moments at the intersection of the other two. 

For the proper sign for the first member of the equation place an arrow on 
the cut member pointing away from the end belonging to the left-hand por- 
tion, and take the moment (4-) or (— ) according as the rotation indicated by 
this arrow is counter clockwise or clockwise. 

If the stress comes out positive, it indicates tension; if negative, compres- 
sion. 

Take for instance the first lower panel, Xa. The centre of moments must 
be taken at the first upper apex. The moment for this point is given by the 
ordinate na of the equilibrium polygon, or — 17500 lb. -ft. We take the minus 
sign, because the rotation is clockwise. We have then 

La X 8.126 - 17500 = 0, or Xa = + 5600 lbs., 

where 8.125 ft. is the lever-arm of La. 
In similar manner we have 

Zc X 6.25 - 80000 = 0, or Le = + 4800 lbs., 

where 6.25 ft. is the lever-arm of Zc. 
For Le we have 

Z« X 9.875 - 87500 = 0, or Xtf = -f 4000 lbs., 

where 9.875 ft. is the lever-arm of Lc, 

For the first upper panel Aa^ take the centre of moments at k. The mo- 
ment for this point is given by the ordinate from k to the firet line of the poly- 
gon produced. It is therefore larger than km, which gives the combined 
moment of the reaction and first weight. We find it by scale to be — 28888^ 
lb.-ft. 

We have then 

- ^a X 8.727 - 2888^ = 0, or ^a = + 6260 lbs., 

where 8.727 ft. is the lever-arm for Aa. 

In like manner for Eb we have centre of moments at k, and moment km = 
-21666». Hence 

- B& X 8.727 - 216661 =r 0, or j5& = -f 5818 lbs. 



156 



GRAPHICAL STATICS — 00-PLANAB FOBCSS. [CHAP. VI. 



For €d we have 

-CBX 7.454 -85000 = 0, or Ca = + 4691 lbs., 

where 7.464 ft. is the lever-arm for Cd. 
For Df we have 

-D/X 11.151 -40000 = 0, or iy= + 85871bs. 

For all the braces the point of moments is at the left-hand end. Taking a 
section through Bh, ab and Xa, we have acting on the left-hand portion only 
the weight AB and the reaction. The moment of the weifi^ht relative to the 
left end is the ordinate a'V, or by scale — 6000 lb. -ft. The lever-arm for a& is 
6.984 ft. Hence 

-abx 6.984 - 5000 = 0, or oft = - 721 lbs. 

For he we have 

+ aft X 6.984 - 5000 =0, or oft = + 721 lbs. 

For cd the moment is a'V 4- h'&, or — 15000. We have then 

- cd X 18.869 - 15000 = 0, or cd = - 1081 lbs., 

jmd so on. All lever-arms can be scaled off the frame or must be computed. 

The present method is not to be recommended for the braces. In prolong- 
ing the sides db, he, etc , of the equilibrium polygon, a slight variation in 
direction will make considerable error in the ordinate at the end. Also as the 
Bides oft, he, etc. , are short they do not give direction accurately enough. 

Of all our four methods, the graphic method by resolution of forces (page 
185) is the easiest of application to such cases. 

The more irregular the frame the more advantageous it is. 

(2) A bridge-girder, as shoum in the figure, Id feet deep, 80 feet long, 
eight equal panels in the lower chord and seven equal pands in the 
upper chord, has a load of 5 tons at each lower apex. Find the 
stresses by diagram and by moments. 




Ans. The panel length is 10 ft., sec 6 = 1.117. 

-4a X 10 - 17.5 X 10 = 0, 

A X 10 - 17.5 X 15 + 5 X 5 = 0, 



By moments then 
or -4a = + 17.6 tons. 
Bt5 = + 28.75 " 
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Ca X 10 - 17.5 X 25 + 5 (6 + 15) = 0, Oe = + 8^75 tons. 

i>^ X 10 - 17.6 X 85 + 5(5 + 15 + 26) = 0, JDg = + 88.75 

- /6 X 10 - 17.5 X 10 = 0, J6 = - 17.5 

- id X 10 - 17.5 X 20 + 5 X 10 =0, /d = - 80 

- ijrx 10 - 17.6 X 80 + 5(10 + 20) = 0, ff=- 87.5 

- JA X 10 - 17.6 X 40 + 6(10 + 20 + 80) = 0, /A = - 40 
/a = - 17.5 X 1.117 = - 19.55, Aj = - 7.5 X 1.117 = - 8.88, 
oft = + 19.65. ^ = + 8.88. 
ftc = - 12.5 X 1.117 = - 18.96, /^ = - 2.5 X 1.117 = - 2.79, 
cd = + 18.96, gh = + 2.79. 
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CHAPTER Vn. 
WORK. 

WOBK INDBPBNDENT OF PATH. UNIT OF WOBX. YXBTUAL DIfiPLACBlCBKT. 
VmTUAL WOBK. PRINCIPLE OF VIRTDAL WORK. 

Work, — The product of a uniform force by the projection of the 
displacement of its point of application along the line of action of 
the force is called work. 

Thus let a uniform force, that is, a force constant in direction 
and magnitude, act at a point Ax , and let the 
displacement of the point of application be 
AiAa = d. 
— _ — Let e be the angle FAxAx between the force 

* ^ ■ and the displacement. Then the projection of 

the displacement AxAi = d upon the line of the force F is Axu = 
d cos 0, and we have for the work IF, 

Tr=i<Yi cos (1) 

But JP'cos is the projection of the force F upon the line of the 
displacement AxA^, 

Hence, %jooTk is the prodtict of a constant force by the projection 
of the displacement of its point of application along the line of the 
force, or the product of the displacement by the projection of the 
force along the line of the displacement. 

If the projection of the displacement AxU along the force is in 
the direction of the force, the force is said to do ivork. In this case 
the angle B is acute and TTin equation (1) is positive. 

If the projection of the displacement Axn along the force is op- 
posite in direction to the force, work is said to be done against the 
force. In this case the angle Q is obtuse and Win equation (1) is 
negative. 

Cor. 1. If the displacement iB at right angles to the constant 
force, the work is zero. 

Cor. 2. The weight of a body is a force acting at the centre of 
mass (page 76). Hence the work done against gravity in raising a 
body of mass m through a distance 8 is W = — ' mgs, where mg is 
the weight in poundals and s the displacement of the centre of 
mass. In gravitation units (page 6), TF = — ms. 

CoR. 3. The work done by gravity upon a body of mass m which 
falls through a distance sis W= + mgs, where mg is the weight in 
poundals and s the displacement of the centre of mass. In gravita- 
tion units, W= + ms. 

Work Independent of the Path. — ^The definition for work given 
in the preceding Article evidently holds good no matter what the 
path, provided the force is uniform, that is, does not change in 
direction or magnitude. 
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Thus let the constant force i^act on the particle A which is dis- 
placed from A U> B either along the line AB^ or from 
AtoC and from C to B. p 

In the first case the work is F x AL In the second ^ 
case the work is 



F X Am + F X Cn = F X AI. I 



— ^^B 



So in general for any broken line between A and B. 
Since a curve is the limit of a polygon, the same holds 
true for any curved path between A and B, 

Work when Force is Variable.— If the force is variable, we must 
take the displacement indefinitely small, so that the force during 
such displacement may be considered as uniform. In such case we 
have 



W 



= J'^d8 (2) 



Unit of Work.— If [F] is the unit of force and F the number of 
imits of force, [L] the unit of distance and 8 the number of units of 
distance in the direction of the force, [W] the unit of work and W 
the number of units of work, we have 

W[W]=F[F] X8lL]. 

We have then the numeric equation 

provided 

[W]=[F]x[L]. 

The imit of work, then, is the work done by one unit of force 
when the displacement in the direction of the force is one unit of 
distance. 

The English absolute unit of work is then the foot-poundal, or a 
constant force of one poundal acting through one foot. 

The C. G. S. absolute unit of work is a constant force of one|dyne 
acting through one centimeter. It is called an erg. A multiple of 
this, equal to 10000000 ergs or 10' ergs, is used in electrical measure- 
ments and called a,joule, after Dr. James Prescott Joule. 

In Elnglish cavitation units (page 6) the unit of work is the 
foot-pound. This is the unit commonl^r adopted in Engineering 
calculations. It is the work done in raising a mass of one pound 
through the vertical distance of one foot against gravity. It is 
therefore a variable amount of work, since the weight of one pound 
varies with the locality (page 6). 

Virtual Displacement — Virtual Work. — When the point of appli- 
cation of a force is actually displaced, the displacement is actual 
and the work done by or against the force is actual also. 

If F is the force acting at any point and 8 is the actual displace- 
ment in the direction of the force of that point, then if F remains 
uniform, that is, constant in magnitude and direction during the 
displacement, then the actual work is Fs. 

But in general, when the point of application of a force is dis- 
placed, the force does not remain lunf orm unless the displacement 
IS taken indefinitely small. 

If F, then, is the force acting at anj point and c2s is an in- 
definitely small displacement in the direction of the force, we have 
in general the work given by Fd8. 

Now an indefinitely small displacement of a x)oint which does 
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not actxially teike place, but which is only imagined or supposed to 
take place, we may distinguish by calling a virttuU diaplacement^ 
and we call the work done by or against a force by reason of the 
virtual displacement of its point of application the virtual work of 
the force. 

Virtual displacement unless otherwise specified is always to be 
taken as indennitely small. It is always linear displacement^ since 
a point has no size. 

Principle of Virtual Work.— Let Fi, Ft, F%, etc., be anv num- 
ber of concurring forces, that is, forces acting upon a particle at P, 

and supi>ose this particle to re- 
ceive a virtual displacement PD 
in any direction. 

Since virtual displacement is 

indefinitely small, tne forces re- 

main unchanged in direction and 

™- ^ ma^itude. 

If we lay off the line representatives in Fig. 2, the resultant is 

given in magnitude and direction by the closing line OFt = iJ of 

the force — ^ 




Draw OD parallel and equal to PD, and let a, , a. , a. , etc., and 
e be the angles made by Fi,Ft,F%, etc., and R with OD. 
Then we have by construction 

RcobB = Fi cos ai + Ft cos a. + Ft cos a., etc. = i'-Fcos a. 

That is, the component of the resultant R in the direction of the 
virtual displacement is equal to the algebraic sum of the compo- 
nents of the forces in that direction. 

If we multiply by the displacement PD = d, we have 

J2.d cos 6=2^1 . dcos ux+Ft . d cos a.+F. . d cos a., etc. = ^-Fd cos a. 

But since d is indefinitely small, so that the forces remain un- 
changed in magnitude and direction, we have by definition R . d 
cos ^ equal to tiie virtual work of the resultant and i^i . d cos an » 
-Fi . d cos at , etc., equal to the virtual works of Fx, Ft, etc. 

Hence, if a particle acted upon by any system of forces receive a 
virtual displacement in any direction whatever, the algebraic sum 
of the virtual vx)rks of the forces is equal to the virtual work of the 
resultant. 

If the forces Fx, Ft, Ft, etc., acting on the particle are in equi- 
librium, their resultant R is zero, and we have 

-Fi . d cos ai + Ft.dcoaat + Ft.dooBcu, etc. = SFd cos a = 0. 

This is called the ** principle of virtual work " ; a principle which 
includes all of statics and kinetics. We may state it as follows: 

If a particle in equilibrium under the action of any system of 
forces receive a virtual diepUicement in any direction whatever, the 
algebraic sum of the virtual vjorks of the forces is equal to zero. 

Conversely, if the algebraic sum of the virtual works of a system 
of forces acting on a particle is zero for every virtual displacement 
whatever, the particle is in equilibrium. 

Cor. 1. If a system of particles is in equilibriiun under the action 
of external and internal forces, and any number of particles of the 
system receive anv virtual displacement whatever, then, since the 
algebraic sum of the virtual works of the forces acting on each i>ar- 
ticie is zero, it follows that the algebraic sum of the virtual works 
of all the forces, external and internal, is zero. 
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The principle of virtual work applies then to any material system 
if all forces external and internal are considered, 

Ck>R. 2. If a system of particles in equilibrium imder the action 
of external and internal forces receive any virtual displacement 
of translation whatever which does not alter the configuration of 
the system, then no work is done by or against the internal forces, 
and the algebraic sum of the virtual works of the external forces 
alone is zero. 

The principle of virtual work applies then to the external forces 
acting upon any rigid body in equuihrium, if the body is regarded 
as a panicle and the virtual diMuacement is one of translation. 

Cor. 3. If a system of rigid bodies in equibriumimder the action 
of external and internal forces receive any virtual displacement 
whatever which does not alter the configuration of the system, then 
no work is done by or against the internal forces, and the algebraic 
sum of the virtual works of the external forces alone is zero. 

The principle of virtual loork applies then to the external forces 
acting upon any system of rigid bodies whose configuration does not 
change^ if the rigid bodies are regarded as particles and their virtual 
displacements are translations. 



EXAMPLES. 



• (1) A lever ACB with fulcrum atCis acted upon by the co-planar 
forces P and Q at the ends A and B. Find the conditions for equi- 
librium^ neglecting friction. (For rough lever see Ex. (17), page 
221.) 

Ana. Let R be the resultant acting at the fulcrum 0, 

Take any point D in the plane of the 
forces. Let tne lever be rotated counter- 
clockwise about an axis through D at right 
angles to the plane of the forces, through 
an indsfimtely ttnall anfle of 6 radians. 
Then uie virtual displacement of ^ is 

AD. B = A», making the angle bAP = ai 
with P. The virtual displacement of C is 
0D.6 = Ct, making the angle $0B = a 
with the resultant B. The virtual dis- 
placement otBis BD .B = B8, making the 
angle sBO = a, with the direction of Q. ^ 

Then bv the principle of virtual work, having regard to the proper signs as 
given by the figure. 







or 



+ P.-4jcosari —J?. Cscosa— Q.Bscoaat = 0, 
+ P. e . ZB cos ai — J? . . 'CD COB a— Q.9. SD cos a, = 0, 



-]-P.ADco8ai — B. ODcoaa- Q.BI)coaat = 0. 

But if we drop from D the perpendiculars Dni =pon P, Dn = r on J?, and 
2>», = q onQ, we have J[S cos a, = p, CD cos a = r, BD cos a, = q, and 
hence 

+ Fp--Br-- Qg = 0. 

That is, the algebraic sum of the moments of the forces about any point in their 
plane is zero (page 99). 
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Again, suppooe the lever to be translated in any direction through an indef- 
initely small distance, so that the yirtiial displacement of every pomt is d, aiMl 
let the forces P, Q, B make the angles ai , a, and a with the direction cf the 
displacement. Then by the principle of virtual work we have 



or 



Ficoaai-^-QdcoBat + BdooB a= 0. 
Pcosai + QcoBOt +^cosa =0. 



That is, the algebraic sum of the components of the forces in any direction is 
zero (page 99), and their line representatives make a closed poly«>n. 

Again, since the algebraic sum of the moments about any pout is zero, the 
three forces must intersect at a common point (page 100). 

If we suppose the fulcrum to be fixed, we can have only rotation. We 
can then easily prove by the principle of virtual work that the necessary and 
^sufficient condition of equilibrium for any body free to turn about a fixed axis 
under the action of any number of forces is l£at the algebraic sum of the mo- 
ments of the external forces with reference to the fixed axis sliall be zero. 

If we take the fulcrum C as our point of moments we easily deduce, as on 
page 71, wh&n thefoTce$ cure parallel. 



B = P+Q. ^ = ^ 



BO 
AO' 




If the forces are not parallel, let the force P make the 
angle ai , the force Q the angle at , the force B the angle a, 
with the lever, the acute values being taken. 

Then since the line representatives form a closed polygon, 
we liave 



at-'Oi 



or 



We have also 



P: Qi: sin (180 - a — a,) : sin (a — ai\ 

P _ sin a cos at -\- cos a sin at 
Q ~ sin a cos ai — cos a sin aa ' 

Bsina :z^ Psin (Xi + Q sin at ; 
P u)6 a = P cos ai — Q cos at ; 



^^^Psina, + Csinat 
Pcos ai — Q cos at' 

iP = P« + e* - 2PC. cos (a, + at). 

• (^, In a wheel and axle the radius of the wheel is a, and of the 
axle h. Find the conditions for equilibrium^ neglecting friction 
and rigidity of the rope, when a mass P hung from the wheel just 
balances a mass Q hung from the axle, (For motion and rigidity 
see Ex. (18), page 222.) 



Ans. The external forces are Pg and 
tual displacement e downward, then Q 



If we suppose P to receive a vir- 
receive the virtual 



displacement —s . upward, and by the principle of virtual 
work we have 

fl7»-Cy.-« = 0, or JR» = Qft, 



or the algebraic sum of the moments of the external forces 
with reference to the fixed axis is zero. . This is the sole con- 
dition for equilibrium for any body free to turn about a fixed 
axis acted upon by any number of forces. 
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In this example we see that it is not necessary to suppose the virtual dis- 
placement indefinitely small, since the forces do not vary with the displace- 
ment. 

(8) Four BoilcTB^ each exerting a force of 112 Z6«., can jtut raise 
an anchor by means of a capstan umose radius is 1 foot 2 in. and 
whose spokes are 8 ft. long^ measured from the axis. Find the 
weight of the anchor, 

Ans. 8072 lbs. 

(4) If the lenffth of each of a pair of sculls be S ft 6 in,, and the 
distance from the hand to the rowlock be 2 ft, S in., find the force on 
the boat when the rower applies a force of 26 lbs, on each scully as- 
suming that the blade does not move through the water, 

Ans. 68 lbs. 

• (6) In the single movable pulley find the relation betioeen the 
force P and the mass Qfor equilibrium, disregarding friction and 
rigidity of the rope, (For fnction and rigidity see Ex. (19), page 
284.) 

Ans. The external forces are P and the weight of the mass Q. If we sup- 
pose a virtual displacement of Q downward equal to «, the 
corresponding virtual displacement of P will be 2$ upward. 
We have then by the principle of virtual work, in gravita- 
tion units. 



g» - 2Pf = 0, or P = 



2' 



Again, if 2* is the tension of the rope, we have, in gravi- 
tation units, r = P and 2r = C- Hence P = ~. 

In this example we see that it is not necessary to sup- 
pose the virtual displacement indefinitely small, because the forces do not 
vary with the displacement. 




(6) In 




the sys tem of pulleys shown, find the relation between the 
- - force P and the mass Q for equilibrium^ dis- 
regarding friction and rigidity of the ropes, 
(For friction and rigidity see Ex. (20), page 226.) 
Ans. The external forces are P and the weight of the 
mass Q, If we suppose a virtual displacement of Q down- 
ward equal to 9, the displacement of the next pulley is 2s, 
of the next 4«, and so on. If there are n movable pulleys, 
then, each one of the mass m, we have by the principle of 
virtual work, in gravitation imits, 

C« + m.« + f».2«-f f?i.4«+. ..i».2«-i«-P.2*« = 0. 



Hence 



^ _ Q + m(l + 2 + y-h2» + ...8»-^) 



or 



\)m 



p_ C + (2>- 
^~ 2» 

If we disregard the mass m of the pulleys. 



P = 



_c 



In this example we see it is not necessary to suppose the virtual displace- 
ment indefl^tely small, because the forces do not vary with the displacement. 



164 



STATICS— VIBTUAL WOBK. 



[CHAP. vn. 



Again, let the tensions of the ropes he Ti, Tt, , , . Tn, Then we have for 
equilibriom, in gnvitation units, 

2Ti = Q + m; 
2Tt = r, + m; 
2T9 = Tt + m; 
2Tn = Tn-i + m; 

Multiplying the second equation by 2, the next by 2*, the next by 2*, etc* 
and the last by 2**-^ and adding, we have as before 

3»P=C + w* + 3m + 2«m + 2«i» + . . . 2»-ifii. 

• (7) In the system of pulleys shown, find the relation between P and 
Qfor equilibrium, dtsregaraing friction. (For friction and rigidity 
see Ex. (21), page 226.) 

Ans. The external forces are P and the weight of O. If we suppose a vir- 
_ tual displacement of Q downward equal to «, eadi strinff- 
""~~ ^ming from the lower block will be lengthened by «, and 
the virtual displacement of P upwards wiXi be fu, where n 
is the number of strings oominff from the lower block. We 
have then by the principle of virtual work, if m is the 
mass of the lower block, 



(C+fll)«-IMP=0, 

P = 



>_ C + ^ 

n 



Qd 



tion between P 
rigidity of the ropes. 
226.) 



In this example we see that it is not necessary to sup- 
pose the virtual displacement indefinitely small, because 
the forces do not vary with the displacement 

Ag^Edn, the tension in each string is the same and equal 
to P. Hence, if n is the number of strings coming from 
the lower block, nP=^Q + m. 

• (8) In the system of pulleys shown, find the rela- 
and Q for equilibrium,^ disregarding Jriction and 



for friction and rigidity see Ex. {22), page 



Ans. The external forces are P and the weight of Q. If we suppose a vir^ 
tual displacement of Q downward eoual to s, then the 
highest movable pulley will be raised a distance «, the 
next will be raised twice the height through which the 
highest is raised plus the distance through which Q de- 
scends, that is, through the distance %$. 

In the same way any movable pulley will rise through 
the height s plus twice the distance through which the 
pulley next above rises. 

If the number of pulleys is n and the mass of each 
pulley is m, the distances through which each pulley is 
raised are respectively «, (2« - 1)«, (2» - 1)« . . . (2»-i - l)i. 
Also P will be moved vertically upwards a distance 
(2» — 1)«. We have then by the principle of virtual work 
in gravitation units, 




I - wi(2 - !)• - 



1)8 ~ f»(2» - 1)«. . . - m(2»-i -• 1)« - (2« - 1)A = 0. 



CHAP. yiL] EXAMPLSS. 165 

Henoe 

p_ C-m[(2-i)+(2«-i)+(y-i)...+(a'*-i-i)] 

^- 2»-l 

or 

»_ C + mn~(2»-l)tii 

If we neglect the mass of the puUeys, 

In this example we see that it is not necessary to suppose the Tirtnal dis- 
placement indefinitely small, becaose the forces do not vary with the dis- 
placement. 

Again, if n is the number of pulleys and Ti, Tt, T%, etc., the tensions in 
the strings, then we have for eqailibrium, in gravitation units, 

r, =P; (1) 

r, = 2r,+iii; (3) 

r, = 2r, + iii; (8) 

2'n = 2rn-i+i»; («) 

Tx + Tt-\-Tn + ...Tn=q (4) 

Multiplying the second equation by 2»-l, the third by 2»-«, the nth by 2, 
and adding, we have 

2r« = 2»P + 2»-iin + 2*-«in+.. .2m. 

Adding equations (2), (8), . . . (n) and employing equation (4), we have 

C - P= 2(C- Tn) + {n - 1)111. 

Eliminating Tn , we have, as before, 

2»-iP=C-(2-l)i»~(2«-l)TO-(2» — l)m. . . - (2»-i - l)f». 

(9) If we have three movable pulleys arranged as in Example (6), 
their musses, heginningwith the lowest, being 9, 3 and 1 lb. respec- 
tively, find what force P tvill support a muss of 69 lbs, 

Ans. 11 lbs. 

(10) If in the system of Eocample (7) there are ninepuUeys and 
each has a mass of one pound, fina the force P to support a mass of 
So lbs, 

Ans. 9 lbs. 

(11) If in the system of Example (8) ths mass supported is 56 lbs,, 
and each movable ptUley, of which there are three, has a mass of 1 lb,, 
find the horizontal distance of the centre of mass of Q from the centre 
of ths fixed puUey when the diameters of all ths pulleys are equal, 

Ans. Nine twenty-eighths the radius of the pulley. 

• (12) In the differenticU pulley shown in the figure an endless chain 
passes over a fixed pulley A, then under a movable pulley to which 
the mass Q is attached, and then over another fixed pulley B, a little 
smaller but coaxial with A, The two pulleys A and B are in one 
piece and obliged to turn together through the same o,ngle. The two 
ends of the chain are joined so as to form a loop. The force P is 
applied to the right-hand portion of the loop. To prevent the chain 
from slipping, there are cavities in the circumferences of the upper 
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pulleys into which the lihka of the chain fit Find the relation of P 
to Q for equilibrium^ neglecting friction, (For friction see Ex. {2^)^ 
page 227.) 

Ans. Let 6 be the radius of the pollej B, and a the radios of 
the polley A. 

Let Q receive a virtual displacement vertically downwards 
equal to 8. Then, since both A and B turn through the same 
angle 6, we have 




~2 



=z8, or 6 = 



2> 



and P has the virtual displacement verticallj npwards of 

We have then by the principle of virtual work, in gravita* 
tion units, 

C.-P.^ = 0. or P=^^. 
^ a — b 2a 

In this example it is not necessary to suppose 8 indefinitely small, because 
the forces do not vary with the displacement. Again, let 7 be the tension of 
the chain. Then if the pulley is in equilibrium, we have in gravitation units 

32'= Q. 

Taking moments about the axis of (7, 

Ta - 2^ — Pa = 0. 



Hence 



•^^ 2a • 



By taking a and b nearly equal we can have P as small as we please. 

(13) In the differential wheel and axle shown in the figure^ ice 
have two axles S and A of different radii, rigidly connected and 
turning about their common axis DE, The force P is applied at 
right angles to the axis at the extremity of the arm CD. The mass 
Q is attached to a pulley supported by a rope which is 
one way round B and the other way round C. Find the 
ofPto Qfor equilibrium, neglecting friction, 

Ans. Let e be the arm CD, and b and a be the radii of B and A. Then, i 
in the preceding example, 



p = : 



26 




By taking b and a nearly equal we can 
have P as small as we please. In the simple 
wheel and axle the same result can only be 
obtained by making c inconveniently large or 
a inconveniently small. 

(14) The requisites of a good balance are as foUows : 1st. R 
should be '* frue/' that is, when loaded with equal masses the beam 
should be horizontal. 2d, It should be '* seneitive,^ that is, when the 
masses differ by a small quantity the direction of the beam from the 
horizontal should be easily pero^tible. 3d. It should be ^* stable,^ 
that is, when moved from tts position of equilibrium it should retiirn 
to it quickly. Show how to secure these requirements. 
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Ans. Let the masses of the loads be P and Q, and of the scale-pans 8i and 
8%. Let Q be the centre of mass of the bal- 
ance, not mcluding the scale-pans, W its, 
mass. Let C be the point of support, and let 
CO be perpendicular to the beam AB at 2>. 

Let be any anfle of the beam with the y ^^^^^ \^ t 

horizontal, and denote €B by A, CO by *, ^^ — I ^+8i 

andlet^2) = a, andB2> = &. ''^' 

Suppose the balance rotated through an 
indefinitely small angle dB about D, Then ^_ 
the yirtual displacement of ^ is ^< = adQ\ of ^+'^a 
B, Bs = hdB\ of O, G« = (A - k)dJ^, 

We have then, by the principle of virtual work, 

(P-f /Si)a<20cosO-(Q+iS,)MOcoB6+ TRA - A)de sin = 0. 
If we take moments about i>, we have for equilibrium also, 

(P + 5, )a cos e - (C + i^)6 cos fi + TF(A - A) sin = 0. 

Hence , 

^. (Q+8.)b--(P + 8{)a 
^"'- TF(A-A) 

1st. When the loads are equal, P = Q ^^^ Si = 8%. In order, then, that 
the biJance mav be *' true," that is, = when the loads are equal, we must 
have a = &. The arms must therefore be equal. We have then for a true 
balance, when the masses of the scale-pans are equal, 

tane = <i-"^)^. (1) 

We can easily test the truth of a balance by interchanging the loads which 
hold the beam horizontal. If the beam settles again into a horizontal position, 
since the loads are equal the balance is true. 

It is almost impossible to make a balance perfectly true. When, therefore, 
great accuracy is required, the method of double vmghing is adopted. This 
enables us to determine the exact mass, however untrue the balance. It con- 
sists in first making the beam horizontal with the body whose mass is required 
in one scale and sand or shot in the other. Then the body is replaced by 
known masses sufficient to keep the beam horizontal. 

2d, From equation (1) we see that if a true balance is to be ''sensitive," 
that is, if is to be laige when Q — P is small, we must have A — A small 
with reference to a. That is, the distance OD of the centre of mass G from 
the beam must be small compared to the length of arm. This requisite is 
then obtuned by making a large and bringing the centre of mass near the 
beam. 

8d. But we see from the figure that when A is large the moment WkoiW 
about the point of support C is large and the balance will return more readily 
then when A is smaU. The condition of " stability " then requires that the 
distance OD of the centre of mass O from the beam shall be large. The con- 
ditions of stability and sensitiveness are then at variance. 

In scientific measurements, where great accuracy is required, the third req- 
uisite is sacrificed to obtain the second, and time is required. For ordinary 
oonunercial purposes, where it Is desirable to save time, the reverse is the case. 

(16) Show hew to gradwUe the ccmmon steelyard. 

Ans. Let P be the movable weight, W the weight of beam and scale-pan 

I acting at the centre of mass Ot Q the weight to be 

G B deteraiioed at A, all in gravitation units. Let C be 

1 c \ I ' ^® poiJit of suspension. Let n be the number of the 

f W \ graduation at B, so that Q = nP. We have then 

[j] . P f or equilibrium 

^ «Pxic"- TTx e»-PxS5 = o. 
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If we put n = In this eqaation, we obtain the position of the zero of 
the scale, 

or is on the other side of C7 to TT at a distance -^ OG from it. Henoe 

nP X AU- PxOB, or Q5 = nla 

T he gradoations are obtained, then, by marking off distances from eqnal to 
AO, 2A0, SAC, etc. Intermediate graduations correspond to fractional Talaee 
of n. 

(16) Shaw Juno to graduate the Danish steelyarcL 
Ans. This steelyard consists of a beam AB terminating in a heavy ball B. 
I From Uie end A hanfs the scale-pan. The fnl- 

Ocrum is moved until the weight of the mass in 
B the scale-pan is balanced by that of the steelyard. 
Let Q be the mass at A, W the mass of steel- 



I 



^ ^ yard and scale-pan acting at the centre of mass G. 

^ Evidently the zero of graduation is at G, since 

the beam balances when the fulcrum is there, when there is no mass Q. 
We have Q=znW, and for equilibrium 

nWxAO=WxCG= W[AG - AC) 

Hence 

AG 



AC = 



n + 1* 



The graduations then are at distances from A equal to -jr-, -5-, — r-, etc. 

<4 o 4 

(17) If the arms of a false balance are horizontal when there are 
no iveights in the scale-pans and one arm is one ninth part longer 
than the other ^ and if %n using it the substance to he weighed is put 

,as often into one scale as into the other, show that the seller loses five 
ninths per cent on his transactions. 

(18) If a common steelyard is 18 inches long, toeighs 3 lbs. avid is 
suspended at a point 3 inches from one extremity, what is the 
greatest ma,ss which can be measured by a movable umght of 2 Ibs.f 

Ans. 16 lbs. 

(19) If one arm of a common balance be longer than the other, 
shoiv that the real weight of the body is the geometrical mean be- 
tween its apparent weights as weighed first in one scale and then in 
the other. 

(20) The arms of a false balance are unequal and one of the scales 
is loaded. A body whose true mass is P Ws. appears to u^igh Q lbs. 
tvhen placed in one scale and Q^ lbs. when placed in the other. 
Find the ratio of the arms and the u)eight urith which the scale is 
loaded, 

'^'"- P-Q' P-Q • 
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CONSTRAINED EQUILIBRIUM— SMOOTH CURVE 
OR SURFACE. 

BBACnON OF A CURTB OR 8URFACB. BEACTION OF A BUOOTH CXTBTE OB 
8URFACB. EQUILIBBIUM OF A BODY 017 A SMOOTH CUBVB OB 8UBFACB. 
EQUHilBBinM OF A BODY AT AKY FOIlffT OF A SMOOTH CUBTB OB 
SUBFAGB. OENEBAL BQUATIONS. 

Beaction of a Curve or Surface. — When a particle is in contact 
-with a rigid material curve or surface, the force or pressure which 
the curve or surface exerts upon the peuticle is called the reaction 
of the curve or surface. 

If then we introduce this reaction as an additional force in com- 
bination with all the other forces acting upon the particle, we can 
remove the curve or surface and consider the particle by itself as 
€kcted upon by this reaction and all the other forces. 

Equilibrium of a Body on Any Curve or Surface. — Let a 
rigid body ADE rest in eqmlibrium upon a ri^d material curve of 
surface VE, smooth or rough, and touch it at 
many points Pi , P%y Pt, etc. 

Let the reactions at these points be i2i , i2s , i2s , 
etc., and let the resultant reaction be R acting at 
the point P of the curve or surface. If all the 
reactions are pressures exerted by the curve or 
surface upon the body, this point P must evidentlv 
always lie within the line or surface of contact DE. 

Since all reactions are internal to the system composed of the 
body and curve or surface, they are internal forces or stresses (page 
7) and the resultant reaction K is the resultant stress. All other 
forces acting upon the body are external to the system, and we call 
them, therefore, external forces. 

Now if the body is in equilibrium on the curve or surface, the 
resultant R of all the external forces must be equal and opposite 
to the resultant reaction R and lie in the same straight line. Its 
line of direction must therefore pass through P. 

This point P, if the curve or surface resists by pressure only, 
must always lie within the line or surface of contact nE. 

If the base DE is a point, or the body touches the curve or sur- 
face at a single pK>int only, the body is in equilibrium at this point, 
the line of direction of R must p^ass through this point and R must 
be eaual and opposite to 12 at this point. 

If the line of direction of R falls outside the base DE the body 
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will rotate. If it intersects the curve or surface in the perimeter of 
the base, as at E^ the body is said to be in limiting stability. 

If we consider all stresses but one as external forces, tiie body 
may be treated as a particle at the point of application of this one. 

Whenever y then^ we ^pedk of a body cw " tn equilibrium at any 
point of a curve or aurface^^'' the point referred to may be any one of 
the points of contact tvith the curve or surface. The body may oe 
treated as a particle of equal mctaa placed at this point 

Reaction of a Smooth Curve or Surfieuie. — When a particle is in 
equilibrium upon any curve or surface, the reaction must be equal 
and opposite to the resultant of all the external forces. 

If the curve or surface is perfectly smooth, it can offer no resist- 
ance to a tangential force acting upon the particle. 

The reaction and the resultant of all the external forces must 
then, for equilibrium, not only be equal and opposite, but must also 
be normal to the curve or surface. For if the resultant of all the 
external forces is not normal, it can be resolved into a normal and 
a tangential component. But the smooth curve or surface can 
offer no resistance to the tangential component. Hence for equi- 
librimn the resultant of all the external forces must be normal and 
the equal and opposite reaction must also be normal. 

A smooth curve or surface^ then^ is am whose reaction is normal. 
It is incapable of offering resistance to motion in any other than a 
normal direction. 

XqnUibrinm of a Body on a Smooth Carve or SnrfEuse.— As we 
have just seen, whether &e curve or surface be smooth or rough, 
we can treat the body as a particle of equal mass placed at any one 
of the points of contact witn the curve or siurface. 

If the curve or surface is smooth, then, as we have just seen, the 
reactions jRi , jRt , iSs , etc., at each and eveij point of contact must 
each be normal at its own point of application, the resultant reac- 
tion R must be normal at P, and the resultant i^ of all the external 
forces must be normal and its line of direction must pass through P. 

If the curve or surface resists by pressure only, this point P 
must lie within the line or surface of contact. 

Thus, for example, let a body ADE rest in equilibrium on a 
smooth plane surface DE. 

Then the reactions i2i, i^, i2i, etc., at every point of contact 

Pi , Pa , Pa , etc., are normal to 
•'^ ^ the plane. The resultant re- 
action R is normal to the 
plane also and acts at some 
point P of the base DE. If 
" the surface resists by pressure 

only, this point P must lie within the base DE. 

Let IF be the weight of the body acting vertically at the centre 
of mass C, and let P oe the resultant of all the other external forces. 
The resultant A^of TFand F is then the resultant of all the external 
forces. It must pass through the intersection AolW and P, and 
if there is equilibrium must be equal and opposite to the resultant 
reaction R and lie in the same straight Ime. It must therefore 
also be normal to the plane, and its line of direction must intersect 
the plane at the same point P of the base DE. If ^Mls outside of 
the base DE^ there is no equilibrium if the plane resists by pressure 
only. If A^ passes through E, the bod3r is m limiting stability. 

We can consider the body as a particle placed at cmy one of the 
points of contact 
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[Equilibriimi of a Body at Any Point of a Smooth Curve or Snr- 
£Etce.]— If a body acted upon by any number of forces Fx ^F%^ etc., applied 
at different points, is at rest at any point of a smooth curve or surface, we 
may then treat it as a particle placed at that point. The normal reaction 
iVat the point must be equal and opposite to the resultant of all the other 
forces acting upon the body. The curve or surface can then be replaced 
by its normal reaction iVat the point. 

The normal to a surface at any point has 'a definite direction. The 
norm^ to a curve at any point may have any direction in a plane through 
that point perpendicular to the tangent at that point. 

Let all the forces acting upon the body, not including the normal reac- 
tion If at t?ie point PyheFijFt, etc., making with the co-ordinate axis the 
angles (ai , fit , ri)y (a. , flt , y«), etc. Then the components parallel to 
the axes are 

-Pa: = i^ cos ari + i^t cos a« + . . . = 2-^ cos a; 
-Py = Fi COB /?! + ^, cos /y, + . . . = 2F cos fi; 
Fz = Fi coa y I + Ft cos yt + ... = SFcoB y. 

1. Eqnilibriiim of a Body at Any Point of a Smooth Curve.— Let 
(2« be an element of the curve. Then the direction-cosines of the tangent 

to the curve at any point P given by the co-ordinates (as, y, z) are ^, 

dy dz 

^, ^. The normal reaction N at the point P has no component tangent 

to the curve at this point. If all the other forces are resolved along the 
tangent to the curve at this point, the sum of their tangential components 

^ ^^df ^ ^ W ^ ds' ^' ^^^^ ^ equilibrium, this sum must be zero. 
We have then for the condition of equilibrium 

^'w ^ ^y%- ^ ^'w='' <^> 

If we multiply by ds, we obtain 

F»dx + Fydy + Bid^ = 0, 

which is the principle of virtual work (page 159). 

2. Eqnmbrinm of a Body at Any Point of a Smooth SorfiMe.— 
Let the normal reaction JTat the point Pmake with the co-ordinate axes 
the angles 0*, Oy , 0». Then we have for equilibrium 



J?5t=iVcofi 



9«, iFV = iVcosey, J?i = ircose,;) 



z. 



Let the equation of the surface be u = 0, where u is a function of «, y. 
For convenience of notation let 

S=^' t=^' S^*^' -^ ^ + F.4.ir« = «.. 
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Then the direction-ooBines of the normal to the surface at the point 
(«, y, 2) are 

du 



COBdjB = ~- = 



006 0]/ = TT = 



c<»e. = J-^ 



But for equilibrium 

iV = 



dx 



du 
dy 

du 
^ 



&) 



_ ^v _. 



Fz 



cos Bgg COS By COS 9z ' 
We have then by inserting the values for Ox , Oy , Os . 

^X Fy ^z 

UW Wy/ \55~j 



(8) 



If we substitute the values of cos 6jc , cos By , cos 0, in equations (a), 
and multiply the first equation by dx^ the second by dy^ the third by dz^ 
then add the results and reduce by the equation 



(Sh-(^h*© 



cf2r = 0, 



which is the total differential of the equation of the surface w = 0, we 
obtain 

-F'xtfa? + J?Wy + iW^ = 0, (4) 

which is theprt'wcipZc of virtual work (page 159). 

Equations (8) give two independent simultaneous equations which com- 
bined with the equation of the surface will determine the point of equilib- 
rium, if there be one. Equation (4) is the condition of equilibrium. 

If all the forces are in one plane, let this be the plane of XY, Then 
from equations (8) and (4), since i^^ = and dz = 0, 

Fx __F^ ^5j 



iW« + F^y = 0. 



(6) 



EXAMPLES. 



(1) A body of weight Wis placed upon a smooth inclined plane 
AH which makee an angle a with the horizontal and is acted upon 
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a force P which makes the angle fl with the plane. Find the con- 
\itUm8 of equilibrium, (For rough plane see Ex. 7, pa|2^ 215.) 
Ans. Consider the body as a particle placed at any point on the plane 
(page 169). We have acting apon the 
particle the weight W, the force P and 
the normal reaction Not the plane, and 
these three forces mast constitnte a sys- 
tem of concurring forces in eqoilibriam. 
Let the anffle BOP = ytf be positive 
when above the plane and negative 
when below the plane, as shown m the 
figare. 

1st Solution : By BMolntion of Foreos.— If we lay the line representatives 
of the forces off in order the same way round, 
° they form a triangle (page 62). 
We have then directly 

TT: : sin [90 - (a + /J)] : sin (90 + )^. 

^^ Trcos(a + /y) (1) 

cosy^ ^ ' 

P: TT : : sin a : sin (90 + >5), 
Wsinar 




P = 



COB fi 



(8) 



We see at once from the figure that when fl = +(90* - a), P and IT are 
eqnal in magnitude and act opposite in direction and 2f is xero. For any 
greater value of positive fi, H is negative and there is no equilibrium possible. 

For negative fi, we must evidenUy have /3 less than 90"*. 

Bquatiofu (1) and (2) hold good, then, for all values of fi bettoeen + (90** - a) 
and — 90''. Outside of these limits there is no equilibrium. 

The minimum value of P is for /? = and equal to P = fTsin or. 

Again, we can put the algebraic sum of the components along the plane and 
perpendicular to the plane equal to zero (page 61). We have then 

ir+Peinfi " TFcosarrO; 

Pooafi — TTsina = 0. 

From these two equations we obtain the same equations (1) and (2) for N 
and P. 

Again, we can put the algebraic sum of the horizontal and vertical compo- 
nents equal to zero. 

Hence 

Psin(a + /^ + JVcosa- W=^0\ 

Pcos(a + /J) - iVsin a = 0. 

From these two equations we obtain the same equations (1) and (2) for N 
and P. 

8d Solution : By Virtual Work. — In order to find P, suppose a virtual dis- 
placement d alona the plane from towards B. This displacement is at right 
angles to N and hence the virtual work of iV is zero. 

For equilibrium the algebraic sum of the virtual works of P, N and W is 
equal to zero. 

The component of P in the direction of the displacement is P cos fi. The 
virtual work of P is then -^Pdco&p, The component of W on the line of the 
displacement is IT sin a opposite in direction to the displacement. The virtual 
work of W is then — Wd sin a. The virtual work of iV is zero. Hence 

^, ^ -^^ . ^ ^ TTsina . 
PicoB/5- Fasina = 0, or P= -rr-. 
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In order to find 2f, we might suppose a virtual displacement at right angles 
to P, thus making the virtual work of P zero. Since, however, P is now 
known, let us suppose a horuontal virtual displacement d away from O, Then 
the virtual work of V)" is zero, and we have 

JPacos(a + /J) - jy3sina= 0. 
Hence 

Pcos{a + /3) _ TToosCa-h/g) 

•" sinar cos/? 

In this example we see it is not necessary to suppose the virtual displace 
ments indefinitely small, because the forces do not vary with the displacement. 

(2) A body of weight W is placed in contact with the under aide 
of a etnooth inclined plane which makes an angle a with the horizon- 
tal, and is a^ted upon by a force P which makes an angle fi with the 
plane. Find the conditions of equilibrium, (For rough plane see 
Ex. (8), page 217.) 



cosQg + q) 



oosyS 



W, P = 



Wsina 



cos/tf 



where fi > + (90 - a) and 



Ans. N= -. 

(3) Find the force P necessary to just move a cylinder of radius r 
and weight W up a plane inclined at an angle oc^by a crowbar of 
length I inclined at an angle fi, neglecting 
friction. (For friction see Ex. (9), page 2ia) 
Ans. The weight TT acting at the centre can 
be resolved into components 2^i , Nt perpendicuLu* 
to the bar and plane. If P acts at right angles to 
the bar, we have by virtual work, for a small dis- 
placement due to turning the bar about A through 
an indefinitely small angle 0, 




frob 






or P = 



But 

Z^ = rtan 
Hence 



K«+^)='-^ 



-coe(g + /g)] 



sin (a + /J) 



p_ Wr sin a[l -. coe(a + /?)] _ 
^"" isin»(a + /;0 ■" 



I 



and Ni = 



TTrsinor 



IF sing 



(4) A particle of mass m rests on a smooth cylinder and is kept in 
equilibrium by a string fastened to another particle of mass My which 
passes over the cylinder and hangs freely. Determine the position 
of equilibrium. (For rough cylinder see Ex. (10), page 218.) 

Let the position of equilibrium be at J9 and suppose a virtual displacement 
Diy along the chord at D. Then if moves through 
a distance equal to the chord Diy and we have the 
algebraic sum of the virtual works zero, or, since the 
virtual work of jY is zero, 

Mg X chord Diy --mgXnD' = 0, ^^ 



or 



chord Biy ' 



If DD' is indefinitely small, it is tangent at 2>. 
Hence if the tangent at D makes an angle with the 
vertical, we have for the condition of equilibrium 

~ = cos 0. 
m 
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In this example we see that the condition of an indefinitely small virtaal 
displacement is neoessaiy, becaose the forces vary with the displacement. 

(5) Find the conditions for equilibrium for a acrew^ neglecting 
friction. (For friction see Ex. (11), page 219.) 

Ans. Let Pbe the force applied at the end of the arm a, and let the pitch 
of the screw or distance between the threads be p. Let M be 
the mass sapported by ^- r /» 

Ist. By Yvrtuai Worlc—M the arm a moves throaffh 2;r 
radians, Ja is raised the distance p. If it moves throng one 



radian, Jf is raised ~, 

If P, then, has a virtaal displacement of radians, it 
moves through the distance od and M is raised a distance 

^-, and we have by the principle of virtaal work, in gravi- 



: 



N 



: 



'Z 



I 



tation units. 






or P = 



Mp 



circumference of circle in which P moves 
distance between threads 



Hence 

if_2gg 
P- p 

3d. By BesohiHon of Forces, — ^Let Ifhe the normal pressure on each thread, 
and a the inclination of the thread to the honzontal. Then, in gravitation 
units, we have for equilibrium 

:giVooea- Jf=0. 

If r is the radius of the screw, we have, taking moments about the axis, for 
equilibrium 

- Pa + 2JVsina X r = 0. 

But If the screw be developed, we have an inclined plane whose base Ib 
27tr and height p and angle of inclination a. 
^ 1 " — ^^.y..,^^ Therefore 

)^v 29rr tan cc =s p, or 2^r sin cr = jp eosar. 

Inserting this value of r sin a, we have, as before, 

Mp __ Jfrtang 
2*a ~" a ' 



' 2it 



or P = 



(6) The differential screw consists of a screw AD which works in 
a fixed nut CC AD is hollow and has a thread cut inside^ in which 
a solid screw DE works. DE is prevented from turning by some 
means, for instance by a rod FEF' rigidly connected with it, whose 
ends work in grooves, so that DE can only move in a direction par- 
aUel to its axis. The mc^ss M is raised by the force P applied at the 
end of the arm AB = a. Find the condition of equilibrium^ neglect- 
ing friction, (For friction, see Ex. (12), page 220.) 

Ans. Let a be the length of arm AB, P the force applied, p and p^ the 
pitch of screws AD and Da, 

When AB turns through 2ic radians, AD rises a 
distance p. DE cannot turn and therefore moves down- 
wards a distance j/ relatively to AD. The mass M is 
raised, then, a distance p —j/. When AB turns through 

one radian, if is raised ' 7" » If P then has a virtaal 

displacement of 6 radians, it moves through the distance 

flfl and Jf is raised iSSl^, 
2ic 
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Henoe bj the principle of virtual work, in gravitation units, 

Evidently, by making p and p' nearly equal, we can make P as small as we 

E lease. In the simple screw the same result is attained only by making t^e 
»ver-arm a inconveniently large, or by making the pitch so small that the 
thread is too weak to support the pressure on it. 

(7) Let the force acting normally upon the middle of the hack of 
an tsoacdes wedge he P. Find the conditions for equi- 
lihrium, neglecting friction. (For friction see Ex. (13), 
page 200.) 

Ans. The pressure on each side must be normal. Let a be 
the angle of the wedge. Then for a virtual displacement of s 
we have by the principle of virtual work 

i^-aiV«sin|=0, or P=2ifsin|. 

(8) Let an isosceles wedge rest with its surface BC upon a horp- 
zontcd plane. Let a force P he applied nonnculy at the middle point 
of the hack. Let the body, whose weight is W, acting at the centre of 
mass O, rest upon the wedge, and he constrained hy guides DE^ 
lyE to move in a direction normal to AC Find the condition for 
equUihrium, neglecting friction. 

Ans. Let a be the angle of the wedge. Then 
If= Wcosa. 

P=2WcoBaaii^. 

(9) A hody weighing 10 lbs. rests on a 
smooth plane rising 2 feet vertically for every 
6 ft. along the plane. It is k^tfrom sliding hy a force in the direo- 
tton of the plane. Find the force and the pressure on tJieplane. 

Ans. P = 41b8.; JV'= 9.16 lbs. 

(10) A hody is kept at rest on a smooth inclined plane hya force 
acting up the plane equal to half the weight of the oody. Find the 
inclination of the plane. 

Ans. 30°. 

(11) A hody is at rest on a smooth inclined plane, and the applied 
force and pressure on the plane are each equal to the weight of the 
body. Find the inclination of the plane and the direction of the 
applied force. 

Ans. GC; 30** to inclined plane and horizontal plane. 

(12) A hody is sumorted on a smooth inclined plane hy a force 

Xil to its weiqht. Show that the reaction of the plane is double 
t it would he if the hody were supported hy the least possible 
force. 

(13) Let P he the force which, acting up a smooth inclined plane, 
keeps a hody in equilihrium. Let Q he the force which supports the 
hody when its direction is such that it is equal to the reaction of the 
plane. Show that P acting up the plane could just support a body 
of weight Qona plane of twice the inclination. 
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(14) Two particles cf equal maae, each attracting with a force 
varying directly aa the distance, are situated at the opposite eoctrem- 
ities of a diameter of a horizontal circular wire on which a small 
smooth ring is capfMe of sliding. Show thai the ring will he kept 
at rest in any position under tJie attraction of the particles. 

(15) A body whose weight is Wis sustained on a smooth inclined 

W 
plane by three forces applied to it, eoc/i equal to -^. One acts ver- 

o 
tically, another horizontally, and the third along the plane. Find 
the inclination of the plane. 

Ana. Let a be the inclination of the plane. We have, placing the algebraic 
sum of the components along the plane equal to ssero, the ^ 

condition of equilibriam r^ f 

-?^+^co8a+^8ina- Fflina=0. 

Hence, 

2 sin a = 1 -|- COS a. 

CL OL 1 

Or, 8incesina=28in^ 008-^ and 1 + cos a = 2 cos' -^ a, 

2 sin -TT cos -T = cos* --. 
2 2 2 

Bolying this equation, we have 

« .a , a 
cos-=sm^±8in~. 

or 

COB — = 2 sin — or 0. 

id iO 

We have then two values for a, given by tan — = -5:1 or a = 58' T 48".4 

and a = 180'. 

Placing the algebraic sum of the components perpendicular to the plane 
equal to zero, we have 




Hence 



N-{- -^coea — —sina— TTcos a = 0. 
o o 

iY = -^ [ sin ar+ '^ <508 ^ ) • 



The first value of a = 58" 7' 48".4 gives iV= 4- %-W, The second value of 

o 

a = 180" gives N- -• %W. The first value 

W 180** 

^ 8 /^^ gives a rational solution. The second value 

^""^ • corresponds to the case of the particle placed 

8 underneath the plane, the normal reaction of the 

plane being directed towards the plane. If the 
W normal reaction could consist of a pull, this po- 

sition would be possible. 

(16) A rod AB rests on two &inooth planes AC and BC which 
make the angles ax and a^ with the horizontal. A load of P lbs. is 
applied at a point D of the rod at a distance AD = a and BD = b 
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from the ends. Find the inclination of the rod to the horizontal 
when equilibrium eocists^ and the preseures 
Ni ana Nt on the planes. Weight of the 
rod neglected. (For motion see Ex. (16), page 
221.) 

Abb, The forces actinfi^ upon the rod are the ver- 
tical weight P at 2> and the normal preasaree JTi and 
Ift at A and B, These pressnreB make the same 
angles with the yertical that the planes AGtoid BG 

make with the horizontal. 

We have then for eqailibriam the algebraic sum of the vertical components 

eqnal to zero, or 

-Yi cos ai 4- i!r« cos a, — P = 0; (1) 

the algebraic som of the horizontal components equal to zero, or 

JIT, sin ai - i^, sin a, = 0; (2) 

the algebraic sum of the moments abont any point in the plane eqnal to zero. 
Take the point D and let the lever-arms be ni and n«. Then 

JlT.n, - -^171, = (8) 

We have from the figure, since n^ and 7ii are parallel to BO and ^(7, if 9 is 
the angle of the rod with the horizontal, 

Wfl = 6 cos (a, — S), ni = a cos (ax + 0), 

and from (2) we have Ni = ^ ^*N ^. Substituting in (8), we have 
sin ai 

r / r*v sin as . . g.. 

6 cos (a, — ©) = a- cos (tti + 6); 

sin ccx 

expanding and reducing, we obtain 

acotgg, -ftcotg.g. 

a + b ^*' 

Also from (1) we obtain 

__ Pain or, ^ _ Psinai 
-"' - sin (a, -f a-,)' ^' "" sin («» -f a.) ^^' 

If a= 90** and ai = 0, or the plane BG is vertical and AO horizontal, we 
have from (4), B = 90', and from (5), i^i = P and iT, = 0. That is. the posi- 
tion of equilibrium is when the rod is vertical and the end A latLt C, If it has 
any other position, there is no equilibrium unless another force is introduced. 

(17) A rod AB of length I rests upon tux) smooth planes, one AC 
horizontal and the other EC vertical, and its inclination with the 
horizontal isO. A load of P lbs, is applied at a distance AD = a 
from the end A, The rod is prevented from sliding by a string at- 
tached to C and the rod. If the inclination of this string with the 
horizontal is or, find the stress in it for equilibrium. Weight of the 
rod neglected. 

Ans. The forces acting upon the rod are the vertical weight P acting at D, 
the stress 8 in the string, and the normal pressures Ni and 
Nt at A and B. 

We have then for equilibrium the algebraic sum of the 
vertical components equal to zero, or 

i^, -p_58ina = 0; .."... (1) 

the algebraic sum of the horizontal forces equal to zero, or 

/8fcos0- i\r. = 0; (2) ♦? 

the algebraic sum of the moments about any point in the plane equal to zero. 
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Take the point O as the centre of momente. Then the lever-aim for Ni is 
i COB 0, for J^Tt it is 2 sin 0, and for P, (/ — a) cos G. Hence 

i!r,« sin + J(i - a) cos e - JVi/ cos e = (8) 

From these three equations we obtain 

S^, ^^^l ^ ■ i^, = p. ^*^« 



ico8a(tane-tana)' ^ ^tan 6 - tan aV 

Pa 



i^«= 



^tan — tan a)' 



(18) A body is sustained on a smooth inclined plane of inclina- 
turn a with the horizon by a force P acting along the plane and a 
horizontal force H. When the inclination is hdff a, the forces are 

-g and -g , and the body is stiU at rest. Find the ratio of P to H. 
Ans. -^ = 3 cob't*. 

(19) A weight of 10 hilograras is sustained on a smooth inclined 
plane of 25** inclination with the horizon, by a horizontal force of 6 
feilograms and a force unknown in magnitude and direction. Find 
this force when the normal pressure on the plane is 2 kilograms, 

Ans. 9.07 kilograms making an angle /3 below the plane of about 88'' 6'. 

(20) Find the inclination of a smooth inclined plane if a weight 
ofi^ kilograms resting upon it is sustained by a horizontal force 
of 7 kilograms and a force of 16 kilograms of unknoion direction, 
while the normal pressure is a force of 15 kilograms. Find also the 
unknown direction, 

Ans. aziiSS'^SS'; /J = 17' 28'. 

(21) Find the inclination of a smooth inclined plane if a weight 
of 20 kilograms resting on it is sustained by force up the jalane of 5 
kilograms and a force of 15 kilograms of unknown directton, while 
the normal pressure is 2 kilograms. Find also the unknown direc- 
tion. 

Ans. a = 49** 28'; /J = 47'9'. 

(22) Find the inclination a of a smooth inclined plane if a given 
weight W resting on it is sustained bu a horizontal force H and a 
force P of unknown direction, while the normal pressure is N. Find 
also the unknown direction, 

W + 5"* 4- JV» — P* 
Ans. For convenience of notation let A = 1~ . Then 

ZJS 

AW ^ ^^^ TF>+^>,^, , sin/?=r + ^'-^'-^ 



(23) A rigid body rests at the point A upon a smooth inclined 
plane ACD which makes an angle <x vnth the n f 

horizontal. The aoHs AB of the body makes Bfs$CjC"^ 
an angle unth the horizontal. At the point B 
a force P is applied which makes an angle y 
with the axis AB. At the point s of the body a 
vertical force Wis appliea. All the forces act 
in the plane of AB and AC, Find the condi- 
tions of equilibrium, 

Ans. Let AB = a, A8 = h, and the normal pressure at ^ be JIT. 
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The forces acting upon the body aM P, TT and the noimal prawoie at A, 
If these forces are m eqailibriam, we have for the algebraic sum of the mo* 
ments about A 

Fftcos/J-Pasinr ^=0. or P^ ^."^^ . •,.(!) 



Pladng the algebraic sum of the horiaontal components zero, we have 

Pool 
cos(;^— /5)— JlTalnassO, or Nss: 

If we take moments about B, we have 



» / ^ lo--! A -KT PcoB{y-fi) Wb cos ft cob{x—P) ,^ 

Pcos(y— /5)— J^alnassO, or Sss: ^ — t-i = r^ — r^ — ^. (2) 

^ '^' • aina asm^^sma ^ ' 



Jfaain(«a-a-/«)-F(a-"ft)oo8/J = 0. or cos(a+/g)= ^^^ S>f S^^-^V ' <*> 

We thus determine P, i^ and the direction of the axis AB, 
We also have the algebndc sum of the components along the plane equal 
to zero, or 

PeoB(a+/3— r)— WBhxa=0, 

Reducing and inserting the values of P and cos (a+fi) from (1) and (Q, we 
have 

Also, since P, ilTand IF must make a closed triangle^ 

jr== --]^i^(6cos/8)» + (asiny)«--aa6oos)»8inr8in(r--/f). 
asin^ 

If Pis horizontal, we have y^fi, and 

The student should solve by the principle of virtual woric. 

J 24) Thsupper end of a rod rests against a smooth veHiecUp^^ 
I the lower end in a smooth spherical bowl. A w^iqht W acts at 
any point M of the rod. Find the position of equiltbrium, (For 
rough surfaces see Ex. (24), page 227.) 

Ans. Let AB be the rod, DB the vertical plane and FAS the spherical 
surface. The forces acting upon the rod are the 
weight W acting at the pomt Jh of the rod, the nor- 




surface. The forces acting upon the rod are the 

_ be pomt Jvof 1 
marpressure JV on the spherical surface which passes 



W 



through the centre C of the sphere, and the normal 
^ ^ pressure R on the vertical plane. 

Let a be the angle of the rod with the horizontal 
and 6 the angle of the radius AO=^r with the hori 
zontaL 
Then we have for equilibrium 

'J. or Jy s^ -r-7, R=WcoiB. . . . (1) 
JV^sine-F=0,> «^« ^' 

Take moments about if. Let the distance il Jf = a and MB = h. Then 
the lever-arm of i{ is 5 sin a, and the lever-arm of jy is a sin (6 ^ a), and we 
have 

£&8ina— jrasin(G — a) = 0, 
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or, Babetitating the valaes from (1), 

a sin (9 — a) = 5 006 sin a. 

Developing and reducing, this beoomes 

(a-\-b)UjkassaUjk9. (2) 

Let the length of the rod be 2. Then the distanoe ODssd of the centre of 
ihe spherical surface from 2> is 

d=:{oosa^rcos8 (8) 

From (2) and (8) we can determine a and 8. The noeitlon of eqniUbriom is 
independent of W, bnt depends upon the position of YFand 0, 

(25) A body whose iveight is Wis at rest upon a smoothpardbolio 
curve whose aocis is vertical^ and is acted upon at any point Pby a 
horizontalforce H whose magnitude is always proportional to the 
distance PM from the axis. Find the position for equilibrium. 
(For rough surface see Ex. (26), page 287.) 

Ans. The equation of the parabola, taking the origin at the vertex 0, is 

where the axis of Xis vertical and the axis of Fhorixontal and p is the ordi- 
nate to the carve through the focus. 





We consider the body, whatever its size as a particle, acted upon by con- 
curring forces (page 169). The applied forces are W, H and the normal re- 
action of the curve. These make a system of concurring forces in equilibrium. 

Let the horizontal force which acts upon the p«irtldfe when it is at the dis- 
tance p from the axis be Hi, Then the force H when it is at any other dis- 
tance PM = y from the axis is 

Let 9 =5 angle between the tangent at P and the vertical. 
Then, taking the algebraic sum of all the components along the tangent, 
we have for eqmlibrium the condition 

TTcos© — 5'8in0 = O. 

This condition holds whether the particle rests within the curve or upon it. 
Substitute the value of JBT, and we have for the condition of equilibrium 

Trcos8 = --ffiSine. 
P 

This condition is evidently satisfied when 8 =r 90** and y = 0, that is, when 
ihe particle is at the vertex. 

If Uie particle is not at the vertex, we have 
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But if the corre is a parabola, we have for any point tan = - . Hence the 

condition for equilibriom for any point is iTi = TF. 

If then the magnitude of the horizontal force when the particle is at the 
distance p from the axis is TF, the particle will be at rest at any point of the 
carve. If it is not, the vertex is the only position. 

(26) A body of weight Wy resting on a smooth inclined plane, is 
attached to a string which, passing over a smooth jndley, sustains a 
body of voeight P. If fl is the inclination of the string to the inclined 
plane and a the inclination of the plane to the horizon^ find the con- 
ditions and position of equilibrium. 

Ans. I^xample (1).) The condition of equilibrium iB P cob fi = Wmn. a, or 
iTsina 
cos/J= — J—. 

Since ft must be lees than 00^, cos ft must be less than unity. Hence TFsin a 
must be less than P. If the condition of equilibrium is satisfied for one point 
of the plane, it will be satisfied for all others. 

(27) A body whose weight is 10 kiloqrams is supported on a 
smooth inclined jplane by a force of 2 kilograms acting along the 
plane and a horizontal force of 5 kilograms. Find the incUnation 
of the plane and the normal reaction. 

Ana. a = 86*5a'ir,sina=|,oosa = 4; -W = 11 kilograms. 

o 

(28) Two weights P and Ware fastened to the ends of a cord 
which passes over a smooth pulley O. The weight W rests upon a 
smooth vertical plane curve and P hqings freely. Find the position 
of equilibrium (a) when the curve is a parabola and O is at the 
focus; (&) vShen the curve is a circle and O is at a distance a above 
the centre ; (c) when the curve is an hyperbola and O is at the centre^ 
the aadscf the curve being vertical ^ (a) find the curve such that the 
weight Wmay be in equilibrium unth P at all points of the curve. 

Ans. The applied forces are the weight W acting vertically, the tension P 
of the string and the normal reaction Not the curve. 

Take the origin at and let OTTmake the angle a with 
the horizontaL Then, since AW=m, Oul =: y, if we de- 
note OWbjr, we have 

sina=^, cosarr-, r« = a^ + y'. 

Let JVmake the angle 6 with the vertical, then the tan* 
gent at W makes the same angle with the horizontaL 

We have then for the algebraic sum of the vertical com- 
ponents 

ilTcosO- Tr-Psina = 0, (1) 

and for the algebraic sum of the horizontal components 

ilTsinO- Pcosa = (2) 

From (1) and (2) we obtain 

Pcos a 



N 




tanO=r 



TT+Psina' 



The tangent of the angle which the tangent to the curve at TT makes with 
the horizontal is then for equilibrium 

dy ^ ^ Poos a Pp ^ 
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Pain a = - W- 



Hence, since Fagdx + Fydy = 0, we have at once 



Equation (8) is general whatever the carre. We mayobtain it directly 
from equation (8), page 172. Thus -Fa; = — Pcos «= , Py = — TF— 

Iff 

r 
equation (3). 

(a) If the curve is a parabola with origin at the focus and axis vertical, 
the equation of the curve, since y is negative downwards, is 

a^ = — 3py+^, or tt =raJ» + 2py — 1^ = 0, 

where p is twice the distance from the focus to the vertex. 
Differentiating, we have 

dx p 

Substituting in (3), we obtain for equilibrium 



p-y 






= p- 



v-y 




:=±P. 



Hence equilibrium obtains when TFand P are equal and holds good for any 
point on the curve. We may obtain the same result directly from equation (5), 
page 172. Thus 






Substituting in ^^ = j^-y we obtain at once F = P^ — - = ± P. 

(d) If the curve is a circle with the origin and pulley at a distance a above 
the centre of the circle, the equation of the circle, since y is negative down- 
wards» is 

(«+y)' + *" = -B'. or t« = iP-a>»-(a+y)»=0, 

whero R is the radius. 
Differentiating, we have 

?y = -tane = --JL_ 

Substituting in (8), we obtain for equilibrium 
P 




We may obtain the same rosult directly from equation (5), page 172, by 
fawerting the values 



dtf 
dz' 



dy r ^ r 



{e) If the curve is an hyperbola with the origin and pulley at the centre of 
the hyperbola, the axis of tiie curve being vertical, the equation of the curve 

ys^-aV = a»ft», or ;i = ft»y» - aV - a«y = 0. 



Differentiating, we have 



^ = -tanO = ^. 
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Sabfititating in (8), we obtain for eqnilibriiim 

bW 



y=: 



where e is the eocentricity or 6 = i/ — -^- — . 

We may obtain the same resolt from equation (0^, page 179, by mibstttating 



(d) Required the carve such that the weight IF may be in eqoilibriam with 
the weight P for all points of the curve. 
We have from (8) 

dy _ P^ _ Pg 

da ^^ + iV'"*" Fi^T+Pi-^' 

or 

Integrating, we have 

Squaring, 

FV - 2(7Fy + 0* = /»aj» + i»j^. 
Henoe 

This is an equation of the second degree and is therefore a oonie section. 

If P = F it is a parabola ; 
P > TF, it is an ellipse; 
P < F, it is an hyperbola; 
the origin and pulley being at the focus. 

(29) A particle whose loeight ia W is placed on the concave sur- 

' * ' ra 
from 




Ans. Take the lowest point of the sphere as the origin, and let the axis of 
F be vertical. 

The equation of the surface is, if R is the radius, 

tt = «» + y* + e« - 2Ry = 0. 

Let r be the distance of the particle from the lowest point of the sphere. 
Then 

r« = aj» + y« + s« = 25y (a) 

Let the repulsive force at a known distance a from the lowest point be Pi. 
Then the repulsive force at any distance r will be Pi — = Pir^— . 

Let the repulsive force make the angles a, fi, y with the co-ordinate axes. 
Then cosa=-y cosi9 = — , cosv = -, and the component forces parallel 

T T T 

to the co-ordinate axes are 

2jBy r ' 2Ry r 2Ry r 

* This is the problem of the electroscope. 
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Hence from equation (8), page 173, we have after reduction 



Inserting this in (a\ we obtain 



r» = : 



W 



If another force of the same kind makes the particle rest at a distance r' 
from the lowest point, and if Fi is the force at a distance a', then 

^,^_ a^F^'B 
r - ^ , 

and hence 



that is, the values of the repulsive forces at distance unity vary as the cubes 
of the distance from the lowest point. 

Substituting the values of Fxf Fu, Fg in equation (4), page 172, and the 
values of y ana r already found, we obtain 

^1^ + tf^ + ubi^ Bdy = 0, 
which is the differential equation of equation (a). 
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CONSTRAINED EQUILIBRIUM-ROUGH CURVE OR 
SURFACE. 

FRICTION. ADHESION. KINDS OF FRICTION. REACTION OF A ROUGH CURVE 
OR SURFACE. EQITILIBRIUIC OF A BODY ON A ROUGH CURVE OR SUR- 
FACE. ANGLE OF FRICTION OR REPOSE. OONE OF FRICTION. CO- 
EFFICIENT OF FRICTION. LIMITING EQUILIBRIUM. COEFFICIENT OF 
STATIC SLIDING FRICTION. LAWS OF STATIC SLIDING FRICTION. VALUES 
OF COEFFICIENT OF STATIC SLIDING FRICTION. STATIC FRICTION OF 
PIVOTS. STATIC FRICTION OF AXLES. STATIC FRICTION OF CORDS AND 
CHAINS. RIGIDITT OF ROPES. STATIC ROLLING FRICTION. EQX7ILIB. 
RIUM OF A BODY AT ANY POINT OF A ROUGH CURVE OR SURFACE. 
GENERAL EQUATIONS. STABLE, UNSTABLE, INDIFFERENT AND NEUTRAL 
EQUILIBRIUM. CRITERION FOR STABLE, UNSTABLE, INDIFFERENT AND 
NEUTRAL EQUILIBRIUM. STABILITY IN ROLLING CONTACT. 

Friction. — In the preceding Chapter we have considered the 
equilibrium of a body on a smooth curve or surface, that is, a curve 
or surface incapable of offering resistance to motion in any other 
than a normal direction. 

But ever^ natural surface offers a resistance to the motion of 
a body upon it. Part of this resistance is due to adhesion between 
the bod^ and surface and part is due to friction. 

Friction then is always a retarding force or resistance, and acts 
always in a direction opposite to that in which the body moves or 
would move if there were no resistance. 

When one surface moves upon another, the surfaces in contact 
are compressed and projecting points and irregularities are bent 
over, broken off, rubbBd down, etc. 

The resistance due to friction, therefore, evidently depends upon 
the materials of which the surfaces are composed, ana also upon 
the roughness or smoothness of the surfaces in contact. 

It may also evidently vary for the same surfaces, according to 
their condition jor state or material constitution. 

Thus it may not be the same for surfaces of dry wood or iron as 
for the same surfaces under the scune conditions when wet. It 
may not be the same for two surfaces of wood with their fibres 
parallel as for the same surfaces under the same conditions when 
their fibres are not parallel. 

Unguents also have a great influence. Such fluid or semi-fluid 
unguents as oil, taUow, etc., fill up interstices and diminish the 
effect of irregularities of siirfaces ; or a film of imguent may be 
interposed between the surfaces and thus the resistcmce of friction 
greatly diminished. 
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Adhesion. — We must not confound the resistance due to friction 
with that due to adhesion. Adhesion is that resistance to motion 
which takes place when two different surfaces come in conteu^t at 
many points without pressure. Adhesion increases with the area of 
surface of contact and is independent of the pressure, while, as we 
shall see (page 191), friction increases with the pressure and is in 
general independent of the aresL of surface of contact. When the 
pressure then is very small, adhesion may be great compared with 
friction. 

If, however, the pressure is great, adhesion may be neglected 
compared to the friction, and the resistance to motion is practically 
that due to the friction only. 

When the surfaces in contact are of the oajne kind, we call the 
resistance to motion cohesion ; when of different kinds, adhesion. 

Kinds of Friction. — Surfaces may slide or roll on one another. 
We distinguish accordingly sliding motion and rolling fHction. 

It is also f oimd by experiment that the friction which just pre- 
vents motion is greater than that which exists after actual motion 
takes place. The friction which just prevents motion is called 
friction of repose or quiescence, or static friction. The friction 
which exists after actual motion takes places is called friction of 
motion, or Unetic fHction. 

We have then two kinds of static friction, viz., static slidingr 
friction and static rolling friction. 

We have also two kinds of kinetic friction, viz., kinetic slidinfir 
fkiction and kinetic rolling firiction. 

In any case, whether of sliding or rolling, the kinetic friction is 
always less than the static friction. 

We have to do in this portion of our work with static friction 
only. 

Eeaotion of a Bongh Cnrve or Bur&oe. — ^We have already defined 
(pagiB 169) the reaction of a curve or surface as the pressure which 
tne curve or surface exerts upon a particle in con- 
tact with it. 

Suppose then a particle in equilibrium at any 
point P of a rough curve or surface. Let R be 
the reaction of the curve or surface, and R the < 

resultant of all other forces acting upon the par- | 

tide. » 

Then for equilibrium R and R must be equal 
and opi>osite and make the same angle a with the normal to the 
curve or surface at the point P. 

Now R can be resolved into a normal component which must be 
resisted by the normal pressure N of the curve or surface at the 
point P, and into a tangential component T which tends to cause 
sliding and must be resisted by the friction F. The components of 
the reaction R are then j^'and F, and we have for equilibrium 

RcoBa=N, Rsma=^F, 
tana = ^. 

Hence, when a particle is in eauiUbrxum at any point of a rough 
curve or surface^ the reaction maleee with the normal at this point 
an angle whose tangent is given bu the ratio of the friction to the 
normal pressure at the point. If the reaction is normal^ there is no 
friction. 
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Equilibrium of a Body on a Rough Carre or Borfiuio. — We 
have seen, page 169, that a body in equilibrium upon any surface, 
rough or smooth, may be treated as a particle 
placed at any one of the points of contact with the 
curve or surface. Also, if the curve or surface 
exerts pressure only, the resultant R' of all the ex- 
ternal forces must intersect the curve or surface at 
some point P within the line or surface of contact. 
We have also just proved that when a particle 
is in equilibrium at any point of a rougn curve or surface, the reac- 
tion R makes with the normal at this point an angle a. whose tan- 
gent is given by the ratio of the friction to the noraial pressure. 

If then the body ADE rests in equilibrium upon a rough curve 
or surface and touches it at many points Pi , A , Pt , etc., ea.ch of 
the reactions i2i , i^ , i2t , etc., at each of these points makes with 
the normal at its point an angle ai, a,, a., etc., whose tangent is 

ET Jp Jp 

given by the ratio -^, ^, t^, etc., of the friction to the normal 

pressure at each point. 

The entire body can then be treated as a particle at any one of 
the points of contact. The point P where the line of direction of 
the resultant jR* of all the external forces intersects the curve or 
surface, if the curve or surface exerts pressure only, must lie in- 
side the line or surface of contact DE. 

The resultant reaction R at any point of contact of all the forces 
acting upon the body except the recuition at this point, must make 
with the normal at this pomt an angle a whose tangent is given by 
the ratio of the total friction to the resultant normal pressure. 

Angle of Friction or Eepo8e.^Let a body be in equilibrium at 
any point P of a roug:h curve or surface. 

Let R be the reaction of the curve or surface at the point P, and 
let R be the resultant of all the extemcd forces acting upon the 
body. 

Then for eauilibrium, R is equal and opposite to ^ 
i^and makes tne same angle a* with the normal at P yv 
given by "^ x^f^r^*^' 

where F is the friction at the point P, and ^is the normal pressure 
at this point. 

Now the force which tends to cause sliding is the tangential 
component of JR' or T = i^' sin ct. The friction FatP acts opposite 
to 2; and so long as there is equilibrium is equal to it. 

As the angle ct increases, the normal pressure N= R cos « de- 
creases and the tangential force T = R' sin a increases. There iB 
evidently a certain value for a for which, R' remaining unchanged 
in magnitude, sliding is just about to begin. For any value of a less 
than tnis, sliding cannot begin no matter what the magnitude of 
R\ For any value of a greater than this, sliding takes place. 

We denote this value of ^ by and call it the angle of fiiction 
or repose. 

We have then 

^ max. F 

tan = —. — 5r=r. 

mm. N 
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That is, the angle of friotioii or repose is the greatest aQele 
which the reaction B at any point of contact can make with the 
normal at that point without sliding taking place. Since static 
friction is always greater than kinetic, it is also the greatest an^le 
which the reaction R at any point of contact can ever make with 
the normal at that point. It is also the greatest anele which the 
resultant i^ of all the external forces acting upon tne hody can 
make with the normal at the point without sliding taking place. 
No resultant force R^ however great, can cause sliding to he^in, so 
long as its angle oc with the normal is less than the angle of fnction 
or repose. 

Cone of FriotioB.— If then the reaction R at any point of contact 
P makes the angle of friction or repose with the normal at that 
point, sliding is about to begin. 

If we revolve the line representative of R ahout the normal at P, 
it descrihe« the surface of a cone every element of 
which makes the anele of repose ^ with the nor- 
mal. This cone is called the cone of fdctioa. 

No force acting at the point P, however great 
in ma^itude, can cause sliding to he^ at that 
point if its line representative lies withm the cone. 
The cone of friction encloses the direction of all 
forces which are completely cotmteracted by the surface at any 
point. 

CoeiBcient of Triotion.— When two surfaces are in contact and 
there is friction and normal pressure at every point of contact, the 
sum of the frictions at every point of contact is the total friction, 
and the sum of the normal pressures at every point of contact is 
the total normal pressure. 

The ratio of the total friction to the total normal pressure when 
motion, either sliding or rolling, iajust about to begin, is called the 
eoeffldent of static fdction, either of sliding or rolling. 

The same ratio after motion has taken place is called the coeffi- 
cient of kinetic ftiction, either of sMing or rolling. 

We denote the coefficient of friction in general by m. We have 
then, in general, for all cases 

M=^ or F = mN, 

where F is the total friction and ^the total normal pressure, when 
motion either sliding or rolling iBJust about to begin, or else when 
motion either sliding or rolling ha^ taken place. In the first case fi 
is tiie coefficient of static friction of shdin^ or rolling. In the 
second case fi is the coefficient of kinetic friction of sliding or roll- 
ine. We have to do in this portion of the work with static friction 
only. 

Limiting Bqmlibrinm.~The student should carefully note that 

F = ^N 

does not give the actual resistance of friction in all cases of equilib- 
rium, but only the resistance which exists when the surfaces are 
on the paint of motion. 

Friction acts always in a direction opposite to the force which 
tends to cause motion, and so lone as there is equilibrium it is 
always equal in magnitude to this force. But when this force has 
tiie magnitude fiN motion is just ahout to begin, and the body is 
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said to be in limbing eqnilibriiuiL If this force is less than ^^, 
there will still be equHibrimn, whatever its magnitude, and the 
body is in non-limiting equilibrium. 

Coefficient of Static Sliding Friction — Experimental Betennina- 
tion. — Let a body of weight W, acting at the centre of mass C, rest 
in equilibrium upon a rough plane AB^ the 
surfaces of contact being plane. 

Then for equilibrium the line of direction 
of W must intersect the plane inside the base 
or surface of contact 2)X and we can con- 
sider the body as a particle placed at the 
point where W intersects the base, and in 
equilibrium under the action of the reaction 
at that point and the weight W. 

Then the simi N of all the normal press- 
ures acting at every point of contact must 
be equal and opposite to the normal compon- 
ent of W, and the sum F of all the frictions 
at every point of contact must be equal and opposite to the com- 
ponent Tof TF parallel to the plane. 

We have then when sliding is about to begin, for the coefficient 
of sliding friction, 

F 




and we see from the figure that ^ is the tangent of the angle which 

the total reax^tion R makes with the normal when sliding is about 
to be^n. Now the reaction at every point of contact is parallel to 
R or VTand sliding begins at all pomts of contewjt simultaneously. 
Hence the angle which R makes with the normal when sliding is 
about to begin is the angle of repose <t>, and it is evidently the same 
as the angle which the plane makes with the horizontal. There- 
fore 

F 

>u = ^ = tan 0. 

That is, the coefficient of static sliding friction is equal to the 
tangent of the angle of repose. 

If, then, we place a body upon a rough plane and then gradually 
incline the plane until sliding just begins, the inclination of the 
plane at this instant gives the angle of friction or repose <p. The 
tangent of this angle gives the coemcient m of static shding friction 
for plane surfaces. 

we obtain the same result by resolution of forces. Thus let 4> 
be the inclination of the plane when sliding begins. 

Then for equilibrium TFcos <P = N, and Warn <P = F, Hence 

F 

// = ^ = tan 0. 

We can thus make use of the inclined plane as an apparatus for 
determining m by experiment. 

Again, if we place a body of weight TTon 
a horizontal plane and measure the horizon- 
tal force F just necessary to cause it to be- 
gin to slide, we have 

F 

// = -;^ = tan 0, 
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where <(> is the angle of the reaction R with the normal when slid- 
ing begins, or the angle of repose. 

Such an apparatus should be so constructed that the friction of 
the pulley and other resistances due to the string, etc., can be dis- 
regcurded or else allowed for. 

Laws of Static Sliding Friction.— The following laws of static 
sliding friction have been established by experiment as holding 
true within the limits indicated : 

1. Other things being the same, within certain limits of the nor- 
mal pressure^ stcUic sliding friction is proportional to the total 
normal pressure and independent of the area of the surfaces in 
contact. 

In other words, within the limits of normal pressure referred to, 
the coefficient of static sliding friction ^ is constant for the same 
two surfaces in the same condition, whatever the area of the sur- 
faces of contact and whatever the total normal pressure. 

Thus, if the normal pressure ^over a given area is increased or 
decreased, the friction 2^ increases or decreases in the same propor- 

tion and /« = — is unchanged. 

It follows directly that if the area increases or decreases, iV re- 
maining the same, the number of points of contact is correspond- 
ingly increased or decreased, but the normal pressure at each 
Somt, and therefore the friction at each point, is correspondingly 
ecreased or increased. The sum of all the frictions F remains then 

w 

the same and /< = -- is unchanged. 
N 

Limitations of the Law. — ^The limitations of normal pressure re- 
ferred to are as follows: 

If the normal pressure per unit of area approaches the crushing 
strength or becomes so great as to break up tne film of interposing 
unguent, the friction F increases more rapidly than the normal 
pressure and the law fails. 

In properlv designed structures the normal pressure per imit of 
area is much less than this limit and the law applies. 

Again, if the normal pressure per unit of area is very small, ad- 
hesion may constitute tne larger portion of the resistance. This 
adhesion increases with the area of contact (page 187). 

In all practical cases, however, the influence of adhesion may be 
neglected. 

Mence in practical applications the friction is the only resistance 
which is considered, and it is assimoied that 

F^fiN 

gives the resistance, where ;i/ is in practice a constant for the same 
two surfaces in the same condition, whatever the area of the sur- 
faces in contact and whatever the total normal pressure N, 

2. Other things being the same, within certain limits of the nor- 
mal pressure, the stating sliding friction of greased surfa^ces is less 
than that of ungreased and depends less upon the surfaces than 
upon the unguent 

Here again, if the normal pressure per unit of area becomes so 
great as to break up the film of interposing unguent, surface comes 
m contact with surface and the friction may depend more on the 
surfaces than upon the unguent. 

In properlv designed structures the normal pressure per unit of 
area is much less than this, and the law applies. 
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Again, if the normal presBure per unit of area is very small, ad- 
hesion may constitute the larger portion of the resistance and this 
adhesion is increased by the unguent. 

In all practical cases, however, the influence of adhesion may be 
neglected. 

Hence in practical applications the friction is the only resistance 
which is considered ana it is assumed that 

gives the resistance, where /« is in practice a constant for the same 
two surfaces in the same condition, whatever the area of the sur- 
faces in contact and whatever the total normal pressure N. 

Upon these two laws depend the value and use of the values for 
the coefficient of static sliding friction given in the next Article. 

Values of Ooeffloient of Static Sliding Friotion.— The following 
table gives a few values of the value of /£ as determined by exi>en- 
ment lor static sliding friction. 

COEFFICIENTS OF STATIC SLIDINa FIUCTION M = TAN 0. 



SiibitaooM In Oootaot 



Metal on 
metal 



Wood on j ^1^1°''^ 

wood )™^ 

''"^^ ' maximum . . . . 

minimum 

. mean 

( maximum . . • . 

Wood on metal 

Hemp lopee ( minimum... 

or plaits \ mean 

on wood ( maximum . 
Leather belts 

over drums 

made of 
Stone or brick 

on stone or 

brick, pol- 
ished. 
Dry masonry and brick 

work 

Masonry and brickwork, 

damp mortar 

Timber on stone 

Iron on stone « . . . . 

Masonry on dry clay 

•• *• moist day... 

Earth on earth 

Damp clay on damp day . 



\ wood 

] metal .... 

minimum 
maximum 



Oonditioii of SurfMses and Kind of Unguent. 



Diy. 



0.90 
0.60 
0.70 
0.15 
0.18 
0.34 
0.00 
0.60 
0.68 
0.80 

0.47 
0.64 

0.67 
0.75 



0.65 

0.74 

0.40 
0.7to0.8 

0.61 

0.88 
0.26 to 1 

1.0 



Wet. 



0.65 
0.68 
0.71 



0.66 
6.'87 



OlWe 
OU. 



0.11 
0.12 
0.16 
0.10 



Lard. 



0.21 

6.10 
6.12 



TaUow. 



0.14 
0.19 
0.25 

O.'ll 

6.12 



Soap. 



0.22 
0.86 
0.44 



PoUahed 

and 
Grea^f. 



0.80 
0.86 
0.40 

6.16 

6.10 



0.28 



More extensive tables will be found in treatises on Engineer- 
ing. It will be noted that the coefficient of static sliding friction is 
practically always less than unity. In only one case given in the 
table, viz., for daonp day on damp clay, is >/ = 1, corresponding to 
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an angle of repose of = 45*. Rankine gives for ''shingle on 
gravel " a maTiTnum in = 1.11, corresponding to an angle of repose 
= 48*. 

Static Friction for Pivots. — In all cases of the sliding of two 
surfaces, we denote the coefficient of static sliding friction by ^ 
and take the value of /^ as nven by the Table page 192. We have 
then in all cases of sliding friction, for the friction when sliding is 
ctbotU to begin, 

where j^'is the total normal pressure and 4> is the angle of repose, 
and u is given bj the Table pa^ 192. The direction of the friction 
is €dways opposite to the direction of motion if motion were to take 
place. 

The application to pivots is then simple. 

1. Solid Flat Pivot.— Let ACB be the base of a soUd flat pivot 
and jVthe total normal pressure upon the base. 

We have then for the static friction 



F^nN, 



(1) 




where pl is given by the Table page 192. 

If we divide the base into a very large number 
of very small equal triangles such as ACD, the 
friction on each can be considered as the resultant 
of equ£Q parallel forces distributed over the sur- 
face. The point of application for each triangle is 
then at the centre of mass for that triangle. The point of application 

of the entire friction is then at a distance Cs = -r from the centre. 

The moment of the entire friction with reference to the axis is then 



M^^fjiNr. 



(2) 



Since for any point s of the base there is a corresponding point 
s' for which the mction is equal and opi>osite, the moment of the 
friction is the moment of a couple, ana is therefore the same for 
every point in the plane of the base (pag^ 72). 

2. aoUow Flat Pivot. — If the rubbing surface is a flat ring 
ADEB, we have as before 




F=uN, 



(1) 



where N is the total normal pressure on the base 
and M is the coefficient of static sliding friction as 
given by the Table page 192. 

Let the outer radius be ri and the inner radius 
n. Then any small portion of the base is a circular 
ring for which the length of chord and arc AD may 
be taken equal. The centre of mass (page 25) for each small por- 
tion is then at a distance Cs from the axis given by 



Cs = ^ 



rx" ~ r,» 



3 ri'^n*' 
Hence the moment of the friction with reference to the axis is 
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Since for any point 8 there is a corresponding point «' for which 
the friction is equal and opposite, the moment of the friction is the 
moment of a couple and is therefore the same for any point in the 
plane of the hase (page 72). 

3. Conical Pivot.-^n the case of a conical pivot let R be the 
pressure along the axis and let the half angle of 
convergence ADC be a. 

If we divide the conical surface into a large 
number n of very small triangles with their ver- 
tices at the point 2), each will sustain the vertical 

load — , and the normal pressure on each will be 
n 
R 
— : . If we denote the radius CiAi = CiBi of 

n sm a: 

the pivot at the point of entrance by r i , the resultant normal press- 

2 
ure upon each small elementary triangle acts at a distance «^i 

from the axis. 

We have then for the total friction 

R 




F = n- 



sin a' 



(1) 



where /* is the coefficient of static sliding friction as given by the 
Table pa^ 192, and the moment of the friction with reference to 
the axis IS 

3 sma' 



or, smce 



ri 



sma 



= the side DAi of the cone of contact = a, we have 



^=g/ii2a. 



(» 



This is also the moment of a couple and hence the same for any 
point in the pleme perpendicular to the axis at a distance above the' 
point D equal to two tnirds the hei^t of the cone of contact. 

4. Pivot a Truncated Cone. — Let K be the pressure edong the axis 
and let the half angle of convergence ADC be a. 

Let R^ be the pressure sustained bv the flat 
base and Ri the pressure sustained by the conical 
surf, ace. 

Then 

Rl + XV9 ^ R' 

Also, if ri is the radius CxAi at the point of 
entrance and r% the radius of the base, 




and hence 



or 



Ti 



R,^R--R,^'^-LZ:Il.R, 

We have then as in Case 1, page 193, for the flat pivot, the fric- 
tion Ft on the base 
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and its moment about the axis 

For the friction on the conical surface we have, as in Case 3, 
page 194, for the conical pivot 



sm oc Ti sin ct 

and for its lever-arm, as in Case 2, page 193, for hollow pivot, 

2 rx^-r^* 

Its moment then about the axis is 

3f. = 2^, '•■•-'■•• « 



(2) 



Ti sm « 
The total friction for the truncated pivot is then 

^=i^,.^. = f-(n-+'-i=f) a) 

and its total moment about the axis is 

3 ri'\ sma /' 

where n is the coefficient static sliding friction as given by the 
Table page 192. 

[Pivot with Spherical End.] — Let R be the pressure along the axis, 
denote the radius AOot the spherical surface by r, and 
the radius AChy Vx, and let the angle AOCb^a, 

Then the load per unit of area of horizontal projec- 

R 

tion is — - «. Take any element of the surface at a, dis- 

JLTX 

tant ab^x from the axis, and let Oh = y. The hori- 
zontal projection of this element is 2itxdx and the load sustained by it is 

4.U o^ ^ ^ 2i2a^a; 
then %iexdx x — -_ = = — . 

The cosine of the angle aOb is cos aOb = s^ = ^ . The nor- 

T T 

mal pressure on the element at a is then 

2Rxdx r 

and the static friction is 

2fJiRr xdx 



A 


< 


IR 





B 


1 ^ 


^ 



n" 



Vr* - as" 



Integrating between the limits of ^v = and « = n , we have for the 
total friction 



F^^(r-V?^.^, 
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or, since i^r* — n* = r oosa and ri =r8ina> 



Bin* a \ J 1 + 



2 mR 

cos a' 



where ;< is the coefficient of static sliding friction as given by the Table 
page 192. 

Foi hemispherical end a= 90** and F=: 2mB. For flat end a = 

The moment abont the axis of the friction 09 an element is 

2MBr afdx 



Integrating between the limits rv = and a? = n , we have for the 
total moment of the friction about the axis 

ri» L2 r 2 J' 

or, inserting the values of Vr* — ri* = r cos a and n = r sin a and reduc- 
ing, ^ 

(«> 



Jf = MRr(-^ cot aV 



For hemispherical end a = -, sin a = 1, cot a = 0, and this becomes 



Static Friction of Axles. — In all cases of the sliding of two sur- 
faces, we denote the coefficient of static sliding friction by m and 
take the value of >u as ^ven bv the Table page 192. We have then 
in all cases of sliding friction for the friction, when sliding is about 
tohegin^ 

F = MN-Ntsai<p, 

where N is the total normal pressure and <p is the angle of repose, 
and ti is ^ven by the Table page 192. 

The direction of the friction is always opposite to the direction 
of motion if motion were about to take place. 
The application to axles is then simple. 

1. Azle in Paj:tially Worn Bearing. — Let the bearing be partially 
worn, then the axle at the moment wheni^ding begins 
touches the bearing at a point A, and the resultant 
pressure R at this point makes the angle of repose <p 
with the normal. We have then for the normal 
pressure N=R cos 0, and for the friction 

-F = .^tan0 = JBsin0, (1) 

where 4> is the angle of repose as given by the Table 
page 192. 

Xet r be the radius AC of the axle. Then the moment of the 
friction with reference to the axis is 

Af=JBrsin0 (D 
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If the axle is well greased, the angle of repojse fp is venr small 
and we mav tckke n = tan = sin 0. In the practical case of a well- 
greased axle, then, we have 

F = mR, M = MRr, 

where m is ffiven by the Table page 192. 

If the wheel AB revolves, as shown, about a fixed axle AC, the 

friction is the same as before, but the lever-arm of 

the friction is not the radius of the axle, but the inner 

nulius of the wheel. 

2. Axle^Triangiilar Bearing.— If the bearing is 

triangular, the axle is supported at two points A and 
B. The resultant pressure B 
can be resolved into two compo- 
nents Ri and Rt , and when sud- 
ing begins, each of these makes 
the angle of repose with the normals at A 
and B. The normal pressure at il is then 
^1 = Ri cos 0, 8bnd the friction at A is 

Fi=:Nitasi<p — RiBm0. 

The friction at JB is in like manner Ft=-Rtaia <p. The total friction 
is then 

F=(Ri-^ Rt) sin 4>. 

Let the angle ACB = 2a. Then the angle AOR = a - 0, and 
the angle BOR = a + 0. 
We nave then 





and 



JBx:i?::sin(a+0):sin2a, or R^=.^^±^B^ 

sm2a 

B,:iJ;:sin(a-.0):sin2a, or A = f^L^eiZL^iJ. 

Binzoc 



Hence the total friction is 

sin (a + 0) -J- sin (< 



F=rs 



.-^)]^ 



sin 
sin 2a 



But sin (a4-0)+sin (a— 0)= 2sin or cos 0, and sin 2a= 2 sin 
Hence we have 

j^ __ igsin0cos0 __ R sin 2<p 
"" cos a ~ 2 COS a ' 



COSa 



(1) 



where is the angle of repose as given by the Table page 192. 

The moment of friction with reference to the axis, if r is the 
radius of the axle, is 

2 COS a 

If the axle is well nreased. the angle of repose is very small 
and we may take sin 20 = 2 sin 0, also // = tan = sin 0. In tie 
practical case of a well-greased axle, then, we have 



F:=^M- 



M=:M- 



Rr 



cos a cos a 

where m is given by the Table page 192. If the angle a is small, 
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COS a may be taken as unity, and F and Af are then the same as in 
the preceding case, 

F = mR, M-nRr. 

[3. Axle — ^New Bearing.] — When the bearing is new and unworn, the 
axle touches it at all points. 

Let R be the resultant vertical pressure acting at the 

centre of the axle. Denote the radius AO of the axle 

by r, the distance AC by ri , and let the angle AOC be a. 

n Then the load per unit of horizontal projection is 

I i2 

— . Take any element of the surface of the axle at a, 

distant ab = x from i^ and let Ob = y. The horizontal 

projection of this element is c^a;, and the load sustained by it is -- — . At 

of we have a similar element. 

The friction on these two elements is, from the preceding Article, 

sin 2<f> . Edx 
2riQO&aOb * 




But cos aOb = ^ = -^- , hence the friction for the two elements is 

r r 

Er sin 20 dx 



2ri 4/r»-aj" 

Integrating between the limits x^ri and x = 0, we have for the 
entire mction 

^^-Rrsin20^^-i21^ 

2ri r 



Inserting the value of ri = r sin a, 
„_ Rsm 2{f> 



2 * sin a 



(1) 



where <p is the angle of repose as given by the Table page 102. 
The moment of the friction with reference to the axis is t^en 



2 *8ina W 

If the axle is well greased, the angle of repose is very small, and we 
may take sin 20 = 2 sin 0, also ;t/ = tan = sin 0. 

In the practical case of a well-greased axle, then, we have 

F = mR'-^, M=MRr 



sin a sin a' 

where m is given by the Table page 192. 

If the angle a is small, we may take a = sin a, and then F and M aie 
the same as in the two preceding cases, 

F^/iR, M=/^Rr. 
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4. Friction Wheels.— By the use of friction wheels instead of 
hecuring blocks, the friction of an axle C£in be greatly 
diminished. 

Thus let the axle AC rest upon the circumfer- 
ences of the friction wheels ACi and BCa , touching 
them at the points A and B. The vertical pressure 
R on the axle C causes the pressures JVi , JVs at A 
andB. 

Let the angle ACB = a. Then 

2 cos a 

If the axles of the friction wheels are well greased, then, as we 
have seen, the least friction may be written 




F =^ MiNi -{■ Nt) ^ 



_ mR 



cos a' 



where m is given by the Table page 192. 

If the radius of the axles of the friction wheels is r, the moment 
of the friction is 

COS a 
The moment of the friction at the points A and B must be the 
same. If we call this Fi , we have, if the radius of the friction 
wheels is a, 



Fia = Fr, or 



mR 



F. = t^^L.. 

a a cos A 



By making a small, we can take cos a = 1, and have 

./iR. 



a 




By taking a large with respect to r, we may thus 
make the friction Fx very small. If the axle C rests on 
bearings, its least friction is fiR^ as we have seen. 

If we have a single friction wheel Ci A, then a = 
and we have accurately 

F, = -^R. 
a 

Static Friction of Cords and Chains.— Let a perfectly 
flexible cord stretched by a weight Q be laid over tlie 
edge C of a rigid body ABO, Fig. 1. 

Let the force at the other 
end of the cord be P, and the 
angle of deviation DCP = 
AOB = a, 
. Draw CT making the angle 

TCP = |, and CN perpendicu- 
lar to CT. Then when motion 
is about to begin, the resultant 
R of Pand Q makes the angle 
of repose with CN. 

If the weight Q is about to 
sink, the friction F acts op- 
posed to the motion, and we 
nave 

P + P=©, 




•0-^: 
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We have then, from Fig. 2, 

or 

2Q sin g- sin 2Q Bin ^ sin 



cos yP" 2] cos0coss-+sin0sm5- 

Dividing numerator and denominator b^ cos 0, we have, since 
tan = // = coefficient of static sliding fricnon, for the friction J^i 
when the weight Q is about to sivk^ 

2uQsin% 2//©tan^- 

coSg+asm^ l+><tang^ 

When the weight Q is just about to rise, we have 
Pz=Q + F, or ©=P-F. 
and hence 

2/*© tan I 

^= a (» 

1 — // tang 

In the first case, then, when the weight Q is about to aink^ 



C(l-/.tan|) 



p, = §-i?'.=_-v _^, (3) 

l + /< tang-. 

and in the second case, when the weight Q is about to rise^ 



©(l + ^tanj) 




P=Q + F=^ ^ (4) 

1-;/ tang- 

If the cord passes over several edges, the 
force Pi can be calculated by repeated applica- 
tion of these formulas. 

Thus let the number of edges be n and the 
deviation at each edj^e be the same and equal 
to a. When the weight Q is just about to sink, 
the tension of the first portion of the cord is, 
from (8), 



C(l-;.tan|) 



1 +/itans- 
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That of the second is 

P.(l-/«tan|) ©(l-Mtanjy 

l+/<tan^ fl + /<taii|j 



201 



P. 
That of the last is 



Fn = 



Q(i-Mt^^y 



a\n 



(l + //tan|j 



(5) 



If the weight Q, is just about to riae^ we have simply to inter- 
change P and Q and we have 



_g(l + ^to^f)' 



l-X'tan^) 
le weight is a 



(«) 



In the first case, when the wei^t is aboftiA to tiink, we have for 
the friction 



(i+»t«.|)" 



If the weight is a5ouf to rise, 
F 



(7) 



(8) 



Formulas (5), (6), (7) and (8) are also applicable to the case of a 
chain composed of links which is passed round a l 

cylindrical surface, where n is the number of 
Imks in contact. If the length of each link is 
AB = 2, and the distance CA of the axis A of a 
link from the centre C is r, we have for the angle a 
of deviation DBL = ACB = a, 

sm 5 = — , or tan - = ^ 

2 2t 2 4/4r»_p 

[If a flexible cord lies in contact with a rough snrfaoe, let ACB = a he 
the arc of contact. 

If T is 'the tension at any point of contact D 
for the indefinitely small portion of the cord JDd, 
the friction at this point is dT. Let the indefinitely 
small angle BCd be da. Then, from equation (1), 
page 200, 





dTz 



2//rtan^ 



l+MtAu't 
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But sinoe da is indefinitely small, we may take the arc equal to the 



tangent and disregard a tan — with reference to 1. 



We have then 



Integrating between the limits a = and a, we have, since for a = 0, 



T=Q, and for a = a, T = P, 



logn P =/«a + log Q, or 



logn g = MOC' 



W 



(11) 



We haye then, when motion in the direction of P just begins, 

P=«^, 

where e = 2.8026 = base of Naperian system of logarithms. 

When motion in the direction of Q just begins, we have, by interchang- 
ing P and Q, 

Q^Pe"*^' (10) 

Also, inversely, 

_ 2.80260ogP— log Q) 

^ ~- I 

M 

where common logarithms are taken. 

If the arc a of the cord is given in degrees instead of radians, we must 

a' 
substitute a = txto^* 1^ ^^ surface is cylindrical and the number of 

coils n of the rope is given, we have a = 2icn, 

We see from (9) and (10) that the friction of a cord, F=P—Q or 
F=: C — P, upon a surface does not depend at all upon the radius of 
curvature^ but only upon the arc of contact a, or upon the number of 
coils, 2nn^ if the surface is cylindrical. 

If we take /« = — , we have for a cylindrical surface : 
• o 

for \ coilB, P = 1.69^ ; 

"i " P=2.85e; 

" 1 " P=:8.12e; 

" 2 " P= 65.94^; 

•* 4 " P = 4848.66^. 

The friction can thus be increased to any amount by increasing the 
number of coils.] 

Bi|[idity of Hopes. — When a rope is perfectly flexible it offers 
no resistance to bending. When a rope is not perf ectl^r flexible it 
offers a resistance by reason of its rieidity when, 
wound on to a drum, pulley or axle, though none 
is offered when it is wound off. Thus let a rope 
whose tension is T be on the point of bein^ 
wound on to a pulley. 

Let a = 3C = BG be the radius of the pulley, 
and t the thickness of the rope. Then the lever- 
arm of the axis of the rope on the off side is 

The distance ^Ac from the pulley to the rope 




T+T' 
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on the on side will depend on the kind of rope and will be less as 
is greater. Thus for hemp ropes we can put 

where Ci is a constant to be determined by experinxent for the kind 
of rope; and for wire ropes 



^_K"^I). 



Ac = 

J. 

that is, Ac increases with the lever-arm a + ^ and decreases as T 

increases. 

It is also evident that those fibres farthest out on the on side are 
stretched more than those nearer the pulley. The resultant tension 
T will therefore act further from the pulley than the central axis 
of the rope. We denote the distance of T from the central axis 
by Ca. 

Let the tension along the central axis on the off side be 7 + T'. 
Then we have for equilibrium, for hemp ropes, 

r(a4.| + c.) = (l'+2>)(«+|). 

or y,^ c. + c.r . ^j^ 

a + l 
and for ivire rapes, 

or r/ = c. + _£ir ^2^ 



a^i 



We have then 



Tx Cc = (r+ T')C6, or Cc = (l + ^-\U>, 



(3) 



The rope can be considered, then, as without rigidity if we in- 
crease the lever-arm of the tension on the on-side by the amount 
T 

Hemp Ropes.— For tarred hemp roi>es experiment gives 
r = i50±0:??^ pounds, 

where T is to be taken in pounds and a and t in inches. 
For new hemp ropes, untarred, 

2" = t±£:«5^ pounds, 
where T is to be taken in poimds and a and t in inches. 
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Wire fiopes.— For wire ropes we have 

m' -. no . 0.0937!r , 

T = 1.08 + 5- pounds, 

«+| 

where Tis to be taken in pounds and a and t in inches. 

Static Boiling Friction.— Let ACB be a roller resting on a plane 

surface. By reason of the pressure N of the roller on the plancL 
the roller is compressed, Let a force F be applied 
at the centre C parallel to the plane. When the 
resultant 12 of ^ and N just passes through the 
edge D of the base, rolling be^ns and the force F 
is equal and opposite to the fnction. 

Let the distance AD = d. Then, when rolling 
is about to begin, the angle ACD is the angle of 
repose <f>. Let r be the radius. Since the com- 
pression is small compcured to the radius, we have 

tan = - = /i = coefficient of static rolling friction. Hence for 
r 

equilibrium Fr ^ Nd, or 

r 

The distance d depends on the materials in contact. 

The theory of rollm^ friction is not yet well established and but 
few experiments upon it have been made. 

In all practical cases of rolling, we usually have to do with axle 
friction, which has already been discussed (page 196). 

• [Equilibrium of a Body at Any Point of a £oTLgh Curve or Sur- 
face — General Equations.] — If a body acted upon by any number of 
forces Fly Ft, etc., applied at different points, is at rest at any point of a 
rough curve or surface, we may treat it as a particle placed at that point 
(page 188). 

The reaction R at that point must be equal and opposite to the result- 
ant of aU the other forces acting upon the body. 

The curve or surface can then be replaced by its reac- ^^ 
tion B at the point P, For limiting equilibrium the reac- 
tion R must make an angle with the normal to the curve ^ 1 
or surface at the point P equal to the angle of repose <p, I 

given by ^ 

tan0=//, (1) 

where u is the coefficient of static sliding friction. 

If R makes an angle with the normal less than 0, we have non-limiting 
equilibrium (page 189). If equal to <f>, we have limiting equilibrium, and 
sliding is about to begin. 

Let the algebraic sum of the components along the co-ordinate axes of 
all the forces Fi, Ft, etc., not incliiding the friction and the re<zction R 
at the point P, be -F«, JPy , Fx, Then if the direction-angles are (an , fix , 
Xi)> (fiL^y fit » r«)» etc., we have 

Fx = Fi cos ai -f- J^« cos at + . . . = SFcos a; 

Fy = Fi COS /3i + Ftcos fit -^ . . . ss 2F cos fi; 

Fz = FiQoayi + Ftco&yt + . . . = 2Fco8 y, 

1. Eqoilibrinm of a Body at Any Point of a Bongh Curve. — ^Let the 
co-ordinates of the point P be a;, ^, z, and c^ be an element of the curve. 
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Then the directioD-oofiines of the tangent to the curve at the point P are 

(2*B dy dz 

ds^ 'is' d"^ ^^^ ^^ ^^^ ^^' ^^ ^^'^ 2" tangential to the cnrre 






T 
The reaction R makes with the normal an angle whose sine is ^. For 

R 
T 
equilibrium this angle must be less than the angle of repose 0, or -^ is less 

than sin 4>. Hence the condition for non^limiting equilibrium is 

^^±^^±^5^ < sin 0, (8) 

or, since sin* = j-;^,» 

\ Rdi — ^^j^r+7?- ^^^ 

If then 



IS =±Bm0=±4/j-^, . . . (4) 

we have limiting equilibrium, and the body is upon the point of sliding. 

The force T for equilibrium is always equal and opposite to the friction 
^, or r + ^= 0. Hence 

F^^Fy^ + F.^•^.F^(^. 
da ^ds ds 

If we multiply by d*, we have 

Fxdx + Ffdp + Fgdsf + Fds = 0, 

which is the principle of virtual toork (page 169). 

2. Eqnilibrinm of a Body at Any Point of a Boujgh SurfiBMe.— Let 
the equation of the surface be u = 0, where u is a function of x, y, z. 

For convenience of notation let 

^=r, ? = F, ^ = Tr, and Z7« + F« + TT' = e. 
dx ^ dy ' dz ' ^ 

Then the direction-cosines of the normal to the surface at the point 
(X, y, z) are 

Q' «' Q' 

The resolved part of R along the normal is then 

The reaction R makes with the normal an angle whose conine is -—-. 

R 

iV 
For equilibrium this angle must be less than the angle of repose <p, or ^ 
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is greater than cos 0, Hence the condition for non-limiting equilibrium is 

^ dy <te >co6« (6) 



or, since oob* = ^ , , < 

(fJ^ + Fy-^ + F^ 



i? 



(F^ + Fy^^^F^X 
\ ax "dy dz / 



l + Xi* 



(6) 



If then 



dx ay dz 



-/(£MI)'-(i-)' 



= ±cos0= ±|/I3I, . (7) 



wo have limiting equilibrium, and the body is upon the point of sliding. 

Let the point P be moved in any direction along the surface through 
the indefinitely small distance ds,, and dx^ dy, dz be the projections of this 
distance on the axes. Then the direction-cosines of the tangent at the 

point -P^'^w^* ^» ^- '^^^ tangential force T is equal and opposite to 

the friction ^, or T = — i?*. We have then 

du du du 

'.=^t--'|. '.=i'f-'i. «=4-^- 

If we multiply the first of these by cto, the second by dy, the third by 
dz, add the results and reduce by the equations da^ + dy* + dz* =zd^ 
and 



©--(fh -©-=«. 



which is the total differential of the equation w = of the surface, we ob- 
tain 

Fxdx -J- Fydy + Fgdz + mis = 0, 

which is the principle ofvirttial work (pajre 159). 

Stable, Unstable, Neutral and Indifferent Eqailibrinm.— A body 
in equilibrium is said to be in stable equilibrium when for every 
possiDle indefinitely small displacement which it can receive it 
tends to return to its original position. 

When for any one possible indefinitely small displacement it 
tends to move still farther away from its original position of equi- 
librium, it is in unstable equilibrium. 

Cases occur in which the equilibrium of a body is stable for 
some displacements and unstable for others. It is then, by defini- 
tion, in unstable equilibrium. 

If the body remains in equilibrium for all possible indefinitely 
small displacements, it is in neutral equilibrium. Neutral equi- 
librium may be stable or unstable. 
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If the bod V remains in ^uilibrimn for all possible displacements, 
torge or 8ma% it is in indiderent eqnilibrinm. 

Thus let a heavy body be supported at a fixed point P, so that it 
can only rotate about P. Let tne reaction at Pbe i2, and let the 
weight IF act at the centre of mass 
C Then for equilibrium, if B and 
W are the only forces acting upon 
the body, tiie reaction R must be 
equal and opposite to W and act in 
the same line. 

We have then two jwssible posi- 
tions of equilibrium: one when C is 
below P, and one when C is above P. 

Now for every possible indefin- 
itely small displacement of rotation 
about P, the point C moves in the surface of a sphere C'CC of 
radius PC, and TT remains unchanged in magnitude and direction. 

Therefore in the first case, when C is below P, we have for 
every possible displacement a couple R and W which always tends 
to make the body return to its original position of equilibrium, and 
the body is in stable equilibrium. 

In the second case, when C is above P, we have for every pos- 
sible displacement a couple R and TT which always tends to make 
the body move still farther from its original position of equilibrium, 
and the body is in unstable equilibrium. 

If the points P and C coincide, then for every possible displace- 
ment, large or small, the body remains in equilibrium, and the 
body is therefore in indifferent equilibrium. 

A^ain, let a heavy body bounded by a convex surface rest in 
^quihbrium on a plane siirface, and let the centre of mass C coincide 
qv p- icith the centre of curvature, 

*" '^ Then the reaction R acts at the 

point of contact P, is equal and 
y opposite to the weight W and 
■ ^5r- — acts in the same straight line. 
R If the body can have rolling 

motion onlVy any indefinitely 
small arc PP* is circular. Hence for any possible indefinitely small 
displacement produced by rolling, the body remains still in equi- 
librium. Its original position is therefore one of neutral equi- 
librium. 

If now the body be rolled still farther through an indefinitely 
small arc, so that P' comes in contact with the plane, then, if the 
radius of curvature CP" is less than C'P', the equilibrium is evi- 
dently stable; if greater, unstable. The original position of neutral 
equilibrium is therefore stable neutral when the radius of curva- 
ture CP is a minimum, and unstable neutral when it is a maxi- 
mum. When it is not a minimum or maximum, the neutral equi- 
librium is stable for displacement in one direction and unstable for 
displacement in the other direction— that is, unstable neutral, ac- 
cording to definition (page 206). 

Criterion for Stable, Unstable, Neutral and Indifferent Eqni- 
librinm. — Every displacement of a body consists in general of two 
displacements, one of translation and one of rotation. Now for an 
ind!efinitely small displacement of translation, a body which under 
the cu;tion of certain forces is in equilibrium before the displace- 
ment is also in equilibrium after, if the forces act at the same 
points, because their magnitudes and directions are unchanged by 
the displacement. 
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Thus if a body can only slide on a plane surface and touches it 
in more than two points not in a straight line, it can only receive 
motion of translation and its equilibrium is indifferent. 

We have then only to determine the conditions for stable, un- 
stable, neutral and indifferent equilibrium in the case of rotation. 

Let P be the point about which the body can rotate, and R the 
reaction at that point. Let the weight TFact at the centre of mass 
C, and let the resultant of all the other forces acting upon the body 





be F. Then for equilibrium the lines of direction of TT, F and R 
must intersect in a point A which lies in the vertical through the 
centre of mass C, and the resultant R of TF and i^ must be equal 
and opposite to R and act in the same straight line. 

For every possible indefinitely small displacement of rotation 
about P the point A moves in the surface of a sphere AlAAl of ra- 
dius PA, and R! remains unchanged in magnitude and direction. 
If the bodv has a displacement of translation as well as of rotation 
about P, the locus AAA of the point A is no longer a spherical, 
but is still a ciurved siu^face. 

We see at once from the figures that for any displacement for 
which the projection of AA' along R is opposite in direction to -R*, 
or for which the toork of R' is negative (pag:e 168), the body tends to 
return to its original position of equilibrium. For any displace- 
ment for which the work of Rf is positive, the body tends to move 
away from its original position of eouilibrium. 

Let us take the axis of F parallel to R, and the direction of R 
as downwards. 

Then if we draw a line OX at right angles to R at any distance 
AO = y below A, we see from the figures that when AO = y ia a, 
minimum, the equilibrium is stable, when AO =^yiaa, mazimnm, 
the equilibrium is unstable for all possible displacements. When 
AO = 2^ is neither a maximum nor a minimum, the equilibrium is 
stable for some displacemements and unstable for others; that is, 
unstable according to definition (page 206). 

In general, then : 

A body is in stable equilibrium when for all possible indefinitely 
small displacements the toork of the restutantqf all the forces except 
the reaction is negative. If for any or all possible indefinitely small 
displacements this work is positive, the equilibrium is unstable. If 
it %s zero for all possible indefinitely small displacements, the equi- 
librium is neutral If it is zero for aU possible displacementSy large 
or small, the equilibrium is indifferent 

Or if we take the axis of Y parallel to J^ and the direction of 
R as downwards, and draw O-T at right angles to i? at any dis- 
tance AO = y below A, we have the criterion: 

A body is in stable equilibrium when for all possible indefinitely 
small displacements AO = yis a minimum. If AO = yisa maxt- 
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mum, the equilibrium is unstable for all possible indefinitely small 
displacements. IfAO = yis neither a maximum nor a minimum, the 
equilibrium is stable for some displacements and unstable for others, 
tnat is, unstable. If for all posswle indefinitely small displacements 
AO = y rernains constant, the equilibrium is neutral. If for all 
possible displacements, large or small, AO = y remains constant, 
the equilibrium is indifferent. 

Stability in EoUing Contact. — As an application of the preced- 
ing, let us investigate the equilibrium of a heavy body aPa 
bounded by a convex surface resting upon a rough body a"Pa' also 
with a convex surface, and subject to displacement due to rolling 
only. 




Let O be the centre of curvature of the fixed body, and o the 
centre of curvature of the rolling body, so that the radius of curva- 
ture of the fixed body at the point of contact P is OP = p, and the 
radius of curvature of the rolling body at the point of contact P is 

0P=Pi. 

Through O draw a plane OX at right angles to OP, 

Let the reaction at P be B, the weight at the rolling body be W 
acting at its centre of mass C, and the resultant of all other forces 
acting upon the rolling body be F. 

Then for equilibrium the lines of direction of W, F and R must 
intersect in a point A, which lies in a vertical through the centre 
of mass C, ana the resultant R oiW and F must be eaual and op- 
posite to the reaction R at the point of contact P ana act in the 
same straight line. 

The point A may or may not be in the radius oP. If it is not in 
the radius oP, then, provided R passes through P and makes an 
angle with oP less than the angle of repose, tnere will be equilib- 
rimn (p«^e 188). But in such case it is evident that if for rolling 
in one direction in the plane of R and oP the distance AO of A 
from OX increases, for rolling in the opposite direction this dis- 
tance will decrease. The rolling body is tnen, according to defini- 
tion (page 206), always in unstable equilibrium if A is not in the 
radius oP, and there is no need of discussion. 

If, however, A is in the radius oP, the equilibrium will be 
stable, unstable or neutral, according as the distance AO of A from 
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OX increases for all possible indefinitely small displacemeDts, de- 
creases for any or all possible indefinitely small displacements, or 
remains constant for all possible indefimtely small displacements 
(page 208). 

Let the points a, P, a of the roUinc: body be consecutive. Then the 
arc aPa is circular, its radius is pi , the arcs aP = aP, and the angles 
aoP = ft are indefinitely small. 

Let the body roll in either direction, so that the points a, a be- 
come points of contact at a' and a ". Then the arc a" Pa' is circular, 
its raaius is p, the arcs a"P = a'P^ and the angles a*' OP = alOP^H 
are indefinitely small. 

Let the distance Ao = c. Then PA =pi — c. When the body 
rolls into its new position, the point A passes to A' or -A", and we 
have A'& = A"o" =zAo = c, or PA' = PA' =PA = Pi-c. Also, 
since the arcs Pa and Pa' or Pa" are equal, 



pe=pil5, or /5=-^0, or o+/?=fl + -^V- 



(1) 



Now the distance AO of A from OX is p + pi — c. The distance 
of A' or -A", or the distance of A after indefinitely small displace- 
ment, from OX, is (p + Pi) cos 6 — c cos (6 + /J), or, inserting the 
value of (0 + /J) from (1), 

(p + pi) cos e — c cos [ 1 + -^)0 (2) 

If we replace the cosines in (2) by the first two terms of their 
equivalent series, (2) becomes 



p + pi — c — ip + 



'■'[-"^^■]r 



Hence the equilibrium is stable, imstable or neutral according as 
(3) is greater, less or equal to p -f pi — c. 

When (3) is greater than p + pi — c, the coefficient of 9* mtist be 
positive, or 

ce±A^>l. 
Pi* 

The condition for stable equilibrium is then, since PA = pi - c, 

c>-^, or ^>^+^ (« 

P + Pi PA p Pi 

The condition for unstable equilibrium is 



P + Pi' PA p pi 

The condition for neutral equilibrium is 

C = ; , or rpr-r- = — H W 

P + Pi' PA p p, 

In order to find whether the neutral equilibrium is stable or un- 
stable, let O" and o" be the centres of curvature for the indefinitely 
small arcs ab' or a"h" and a'6 or a"6, and let the radii of curvature 
be p' or p" and pi' or Pi". 
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Then, proceeding just as before, we find for the conditions of 
stable neutral equiubrium 

^ + i->i + ^' andoteo >4 + ~;7 (7) 

p Pi P pi P Pi 

For unstable neutral equilibrium we have 

l+l<l,+ i, or <1h-JV. (8) 

P pi p' px P Pl 

If the first of (7) and second of *(8) are fulfilled, we have stable 
neutral equilibrium for displacement towards the right in the 
figure, and unstable neutral equilibriiun for displacement towards 
the left, and vice versa if the second of (7) and first of (8) are ful- 
filled. In either case the neutral equilibriiun is unstable according 
to definition (page 206). 

We C€ui also find conditions (4), (5) and (6) as follows : 

The line of direction of R after displacement must fall between 
P and a' or P and a' for stable equilibrium, outside of Pa or Pot" 
for unstable, and pass through a' or a" for neutral equilibriiun. 

Hence we have for stable equilibrium 

P sin > (p + Pl) sin fi — c sin (0 + fi)- 

Since and P are indefinitely small, we can put the arcs in plax^ 
of their sines. Putting then + yS=(l + -)0, as given by (1), we . 
have 

po>{p+pi)G-cfi + ^y - -- ^' 
\ pl) 



or c> 



P+pi 



Hence we obtain, as before, conditions (4), (5) and (6). 

Special Cases.— Conditions (4), (5), (6), (7) and (8) are general. 
Thus if the concavity of either surface be tiimed the other way, we 
shall obtain the same results, except that the sign of the corre- 
sponding radius of curvature will be changed. 

SurfBuses Spherical. — If one of the surfaces is spherical, we have 
P = p' = p", or p, =,/£>,' = p,". If both surfaces are spherical, we 
have p^p^ = p" and Pi = px = pi". If in the latter case the equilib- 
rium is neutral, we have from (7) 

L4.i.-1 .1.-14.-1. 

p"^Pi"p''^P.' "P"'*"P/" 

that is, the neutrtd equilibrium is indifferent as long as R does not 
change in direction and the angle B is less than the angle of repose 

0, or y^is less than ^- 0. For 0> <f>or /3> -^(p there is sliding, 
pi pl 

Either Snr&ee Plane.— If either surface is plane, its radius of 
curvature becomes indefinitely great and the corresponding -- or 

1 . 

— IS zero. 
p» 

Weierht Only Considered.— If the only forces acting upon the 
rolling body are its weight W and the reaction P, we have P = 0, 
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R ^ W acting vertically. The centre of mass jC then coincides 
with A, and we have PC in place of PA in (4), (5) and (6). 

o Q Heavy Body on Plane SnrfiBboe.— In this case 

pltc Jo we have- =0, and PC<Pi for stable, PC>Pi 

-i^ 1/ for unstable, equilibriun.. 

If PC = pi , or the centre of mass coincides 
with the centre of curvature, the equilibrium is neutral. In such 
case we have, from (7), stable equihbrium when Pi is less than p/ 
and Pi", that is, when Pi or the radius of ciurvature is a minimum. 
When Pi is not a minimum nor a maximum, the neutral equilibrium 
is stable for some displacements and unstable for others, or unstable 
according to definition (page 206). If Pi is a maximum, the neutral 
equilibrium is unstable for all possible indefinitely small displace- 
ments. If the radius of curvature is constant, the neutral equilib- 
rium holds for all possible displacements large or small, we have a 
homogeneous sphere rolling on a plane, and the equilibrium is in- 
different. 



la-gAMPT.iap 



(1) A body made up of a cone and a hemisphere having a com- 
mon baee reata ivith tne axis vertical on a rough horizontal plane. 
Find the greatest height of the cone for stable equilibrium, 

Ans. Let A be the height of the cone, r the radias of the hemisphere, and 
C the centre of mass. The height required is that height for 
which FC = r, 

2 
The volume of the hemisphere is -3- nr*. The volume of 

o 

the cone is ^iriSh, The centre of mass of the hemisphere is ._ 
o 

at a distance above P equal to ^ (page 422). The centre of mass of the oone 
is at a distance above P equal to r -f 7- (page 420). We have then 



|^x^+^ 






(2) A prolate spheroid rests with its axis horizontal on a rough 
horizontal plane, Shoiv that for a rolling displacements in tts 
equatorial plane the equilibrium is indifferent, and for roiling dis- 
placements in the vertical plane through the axis it is stable. 

(3) A right circular cylinder of radius r rests with its axis hori- 
zontal on a fixed rough sphere of radium B greater than r. Show 
thai for rolling displacements the equilibrium is stable or unstable, 
according as the plane of displacement mokes an angle with the 
vertical plane through the axis of the cylinder whose sine is less or 



greater than r ^ "" ^ " 
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Ans. Let fi be the radius of curvature of the rolling curve at the point of 
contact. Then the condition for stable equilibrium is 

Let the plane of displacement make the angle with the vertical plane 
through the axis of the cylinder The rolling curve is then an ellipse whose 

semi-minor axis is r and whose semi-major axis is -: — 7,. The radius of curva- 

* sm 6 

ture at the point of contact, that is, at the vertex of the minor axis, is 

\sin 0/ _ r 



P = - 



sin'O* 



Hence for stable equilibrium 



1 1 , sin* . n ^ ^ /1 ^ 



r 

(4) A prolate hemispheroid rests with its vertex on a rough hori- 
zontal plane. Show that for rolling displacement the equilibrium 
is stable or unstable a^ccording as the eccentricity of the generating 

ellipse is less or greater than \ - . 

o 
Ans. Let a be the semi-major and h the semi-minor axis. Then the distiftnce 
00 to the centre of mass (page 41) is 



4 8a — a 8 
The distance FO then is ^a. The radius of curvature 

At P is /CI = — . We have then for stable equilibrium 

1^1 8^a fc*5 

YO^-^^ ^' U^W ^' a*>8- 

But the eccentricity of the generating ellipse is 



6 o 




Hence for stable equilibrium e < y ^. 

(5) A solid homogeneous hemisphere of radius r and weight W 
rests in neutral equilibrium on the top of a fixed sphere of radius 

R. Show that B = ^-r. If noio a weight F is fastened to any point 

18 
i7i the rim of the hemisphere, show that if F = -- TT, the hemisphere 

55 

can still rest in neutral equilibrium at the highest point of the 

sphere, and that the neutral equilibrium is indifferent for all 

angular displacements of the hemisphere less than 5-0, where <p is 

the angle of repose. Also that the radius through the point of con- 
tact in the second case makes an angle with the radius in the first 

case whose tangent is gg. 
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Ans. In the first case we have PC = ^rr, and the radins of corvatare is r» 

o 

and PC lies in the axis of synunetrj. We have then for neu- 
tral eqoilibrimn 

PG' R'^r' ""' ^^ B +r* 

hence B = ^r. If now we attach the weight j^ to the rim, 

o 
the new centre of mass, C, will be at a horiaontal distance t 
from given by 

_ Fr 

* - W+F* 

and at a vertical distance y below o given by 




W+F' 



The distance P'O' is then given by P'O' :=zr-^ V^^+Y, or 



""0' = r - V 



{W+Fy 



If ihen we place the hemisphere so that P' is in contact at P, there will be 
nentral eqoilibriam when 

1 _ 1 . 1 _ 8 
PC" B'^r "5r' 

18 
Inserting the value of P'O* and reducing, we obtain -^ = » ^* 

The tangent of the angle POP' is- = ^ = ~. 

y o It do 

Since both surfaces are spherical and eouilibrium neutral, we have (page 
210) indifferent equilibrium as long as /9 < —0, ot fl <^<p, 

T o 

(6) A cylinder rests in equilibrium vnth the centre of its base on 
the highest point of a fixed and rough sphere. The altitude ani 
diameter of the base of the cylinder are each equal in length to a 
quadrant of a great circle of the sphere. Find the greatest angle 
through which the cylinder may be made to rock without fcUling off. 

Ans. Let be the centre of mass of the cylinder, and 

the centre of the fixed sphere. Then PO = ^ and OP = JBL 

When the cylinder rocks let the points 0' come in contact. 

Then PO' = B9. If the cylinder is on the point of sliding, 

the angle POC must be equal to the angle of repose 0. 

TT x^-B® flAtan0_^ , nB . 
Hence tan = -^, or = — — i-. But we have — = A. 

2 

Therefore = ^ tan 0. 
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Since -=^71 = -=- > r^- = -zr=-, the equilibriam is stable. 
JrV ri H an 

(7) A body of weight W is placed upon a rough inclined plane 
which makes an angle ct with the horizontcUy 
and is acted upon by a force P which makes 
the angle p with the plane. Find the condi- 
tions of equilibrium, (For smooth plane see 
Ex. 1, page 172.) 

Ans. Consider the body as a particle placed at 
any point on the plane (pa^e 169). We have act- 
ing upon the particle the weight W, the force P and 
the reaction of the plane B, which makes the angle of repose with the nor- 
mal to the plane. 

Let the angle BOP = flhe positive when above the plane, and negative 
when below the plane. 

1. Body on the Point of Motion np the Plane. — In this case the comi>onent of 
P along the plane must act up the plane, and the component of B along the 

plane or the friction must act down the plane, 
since friction always acts opposite to the direc- 
tion in which motion tends to take place. 

Since W, P and 22 are in equilibrium, their 
line representatives laid o£E in order the same 
way round make a triangle (page 62). 
We have then directly from the figure 

B : W:: sin [90-(fl + a)] : 8in[90 + (y8 - <p)]. 
Hence 
oos(P + a) 

COS(/5- 0) 

Let the normal pressure of the plane be iVand the friction be F, 
Then we have 

We also have directly from the figure 

P: Tr::8in(a+0):sin[9O4-(/5-0)]. 
Hence 

p_ sin(«4-0) y_ sina + /ico8a f^ 

COB ifi — <p) COB ff -\- M tin ft ' 

where u = tan is the coefficient of static sliding friction. 

We see at once from the figure and from the preceding equations that when 
^ = + (90 — a) we have B, if and F aero and P and W equal and opposite. 
For any greater value of positive ft. Bib negative and there is no equilibrium 
possible. For negative ft we must evidently have ft less than 90 — 0. If >9 
is greater than thS», B is negative and there is no equilibrium. 2 he preceding 
equatioTuhMgood,then,faraUv<UueiofftbettDeen--{90^ q)) and + {90 — a). 

The force P is a miinmum when cos (/9 — 0) is a maximum or when 
/f = -{- 0. This nnin ifnnm value of P is then 

P= Trsin(a + 0). 

Afain, we can resolve P into P cob ft along the plane and Psin ft normal to 
the plane. We can also resolve W into TTsin a along the plane and TTcos a 
normal to the plane. Let N be the normal pressure of the plane. Then for 
equilibrium 

iV+Psiny8- FFcosa=0, or i\r= Fcosa -Psin>5. 
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The friction is then 

F = |/ JV = n WcoB a — //Psin fl. 

This friction always acts opposite to the direction in which motion tends to 
take place. We have then in the present case, for equilibrium, 

Pco8fi-F- ir8ina=0. 

Inserting the value for jP'and reducing, we obtain the same value for Pas 
before. The student should also solve by virtual work. 

2. Body on the Point of Kotion Down the Plane— a greater than 0.— If a it 
greater t/tan 0. the body will slide down the plane 
unless prevented. 

In this case the component of P along the plane 
must act up the plane, and the component of B 
along the plane, or the friction, must also act up 
the plane, since friction always acts opposite to the 
direction in which motion tends to take place. 
We have then directly from the figure 

H: }r::8in[9O-(/5 + a)]:sin[9O + (/8+0)]. 




Hence 



cos(/3+tt) 
^~cos(/J + 0)'^' 



COS(^+0) ^ C08{fl+<p) 



Also 



P: W::8m(a- 0) : sin [90 + 05 + 0)], 



p-_ 8in(a— 0) ^_ sing -//COS a: 
cosi/S -' ^' - - ^ *" " ' 



■0) 



COS /J — |/8in/9 



We see again from the figure that when + y? is greater than 90 - a, 5 is 
negative. Also when — /3 is greater than 90-\- <p. His negative. 7%€ valua 
of iJ, F, If and P hold good, then, for f>alues of (i between - (90-f 0) and 
+ (90 -a). 

The force P is a minimum when cos (y^ + 0) is a maximum or when 
>5 = - . This minimum value of P is then 

P= TF'sin(a- 0) 

As long as we have, for a greater than 0, 

sin(Qr~0) 
'^cos(/J+0) ^' 
where yS < — (90 + )0 and < + (90 — a), and at the same timo have 



P< 



sin (a + 0) 
cos (/? - 0) 



TF, 



where /J < - (90 - 0) and < + (90 - a), the body will neither be on the 
point of moving down or up, and we have non-limiting equilibrium. 
Again, we have as before for the friction 

P = // TTcos a — jLtPain/3, 

and for motion down the plane 

Pcos y5 + P- TTsin a = 0. 

Substituting the value of P and reducing, we obtain the same value for P 
as before. The student should solve also by virtual work. 
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8. Body on the Point of Motion Bown tho Piano— a loos tlian <p. — If a is leu 
than 4>t the body will not slide down unless 
acted upon by some force P. 

In this case the component of P along the 
plane must act down the plane, and the compo- 
nent of R along the plane, or the friction, must 
act up the plane, since friction always acts op- 
posite to the direction in which motion tends 
to Uke place. ^ 

We have then directly from the figure, if 
we take the angle p = AOP positive above the plane and negative below, 

B'.Wi: sin [90 - (yfif - a)] : sin [90 + (/J - 0)]. 
Hence 

P_ C08(^-Qr) ^ 

^-cosC/J-^)"^' 

coa{fi ^ <p) ^' ^ cos (J3 ^ (f>) 

Also 

P: IT:: Bin (0 - a) : sin [90 + (/J - 0)], 

or 

p — Bip(0 — ^) ]y— /< C08 Q^ — sin a ^^ 

coa(fl — <p) cos p -{- jLi sin fi 

We see from the figure that if we take fl from OA positive above and neg- 
ative below the plane, + fl cannot be greater than 90. Also when — /? is 
greater than 90 — 0, i2 is negative. The Dalttee o/R, F, N and P hold good, 
then, for values of ft between - (90 - 0) and -f- 90 . 

The force P is a minimum when cos {ft — 0) is a maximum or when ft = 
-{- 0. This minimum value of P is then 

P = Tf sin (0 — a). 
As long as we have, for a less than 0, 

cos {ft — (p) 
where /? < + (90 + a) and < — (90 — 0), and at the same time have 

CO8(/S-0) 

where ft < + (90 — a) and < — (90 — 0), the body will neither be on the 
point of moving up or down and we have non-limiting equilibrium. 
Again, we have, as before, for the friction 

F= //TTcos a— //Psin ft, 

and for motion down the plane 

-Pcos/5 + P- Wsma= 0. 

Substituting the value of F and reducing, we obtain the same value for P 
as before. The student should solve also by virtual work. 

(8) A body of weight Wis placed in contact with the under aide 
of a rough inclined plane which makes an angle a unth the horizon- 
taly and is acted upon by a force P which makes an angle ft with the 
plane. Find the conditions of equilibrium. (For smooth plane see 
Ex. (2), page 174.) 
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Ans. Ist. Body on the point of motion up the plane: 

CO8(/J+0) ' CO8(/>-|-0) ^' 

COS(/J+0) ^' 

^_ sin (0 - a) ^__ sin g - ;u cos g y 
co8O^+0) COS/? — )U8in/5 

When a> 0, /5 > + (90 - a) and < + (90 - 0). 
When <4>, fl> +(90 - 0) and < + (90 - a), 
dd. Body on the i>oint of motion down the plane : 

cos(p+0) cos 0^4-0) ^' 

2.= .22^(j£5_ysin0; 

8in (0 + af) sinaf+)ucosa /5f< + 90and 

cos(/5+0) ^ - MBhi fl^ COB fi^' > + (9O-0). 

(9) is^tnd theforce P necessary to just move a cylinder of radius 
R and weight Wwp a rough plane inclined at an angle a, by a crow- 
bar of length I inclined at an angle fi. (For smooth surface see 
Ex. (3), page 174.) 

Ans. The weight TTcan be resolved into two components Ri and At making 
the angles of repose 0i and 0i with the normals at 
the pomts of contact Dx and D% , where 0i is the 
angle of repose for the bar and cylinder and 0* for 
the plane and cylinder. 

We have then A = . r/i°;'fl+^^ ^,, W. 
sm[(a+/:^)+(0,- 00] 

"^-T ^ .h.L ^t. \ The normal pressure at Dx is then 

G#*^ w>rfc pvo\ »; n ^ 

#h fA)'^ l-> V ilr, = B, COS 01. 

If P acts at right angles to the bar, we have by virtual work, for a small 
displacement due to turning of the bar about A through an indefinitely small 
angle 0, 

PW-iir,.ZD;.6=0. or f = ^''^\ 

ButAP.=rtanlfa+/?)=^f^"7^(f + ^J. Hence 

TTr cos 0, sin (0. + a)[l - coB(g-f /g)] 
^~ < sin (a + /CO sin [(« + /?)+ (0.-0.)] " 
If 01 = 0, , we have after reduction 

p_ Trroot0Bin(0+a) 
^•" i[l + cos(a + /J)] • 

If there is no friction, = 0, and we have the same result as in Ex. (S), 
page 174. 

(10) A particle of mass m rests on a rough cylinder and is held 
in equUibnum by a string fastened to another particle of mass M, 
which passes over the cylinder and hangs freely. Determine the 
position of equilibrium. (For smooth cylinder see Ex. (4), page 
174.) 
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Ans. From page 202, if the arc of contaot mOA = a, we have for the fric- 
tion of the cord 



F,=mg(€t^^l), 



"(!»■ 



where ju is the coefficient of static sliding friction between 

cord and cylinder and € = 2.8026 = base of Naperian sys- „ 

tern of logarithms, and g is the acceleration of gravity (page V y 

3. X.^_^ 

The normal pressure of m is 971^ sin a, and the frictlcm of r^tA 

the particle m is ^ 

Ft = >Ui m^ sin a, 

where //« is the coefficient of static sliding friction between the particle and 
cylinder. 

The tangential component of m^ is — m^ cos a. We have then, for equi- 
librium, 

— «i^cofla4->WsW^8ina + ^ng{€**^ — 1) = Mg, 



or, since //a = 



- m(coBa-/Ut sin a) + fn(€*^ - 1) = M; 
sin 0t 

costs' 

- COB(a + 0,) + (€^ — 1)C0S 0, = — 008 0,, 

m 



from which a can be found. If there is no friction, /< = 0, 0s = 0, and 

M 

cos a = , 

m 

which is the same result as in Ex. (4), page 174 If we neglect the friction of 
the cord, )U = and 

cos(a+0,) = -^. 
m 

(11) Find the conditions for equilibrium for a rough screw. (For 
smooth screw see Ex. (5), page 176.) 

Ans. Let P be the force applied at the end of the arm a, and let the radius 
of the screw be r, the pitch p. and the mass supported Q. 
-^ If Ni& the sum of the normal pressures and a the incli- 

P nation of the thread to the horizontal, we have N = 






and the friction F = fiN= ^^ , where u is the coefficient 

cos a 
of static sliding friction. 

If P has a virtual displacement of radians, Q is raised 

J^ a distance ^, the distance of the friction is , and we 

□q 2;r' cosa' 

have by virtual work 

2ic cos* a 
We have then, since ^- = tan a, )U = tan 0, 

a\^ic ' cos* ay a \ ^ cob* a) 



If we neglect friction, we have 11 = and P= ^- = ^^"^ , 
the same result as in Ex. (5), page 175. 



which is 
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(12) Find the conditions for equilibrium for the differential screw 
given in Ex. (6), page 175, taking friction into account. 



Ans. F 



=![■ 



%1C 



Mir + r')' 



] 




(13) Let the force acting normally at the middle of the back AB 
of a rough isosceles wedge ABC be P, and let the normal pressure on 
eojch side be N. Find the conditions for equilibrium. (For smooth 
wedge see Ex, (7), page 176.) 

Ans. Let the angle of the wedge at the point O he- a. The forces which 
sustain the wedge in equilibrium are P, the pressures if and 
the friction F along each face, which acts opposite to the 
direction in which motion tends to take place. 

If /£ is the coefficient of static sliding friction, we have 

If we put the algebraic sum of the components along the 
axis I)C equal to zero, we have for equilibrium 

- P+ 2iV8in ~ ± 2/iJVco8 ^ = 0. 
a A 

where the (+) sign is taken for wedge on the point of entering and the (— ) sign 
for wedge on the point of sliding out. 

Since // = ^, where <p is the angle of repose, we have 

P = ^(BinJ..coeJ)=^sin(|.^). 

%N fa \ 2N fa \ 

li P< — sin hr = and > -■ sin U- — . the wedge is 

cos \2 ] cos (p \2 ^J * 

neither on the point of going in or out and we have non-limiting equilibriam. 
If — = 0, there is no force required to prevent the wedge from sliding out. 
The angle a of the wedge should not then exceed 20, 



If we neglect friction, = 0, and we have P = 2JV sin 
This is the same result as in Ex. (7), page 176. 



2' 



(14) Let a rough isosceles wedge rest with one face BC on a hori- 
zontal plane. Let a normal force P act at the middle point of the 
back. Let the body OHK, whose weight is W, rest upon the face AC 
and be constrained by guides to move in a normal to AC. Fitid the 
conditions for equilibrium. (For smooth wedge see E2x. (8), page 
176.) 

Ans. Let i^Tbe the normal pressure between the surface AG and tlie bodj. 
Then the friction between the body and 
wedge is fjiNy where /i is the coefficient of 
static sliding friction between the body and 
wedge. This friction acts opposite to the 
direction in which motion tends to take 
place. It is then a pressure upon the guide 
i^or E' according as the wedge is on the 
point of entering or sliding back. If W is 
the weight of the body acting at the centre of mass O, then W sin a is the 
pressure upon the guide E by reason of the weight. The total pressure upon 
the guide E is then 

W^\ua±^N, 
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accordiiu^ as the wedge enteis or slides back. The friction between the body 
and gjnae is then 

/iti(W Bin a ± Mif), 

where /ii is the coefficient of static slidinfir friction for body and guide. 
We have then for equUibrinm of the body 



if- Wcosa T Mi(Wsina ±>ujr) = 0. 

redge on point of entc 
It. Hence 



where the upper signs are for wedge on point of entering, and the lower signs 
for wedge on point of sliding out. Hence 



^=- T^^. 

If we put this yalne of if in the value for P found in the preceding 
example, we have 

or, since Mi = ^ — ^ •nd fi = ■ ^^ . , where 0, and are the angles of 
cos 01 cos <p " 

repose for body and guide, and body and wedge, 

_ 2Tfcos (aT0 .) . (a \ 

The upper signs are for wedge on the point of entering, the lower signs for 
wedge on tne point of sliding out. 

Here again, if 5- = 0, no force P is required to prevent the wedge from 

sliding out. 
If 

2T rcos(a — 01 



cos (01 + 0) 



1) . /« . ^\ ;i ^ air cos (a + 0,) . fa \ 



we have non-limiting equilibrium and the wedge h not on the point of moving 
either way. If we neglect friction = 0, 0i= 0, and P = 2Trcos a sin 5-. 
This is the same result as in Ex. (8), page 176. 

(16) Solve the cciae of Ex, (16), page 177, taking friction into 
account. 

Ans. tane = ^^(^^+^>"^^^^^'"^l 
a + 6 

«- _ P sin {a% — 0) cos ^ P sin (of i + 0) coa 

^' - sin [(a. + ) + (a. -0)] ' ^' ^ sin f(a» + 0)" + (a. - 0)]"' 

(16) A rod rests with its ends against a rough vertical and hori- 
zontal plane. The weight P of the rod acts at its middle point. 
Find the conditions of equilibrium, 

Ans. Let 9 be the anffle with the horizontal and if 1, if « be the normal 
pressures on the horizontal and vertical planes respectively. Then 

tan = cot 20, Nj = Pco8« 0, if, = P sin cos 0. 

(17) A rough lever ACB rests on an axle of radius r and is acted 
upon by the co-planar forces P and Q applied at the points A and 
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B. The forces make the angle 0. Find the relations of PtoQ for 
equilibrium. (For smooth lever see Ex. (1), page 161.) 
Ans. The resultant of P and Q is 

the acute value of 6 being taken. 

We have seen (pa^ 196) that for well- 
greased axle and small surface of contact we 
can take, in all cases of axle friction, the fric- 
tion F = jiiB, where ji is the coefficient of 
static sliding friction. 

Let the radius of the axle be r, the lever- 
arm of P with reference to the centre C of 
the axle be p, and the lever-arm of Q be g. 
We have then in general for equilibrium 

Pp- Qgf MRr, 




Pp=Qq±MrVP'+(? + 2PQcosB, 

where the upper sign is to be taken when rotation in the direction of P just 
begins, and the lower sign when rotation in the direction of Q just begins. 
If the forces P and Q are parallel, E ■= P-{- Q, and we have 

p^ 9± Mr 
p T Mr 

For all values of P less than the first of these values, or 

p-Mr^ 
and at the same time greaier than the second, or 

we have non-limiting equilibrium and the lever is not upon the point of 
rotating in either direction. 

If we neglect friction, // = and P = -Q, as in Ex. (1), page 161. 

YoT partially toam bearing (page 196) we can put more accurately 

sin in pUiee of if>, 

where (p is the anffle of repose. 

For triangukiToeaHng (page 197) we can put more accurately 

sin 20. , ^ 

s \n place of Ht 

2 cos a -^ "^ ' 

where a is the half angle of bearing. 

For net0 bearing (page 198) we can put more accurately 

or sin 20 . , 
-^-^— -tn place of M. 

where a is the half angle of contact. 

(18) In a wheel and axle the radius of the wheel is a, and of the 
aaile b. Find the conditions for equilibrium, taking into a4Xount 
friction and the rigidity of the rope, when a mass Phung from the 
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wheel Just balances a mass Q hung from the axle. (Without friction 
and rigidity see Ex. (2), page 162.) 

Anfi. We liave seen (page 196) that for well-ffreased 
axle and small surface of contact we can take in all cases 
of axle friction the friction F = uB = l*(P + 0), where 
/i is the coefficient of static sliding friction. 

Let the radius of the axle be r, and let t be the thick- 
ness of the rope. 

Then when Pis just about to fall, we have (page I 




for the leyer-ann of Q, (l + 3")(^ + 5")» *^d hence for 
equilibrium 

-p(a+|) + e(i+f)(>+|)+MP+«) = o. 



□p 



P = 



(>+|+/^r)<? + (>+|)r 



a + s-ur 



where (page 



/or hemp rope* 2" 






for wire ropes T' = d -\- 



e^Q 



h + 



t* 



the values of Ci and c% being given on page 208. 

When Q is just about to fall, we have (page 208), for the lever-arm of P, 

/l + — Va + M, and hence 

-P(l + J)(a + |) + «(& + !) -MP+C) = 0. 
or 





t 
« + §-+/"• 


where (page 208) 


fvrhempropetT = ^i-^^; 




<5 P 

/<w wire r<?p« T' = o, H L— ; 



the values of Cx and c, being given on page 208. 

For values of P less than the first and greater than the second, we have 
non-limiting equilibrium, and the wheel and axle is not upon the point of 
rotating in either direction. 
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If we n^lect friction and rigiditj, we have P = -Q, or, neglecting the 

»+? 

thickness of the rope, P = -Q, as in Ex. (2), page 162. 

If & = a, we have the case of the single pullej. 

For partially worn bearing (page 196) we can pat more accurately 

sin in place ofM, 

where <p is the angle of repose. 

For triangular bearing (page 197) we can pat 

sin 20 . , ^ 

X tn place of u, 

2cosa ^ ^ 

where a is the half angle of the bearing. 
For new becuring (page 198) we can pat 

a sin 20 . , . 
-;r~^ — — %n place of M, 
2 sin a ^ "^ '^' 

where a is the half angle of contact. 

(19) In the single movable ptdley find the relation between the 
force P and the mass Qfor equilibrium, taking into account friction 
and the rigidity of the rope. (Without friction and rigidity see Ex. 
(6), page 163.) 

Ans. Let r be the radius of the axle of each pulley, a the radius of each 
pulley, t the thickness of rope, m the coefficient of static slid- 
ing friction, and Ci, Ct as given on page 208. 
For convenience of notation let 

u=^a + ^+Mr + Ct, w = a + g--^r. 

Then from the preceding example, making d = a, we have, 
when P is just about to fall, for Tiemp ropes 




p^ uTi + c, 



where Ti is the tension in the first rope as shown In the figure. 
We have in the same way 

„ _ uTt + Ci 
to 
We have also 2^ + 2« = Q, 

Eliminating Ti and Tt, we have 

p^ u^Q + (w-^^)ct 
wiw + t*) 

In the same way we find when P is on the point of rising 

p _ (u - 2/ir - CtYQ - 6i(io + 2fi - 2//r - Ct) 
{w + u){u — 2//r) 

For values of P less than the first and greater than the second, we have 
non-limiting equilibrium and P is not on the point of falling or rising. 

For wire ropes we have only to substitute Cifa+o ) "^ pl*c©of Ci. 
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For partially worn bearing or new bearing we can replace n by the valaes 
giyen in the preceding example. 

Q 
If we neglect friction and rigidity, we have P = ~ as in Ex. (5), page 163. 

(20) In the system of pulleys shoum, find the relation between the 
force P and the mass Qfor equilibrium^ taking into account friction 
and rigidity of the rope. (Without friction and rigidity see Ex. (6), 
page 163.) 

Ans. Let m be the mass of each movable palley , and n the number of mov- 
able pnlleys. Let r be the radius of the axle of each 
pull^, a tne radius of each pulley, /i the coefficient of 
static sliding friction, t the thickness of the rope, and Ci 
and Ct as given on page 208. 

For convenience of notation let 

u-a+^+Mr+Ct; tD = a + ^ ^ /nr; 

Then, from the preceding example, we have, when 
P is just about to fall, for hemp ropes 




ff v 



2'.= 



t*(7; + m) 






and so on. Inserting the values of Tx and 7i , we have in general 

T - ^Q I ^^^ + ^^X^* - <^) 
* t)» "• «»(i* — «) 

But from the preceding example we have 






Hence, since u — « = — to. 






Q + 



(mv 4- g'X^ — •"*) 



']+S- 



For toire ropes we have only to substitute ^i I ^ + H ) ^ plAce of Ci. 

For partially worn bearing or new bearing we replace fi by the values 
given in Ex. (18). ^ ^ / t\ 

If we neglect friction and rigidity, we have — = 1, - = g , c = 2f a + -j, 

ti = a + I and <Ji = 0, and this reduces to P= ^"^^ ^"" — —, which is the 
same result as given in Ex. (6), page 163. 

(21) In the system of pulleys shoum, find the relation between the 
force Pand the mass Ofor equilibrium, taking into account friction 
and the rigidity of the ropes. (Without friction and rigidity see 
Ex. (7), page 164.) 
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Aub. Let m be tlie mam of the lower block, and n the number of ropes oom* 
Ing from the lower block. Let r be the radias of the axle of 
each pollej, /< the coefficient of static sliding friction, t the thick- 
ness of the rope, and Ci and e% as given on page 203. 

Let a be the mean radius of tfve ptdleys. 

For convenience of notation let 

u = a+ ^+Mr + ct, w = a+^ ^ fir. 
Then we have for Tiemp ropes, when Pis aboat to descend, 

«"(«-«)r^ ^^ _g^"| — cj_ 

For wire ropes we have only to substitute Ci f a + --j in place 

of Ci. 

For partially worn bearing or new bearing, we replace m by the values 
given in Ex. (18). 

If we neglect friction and rigidity, we have u = w and Ci = 0. The value 

of P reduces then to P = ^ ; but if we divide numerator and denominator by 

u — tD and then make i^ = to, we have 

which is the same result as given in Ex. (7), page 164. 

(22) In the system of pulleys shottm, find the relation between the 
force P and the mass Qjor equilibrium, taking into account friction 
and the rigidity of the ropes. (Without friction and rigioity, see 
Ex. (8), page 164.) 

Ajis. Let m be the mass of each pulley and n the number of pullevs. Let 
r be the radius of the axle of each pulley, /i the coefficient of 
static sliding friction, t the thickness of Uie rope and Ci,Ct sa 
given on page 208. 

Let a be the radius of each pulley, and for convenience of 
notation let 

Then we have, when P is about to descend, for hemp ropes 

s * . «^»--[g+'r-']+iir(?+')"-'] 




(:-+')■ 



1. 



For trire ropes we have only to substitute Cifa -f a ) ^ P^*^^ ^' ^>* 

For partially worn bearing or new bearing we replace // by the values given 
in Ex. (18). ' -* -B t 

If we neglect friction and rigidity, we have u = to and Ci == 0, and 

„ Q + nm •> (2* ~ l )m 
^" 2*-l 

which is the same result as given in Ex. (8X page 164. 
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(23) In the differential pulley of Ex. (12), page 165, find the rela- 
tion ofPto Qfor equilibrtum, taking into account friction, 

Ans. Let m be the mass of each pulley, r the radius of each axle, and m the 
coefficient of static slidine friction. Since the pulley is worked by a chain, we 
•can disregard rigidity and have only friction to take into account. We have 
then for J' about to descend 

(C + w) (^^^ + 2ur{Q + 2f») 

" a — 2>ur * 

For partially worn bearing or for new bearing we can rephice /i by the 
Tvlues given in Ex. (18). If we neglect friction and the mass of the pulleys, 

we have P = ^^ , which is the same result as in Ex. (12). page 166. 

(24) Solve Ex. (24), page 180, when the surfaces are rough 

Ans. Let ;/ be the coefficient of static sliding friction, and <p be the angle of 
friction. Then, taking the same rotation as in Ex. (24), page 180, 

«tana+^^l^i?+^ = atan(e- 0). 
cos a COS 

d = { cos a — r cos 9. 

(26) Solve Ex. (26), page 180, when the surface is rough. 
Ans. Let be the angle of friction. Then, taking the same notation as in 
Ex. (25), page 180, we obtain 

TTcoe (© + 0) = ^Hi sin (6-0). 
P 
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CHAPTEE I. 
RETAINING WAU^, DAMS AND EARTH SLOPES. 

DBFINITI0N6 OF FARTB OF A WALL. WEIGHT AND FRICTION OF MA80NBT. 
BTABCLITT OF A MABONRT JOINT. BTABILITT OF A WALL IK GENERAL. 
LOW GRATITT DAM. HIGH GRAVITY DAM. ECONOMIC SECTION FOR A 
HIGH GRAVITT DAM. THE ARCH DAM. THE RETAINING WALL. GRAPHIC 
AND ANALTTIC DETERMINATION OF THE EARTH FRESBURE ON A RE- 
TAINING WALL. COHESION OF EARTH. EQUILIBRIUM OF AN EARTH 
MASS. EARTH BLOPEB AND TERRACEB. 

Deflnitions of Parts of a Wall. — The &ce of a wall is the front 
surface, or outside surface, or the surface farthest from the pres- 
sure. The back is the rear surface, or inside surface, or the surface 
which sustains i)ressure. 

The stone which forms the face is called the facing; that which 
forms the back, the backing; that which forms the interior, the 
filling. 

A horizontal layer of stone in a wall is called a course. If the 
stones in each layer are of the same thickness, we have regular 
conrses ; if they are not of the same thickness, we have irregular 
or random courses. 

The mortar layer between the stones is the joint. The horizontal 
joints are bed-joints. 

Cut stone or squared masonry is called ashlar. Unsquared ma- 
soi^ is called rubble. 

The inclination of the face or back of a wall, measured by the 

ratio of its horizontal to its vertical projection, is c^ed 

the batter of the face or back. The batter is then the 

taagent of the angle which the fax^or back makes with 

the vertical. Thus in the figure the batter of the side 

AO 
AD is jy^ = tan P^ where fi is the batter angle or 

angle of AD with the vertical. 
Weight and Frietion of Masonry. — We give here a short Table 
of average values of the coefficient of static sliding friction ^, the 
corresponding angle of friction or repose 4>, and the density or mass 
of a cubic foot 8 tor different kinds of masonry. 
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In discussing the stability of walls, the influence of the mortar 
is neglected, both because of its uncertain character and because 
the error is on the side of safety. The values given for // and <t> are 
therefore for dry masonry. 

We also give in the Table average values of the allowable com- 
pressive unit stress C in tons per square foot, taking 2000 lbs. to a 
ton. 

We also give the specific mass (page 10), — , of the materials, 

where y is the mass of a cubic foot of water = 62.5 lbs. 



Kindofllaaoniy. 


flcient of 
Friction. 


Angle of 
Friction. 


Density 
Pounds 

Foot 
5 


y 


AUowable 
Compreesive 
Unit Stress 

a 

Tons per 
square foot. 


Limestone and granite: 

Ashlar masonry 

Large mortar nibble. . . 
Smal dry rubble 

Concrete 


0.6 
0.6 
0.6 
0.6 

0.6 
0.6 
0.6 
0.6 


8r 

81' 

81' 

81* 
81" 
81- 
81" 


166 
150 
126 
150 

150 
180 
110 
100 


2.64 
2.40 
2.00 
2.40 

2.40 
2.08 
1.76 
1.60 


25 to 80 

10 to 15 

6 to 10 

12 to 17 


Sandstone: 

Ashlar masonry 

Large mortar rabble . . . 

Smul dry rubble.. .... 

Brickwork 


20 to 25 

10 to 15 

6 to 10 

6 to 10 








Stability of a Masonry Joint.— Let A'B'B"A" be the area of a 
joint between two rectangular plane surfaces, as, for instance, be- 
tween two layers of stone in a masonry 
structure. Let AB be the line passing 
through the centre of mass C of the area 
and the middle points A and B of the 
opposite sides A' A" and BB". Let 
AB = 6 be the breadth of joint, A' A" = I 
the length, the an^le of friction of the 
dry joint, disregardmg the effect of the 
mortar, fi = tan the corresi)onding co- 
efficient of static sliding friction, C the allowable compressive unit 
stress, R the resultant of all the external forces actinir at the point 
6? in the line AB. © i^ 

The values of 0, >u and C are given in the Table. 

Then we have the following conditions for stability : 

ist. The resultant R of all the external forces must intersect the 
joint at some point O unthin the surface of contact (page 169); 
otherwise we have rotation. 

2d. The resultant reaction R of the joint at this point O must be 
equal and opposite to jR' and, if we disregard the effect of the mor- 
tar, must make an angle RGN with the normal to the surface AB, 
less tluin the angle of friction or repose <t> (page 189) ; otherwise we 
have sliding. 

It is customary in the discussion of the stability of masonry 
structures to disregard the effect of the mortar because of its 
uncertain character and because the'error is on the side of safety. 

3d. The greatest imit pressure at any point of the joint must not 
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exceed the aUotoable compressive unit stress Cfor the materials in 
c(mtact; otherwise the joint is overloaded. 

Determination of this Greatest Unit Pressure. — Let N be the nor- 
mal component of the resultant reaction R acting at the point O. 

Then the least unit pressure pi will 
act along the farthest edge at A, and 
the greatest unit pressure p will act 
along the nearest edge at B. If we 
lay off Aa =pi and Sb=p, the unit 
pressure at any other pomt will be 
given by the ordinate to the straight 
Bne ab, and the total load will be rep- 
resented by the area ABha multiplied by the area of the joint bl. 

We have then the mean unit pressure ■ ^' ^ , and hence the total 

pressure 

2^=£i±^.W. or P. = f-P. ...... (1) 

Let 6 = BG be the **edge distance " or distance of N from the 
nearest edge B. 

The entire load area is made up of the rectangular area ABca 
and the triangular area acb. The load represented by the rect- 
angular area is pibl, and its centre of action is at C at a distance 

BC = - from the edge B. The load represented by the triangular 
Z 

areais ^""^' .bl, and its centre of action is at ^ at a distance of -b 

2 3 

from the edge B. 

We have then, taking moments about the edge B, for equi- 
librimn, 

pMxl + i£^f^xl-Ne = 0. . . . (2) 
From (1) and (2) we obtain for the greatest unit pressure 

•=f(-i> '» 

and for the least tknit pressure 

„ 2N/SC A ,^, 

where N is the total normal pressure on the joint acting at a dis- 
tance e from the nearest edge, 2 is the lenfi^ of joint, b the breadth. 

In any case, then, we can find the value of ^ from (3), and this 
value mtist not exceed the cUlowable compressive unit stress Cfor 
the materials in contact, otherwise the jomt is overloaded. 

We see from (3) and (4) that when » ^ 

b N 5 t 

e = - we have Pi =p = -=-r-. That is, when r ^g \ | '^ ^ 



*A CT b B 



the resultant R of all the external forces V J^ \l e W 

acts at the centre of mass C of the joint, the 
load N is uniformly distributed over the 

entire joint, and the unit pressure at every point is p = -^t- 
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As e diminishes, p increases and pi decreases; and when 
b 2N 

c = -, wehavej>i = Oandp = -^. That is, 

when the resultant B' of all the external 

forces €u;ts at ~ from the nearest edge, 

the unit pressure at the farthest edge is 
zero, and the greatest unit pressure at the 
nearest edge is twice as great as if the load 
were uniformly distributed over the area of the entire joint bl. 

If then e is less than -, the whole joint is not brought into action. 
3 

The effective area of joint is 3eZ, or the distance BD = Se, The por- 
tion AD affords no resistance, if we 
disregard the effect of the mortar, 
and the greatest imit pressure is 

p = 5;^, or twice as great as if the 




Sel' 
load were uniformly distributed over 
the effective area Seb, 
We see then — 

4th. That, in order to just brine 
the entire joint AB into action, the resultant R of all the external 
forces must intersect the joint at the middle third. 

This is called the ^^ middle third rule,^^ and in an economic«illy 
proportioned masonry structure it should be complied with. 

Stability of a Wall —Let ABDE be the section of a wall. We 
can investigate its stability as follows: 

1. By Graphic Gonstmction.— Find the centre of mass C of the 
section (page 22) by drawing the diagonals AE, BD intersecting at 
J. Lay off along these diagonals Ae = — 

lEj and Bd = iDy and let m, m be the 
middle points of AE and BD. Join md 
and me. The intersection C is the centre 
of mass. 

At the centre of mass thus f oimd let 
the weight W of the section of wall act. 
Let bt be the bottom base AB, and bi the 
upper base DE, and I the length and h 
the height DO. Then the volume of the 

section is ^^i-ir^^. If « is the density 
2 

or mass of a imit of voliune of the ma- 
sonry, we have the weight W in gravi- 
tation imits, 

Tj^ (fti + b^)h 28 

(For values of ^ see page 229.) 

Let P be the resultant pressure ui>on the wall in gravitation 
units, acting at the point K and known in magnitude and direction. 
Since we can consider P as acting at any point in its line of direc- 
tion, produce it till it meets the line of direction of TTat the point 
c. Let W and P both act at this point c, and find their resultant R. 

Then, as we have just seen in the preceding Article : 

1st. The resultant R' must intersect the joint AB at some point 
O within the base ; otherwise we have rotation. 
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2d. If the joint AB eodenda through the tvall^ the reaction R of 
the surface AB at O must be eaual and opposite to Bf and make an 
angle iJG^^with the normal iVless than tne angle of friction or re- 
pose <p ; otherwise we have sliding. (For values of <p see page 229.) 
For security we should have 

n X angle RQN= <P, 
where n is called the &ctor of safety for sliding. In practice n 
should be at least 2 or even more if shocks are to be apprehended. 

Hie student should note that if the joint AB does not extend 
through the wall^ no investigation for sliding is necessary, 

3d. The greatest unit pressure must not be greater theui the 
allowable compressive unit stress C for the materials in contact ; 
otherwise the oase AB is overloaded. (For values of C see page 229. ) 

4th. For economic proportions e = OB must be just equal to 

-^ht , in which case the entire base AB is just brought into action* 

If e is greater or less than ^&i, the proportions are not economic, 

but stability exists in any case if condition 3d is fulfilled. 

We make then the construction as directed on page 231. If the 
joint AB extends through the wall, we must have 
n X angle RON = 0, 

where n should be 3 or more if shocks are to be apprehended. 

If the joint AB does siot extend through the wall, there is no 
danger of sliding. 

If the construction gives e = -&< , the proportions are economic, 

and there is also stability provided that (page 230) 



for e = -^r*. 






If the construction gives e greater or less than -~bt , the propor- 
tions axe not economic, but we still have stability provided that 



and provided that 



for e > g 6. 



for e < -b% 



^ 2N(^ 3e\ 



^=3^<^- 



3€\=^ 



2. By Calculation.— Let the back of the wall AD make the 
batter-angle fi with the vertical, and the pressure P make the angle 
9 with the normal to the wall and therefore 
the angle {ft + 6) with the horizontal. 
Then the vertical component of P is 

F=Psin(/J-l-e), . . . ri) 
and the horizontal component of P is 

iJ = Pco8(/5-|-0). ... (2) 

If 6 is the density or mass of a unit of 
volume of the masonry, we have for the 
weight Wof the section 

{hi + h'i)lM 




W = 
(For values of 8 see page 229.) 



(3) 
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Hence the normal component ^ of 12 is 

N'=W+V. (4) 

If // is the coefficient of static sliding friction for the base AB, 
we have for limiting equilibriimi, if the joint AB extends through 
the wall, the friction 

(For values of >u see page 229.) 

In order that the angle RON shall be less than the angle of fric- 
tion <p, we must have 

H<F. 
For security let us put nH = F, or 

nH = MiW+ V). 



Then we have 



^ = H ® 



where V, H and T7are given in any case by (1), (2) and (3). 

We ccdl n the &ctor of safety for slidine:. If n is less than unity, 
the wall slides. If n = 1 , we have H= F or limiting equilibrium, 
and the wall is on the point of sliding. For safety, then, n must be 
greater than unity, and the greater it is the greater the security. 
If n = 2 or 3, it will take two or three times tne given pressure P 
to make the wall just begin to slide. In practice n should be at. 
least two or even more, if shocks are to be apprehended. If the 
joint AB does not extend through the ivall, there is no danger of slid- 
ing and equation (/) need not be applied. 

Let the distance A^of the poinf of application of P from Ahed, 
Let 6 = GB be the distance of the intersection of the resultant R' 
and the base AB from the ed^e B of the wall. 

Take the point O £U9 the point of moments. Then the lever-arm 
of the horizontal component IT of P is d cos /5, the lever-arm of the 
vertical component vol P is ( &a — d sin fl — e), and the lever-arm 
of th e weight TT is (6a — AH - e\ where the horizontal distance 
AH of W from A is given (page 22) by 

«. = AH=---^-^^[_--^-Atan/jJ. . . (6) 

We have then for equilibrium, taking moments about the point 

- Hdcos /? + F(&a - d sin /? — e) + TF(6a - 8, - e) = 0, 

or _ W(ht — 8a) 4- F(& 9 - d sin P) - Hd cos p ^j. 

e- W+V ' ' ' ^ ^ 

where F, Hand W are given by (1), (2) and (3), and AH= 89 is given 

"by (5). 

1 
For economic proportions we should have e = ^6a. If then we 

o 

put e= - 6a in (II) and solve for 69 , we have 
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6. = - -B + i/B« + E, 
where for convenience of notation 

E = 6,(61 + 2^ tan /J) + ^(Fsin fi + Hcos /S). 



(IH) 



Equations (III) give us the length of the lower hase AB = ht 
for economic proportions, when the entire base AB just comes into 
action. 

If 69 has this value, we must have for security against overload- 
ing (page 230) 

for6 = i*. p=?LI^LZ)|C7, (6) 

where C is the allowable compressive unit stress as given on page 
229. 

If 6s is greater or less than the value given by (III), or if e as 

given by (2) is greater or less than ~6« , the proportions are not eco- 
nomic, but we still have stability if the base AB is not overloaded, 
that is, provided that in the first case (page 230) 



- 1, 2(Tr+F)/^ 3«\-^ 

fore>^6. p=_^_^2-g.J<C7, 



(7) 



and provided that in the second case 

forc<|6. p = ?(2^-Z)=a. . (8) 

It is the custom of some engineers, for the sake of additional 
security, to neglect the vertical component V of the pressure in 
equations (I), (11) and (III). In such case we have omy to make 
K = in these equations. 

Low and ffigh Wall.~If e, as given by equation (II), is less than 

or equal to - 6s and at the same time conditions (8) or (6) are found 

to be satisfied, so that the base AB is not overloaded, the wall is 
called a '' low '^ wall. In^such case 61 may be made equal to or less 
than its value £ts given by (III). 

When, however, the wall is so high that, when e is equal to ~ 6s, 

condition (6) cannot be satisfied, it is called a '^high^* wall. In 
such case 6s must be greater than its value as given by (III), and e 

must be greater than - 6s. 

To find the limiting value of 6s in this case: from condition (7) 
let 



|0!^D(,.|).a. ».=|^-^ 



+ V)' 
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Let e in equation (II) have this value, and solve for &« , and we 

have 

6. = - ^ + VK^ + A 
where, for convenience of notation. 



^-clT 2-—} 



av) 



L = ^(6i + 2htanfi) + ^(Fsin/J + Hcos/3), 



where "Fand H are given by (1) and (2) If the vertical component 
Vof the pressure is neglected, as is the custom of some engineers 
for the sake of additional security, we have only to make y = in 
(IV). 

Equations (IV) give the least value of 6s for a '* high " wall, that 

is, for a wall so high that when e = -&> the base AB is overloaded. 

o 

Low Gravity Dant — A wall which resists the pressure of water 
by reason of its weight alone is called a ''gravity dam,^^ It is a 

'*law'^ dam if e can be equal to or less than --6a, without overload- 

o 

ingthe'base. 

The general investigation of the stability of a wall given in the 
preceding Article applies to any case where the pressure P is 
known in direction, point of apphcation and magnitude. 

Direction of Water Pressure. — It is a well-known principle of 
Physics that the direction of water pressure 
upon a submerged surface is always normal 
to the surface. 

We have then in the formulas of the pre- 
ceding Article 

6 = 0, 

and the angle of the pressure Pwith the 

horizontal is equal to the batter-angle of the *"" 

back ADO = ft. 

Point of Application of Water Pressure. — Moreover, since the 

pressure at the water level ly is zero and the pressure at any point 
increases directly as the depth of that point 
below the water level, the pressure at any 
point is proportional to the ordinate to a 
straight Ime uF, and the resultant pressure 
P acts at the centre of mass of a triangle 
AD'F, that is, at a distance AK = d equal to 

— — ^ , where hi is the depth of water back 
8cos)» ^ 

of the wall. 
In the formulas of the preceding Article we have then 

hy 





d = 



SCOB/S 



HAgnitade of Water Pressure. — It is also a well-known principle 
of Physics that the pressure is eq^ial to the weight of a prism of 
water whose base is the sybmeraea surface and whose height is the 
distance from the water level to the centre of mass of the submerged 
surface. 
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The submerged surface is 



, ^, where I is the length and — ' is 

cos fi ° 2 

the distance of the centre of mass of the submerged surface from 

the water level. Let y be the densitv or mass of a unit of volume 

of water (62.6 lbs. per cubic foot). Then we have for the pressure 

2 cos /? ' 
We have then for the vertical component of P 

rlhi 



V=' 



-tan/?,, 



a) 




and for the horizontal component of P 

... (2) 



«=!*■. 



The weight Wot the dam is 



W = 



(6, + ht)lh8 



= Ald, 



(3) 



d = 



where A is the area of the cross-section 

ABED, 

(For values of S see page 229.) 

If then we substitute Q = 0*, 



, and the values of V, Hand TTas given by (1), (2) and 



3 cos /^ ' 

(3) in the general formulas of the preceding Article, we obtain the 
corresponding formulas for a dam sustaining water pressure only. 
The graphic construction is the same as on page 231. 

Ice and Wave Pressure.— A dam, however, has to sustain, in ad- 
dition to the water pressure on the back, a horizontal pressure at 
the top surface due to waves or the thrust of ice. We denote this 
horizontal thrust per linear foot of dam^ due to waves or ice, by T. 
For waves we may take T = 24000 pounds per linear foot, and for 
ice T = 40000 pounds per linear foot. Since both these do not act 
together, we have only to consider T for ice in cold climates and T 
for waves in warm. 

Factor of Safety for Sliding.— The normal component ^of i^ is 

(4) 



and the friction is 



N=W+V, 



F = uN=:u(W+ V), 



where // is the coefficient of static sliding friction for the base AB, 
For values of m see page 229. 

If n is the factor of safety for sliding, we have 



or 



n(H+ T) =jP, 
H+ T ' 



n — - 



or, if Fis neglected, 



n = 



H+ T 



(D 



where T, TTand H are given by (1), (2) and (3). If there are no 
through joints in the dam, there can be no sliding and equation (I) 
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need not be applied. If there axe through joints, n should be at 
least 2 or more if shocks are to be apprehended. 

St ability and ProportionB. — ^We have for the horizontal distance 
AH = ^ of the centre of mass of the section from A (page 221) 






w 



If we take moments about the point O (figure, page 236), we 
have as on page 233, taking the ice-thrust T into account, 

- -Ha cos /3 - 2%i + V(fH - d sin /? - e) + TF(&, - «, - e) = 0, 
or, substituting d = » ' ^ i 



and the values of Tand TT, 



« = 



A+?^^tan/» 



or, if we neglect F, 



e = - 



A(6.-«.)-^-V 



6 



(11) 



where A is given by (3), and 9t by (5). Equation (11) gives the point 
at which the resultant cuts the base when the ice-thrust acts. 

For economic proportions we should have 6 = 561 when the ice- or 

3 

wave-thrust Tdoes not act Putting, then, 6 = g6i in (II) and neg- 
lecting T and solving for 61 , we have 



b^^-B + VB' + E, 



where 



^=61(6, + 2^ tan /5) + ^(i + tan*/J); 



ail) 



or, if F is neglected, 

B= i(6, - /i tan /:0; E= 61(61 + 2hiajifi) + ^~. 
2 o/i 

Elquations (III) give the lower base 6a = AB for economic pro- 
portions, that is, when c = - 6a , or the whole base AB just comes 

into action when there is no ice- or wave-thrust T. If 6* has this 
value, we must have for security against overloading (page 230) 



when e = -61 

t5 



_ 2A8 4- yhx* tan yg., ^ 



(6) 



where C is the allowable compressive unit stress as given page 229. 
If 6« is taken greater or less than the value given by (III), the 



value of e given by (II) when Tis neglected will be greater or less 
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than -bt and the proportions are not economic. But we still have 
stability if the base is not overloaded, that is, if 

whene>3* p = ^^ ^^2-.g-)<C.. . (7) 

and if 

whenc<l6. p=.?M±r^^^ = a (8) 

But now, when the ice-thrust T acts, e is given by (II) ; and in 
order that the base ma^ not be overloaded, this value of e must 
satisfy condition (8). If it does not, the ice- or wave-thrust T causes 
the base to be overloaded. Substituting then the value of e from 
(II) in (8), and the value of s% from (5), and neglecting F, and mak- 

mg /? = 0, we have, smce A = ^^ — o ~^» 

^« - (36' -6h) y (20 - 8hy ■• 6mC - 6h) ' ^"^ ' 

Equation (III') gives the least value of &« consistent with safety 
when the ice- or wave-thrust T acts, for vertical hack. For the sake 
of security and simplicity we take the same limiting value when 
the back is not vertical. If then condition (8) is not satisfied when 
we take for e its value from (II), we cannot have economic propor- 
tions, but must take 6a equal to or greater than the value given by 

It is the custom of some engineers, for the sake of additional 
security, to neglect the vertical component "Fof the pressure in 
equations (Ii, (11) and (III). We have therefore given these equa- 
tions for both cases. 

When the dam is empty, equation (5) gives the intersection of 
the weight with the base. In this case 

when 89 = ^69 we must have p = -r — ^ C; 

" *'<3-*' " " " -P^^^cr. 
When the back is vertical, )9 = and (5) becomes 



3 3(6, 4- 6.)' 

That is, St is always greater than ~&i for vertical hack. 

o 

We can put B in equation (III) in the form 
n 1 , ^ ri^ tan /J/2^,» dh\ 

We see from the Table page 229 that the si>ecific mass - is 

greater than 2 for all materials except brickwork and small dry 
rubble. We can never have hi or the depth of water greater than 
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h or the height of wall. Hence for all materials except brick and 
small dry rubble the term in the parenthesis is minus, and even for 

the last two materials it is minus if At is not more than ^Jt. In 

general, then, B increases and E decreases as the an^le fi decreases. 

In the valu e for 61 , then, the magnitude of B mcreases more 
rapidly than »J B* + E, and h% has its least value when p = 0. 

Hence the most ecoTiomical section of dam is that which has the 
hack vertical. 

High Gravity Dam. — ^If e as given by equation (II), page 237, is 

less than or equal to \h% , and at the same time conditions (8) or (6), 

are satisfied, so that the base AB is not overloaded, the dam is 
" toll?." In such case 69 mav be made equal to or less than its value 
as ^yen by (EH), provided it is greater than the least value given 
by (Iir). 

When, however, the dam is so high that when e = -6» condition 

o 

(6) cannot be satisfied, it is called *' high.^'* In such case &i must be 

greater them its value as given by (III), and e must be greater than 

¥■■ 

To find the limiting value of &i in this case: From condition (7), 
page 238, let 



2Ad 



±r^^(,-^yo. or .=!*.. 



Cb,' 



eAS +SrhiHan/r 



Let e in equation (II), page 237, have this value and solve for &« , 
and we have (page 235) 



where 






or, if V is neglected. 



and 



^ Wtan/J 



X = ^(6i+2^tan/5) + 



Ccos'/J"*" C ' 



(IV) 



or, if F is neglected, 

i = ^(j. +2fctan/J) + ?:gil +^r; 

where C is the allowable compressive unit stress as given page 229, 
hi is the depth of water, h the height of section, r the density or 
mass of a unit of volume of water, o the density or mass of a unit 
of volume of masonry, /3 the batter-angle of back, &i the breadth at 
top of section and &< at bottom. 

Equations (IV) give the least value of bt for a '* high " dam, that 

is, so high that when e = ^s the base AB is overloaded. 
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Since it is the custom of some engineers, for the sake of addi- 
tional security, to neglect the vertical component F of the pressure, 
we have given these equations for hoth cases. 

Economic Section for High Gravity Bam.— We have seen, page 
239, that the economic section for alow dam has the back verticS. 

First Sub-section. — Let DE = &i be the top base. The economic 
section of the first sub-section AiBiED should then be a rectangle 

for a distance h^ such that e = 

BiO shall be just equal to -6i, 

o 

80 that the entire joint AiBi 

may act, provided this joint is 

not overloaded. 

We find the height ht of 
this rectanguleu* portion as fol- 
lows: 

If hi is the depth of water 
above AiBi, the horizontal 

pressure is P = ^ , where y 

is the density or mass of a unit 
of volume of water, and I is the 
length of dam considered. This 

pressure P acts at - ^i above 

AiBu The weight of the sub- 
section is Wi = SlhJ)i = AilS^ where Ai is the area and 8 is the 

density or mass of a unit of volume of masonry. It acts at -6i 

from jBi. 

Taking moments about O and neglecting the ice-thrust T, we 
have 




-.(»■-«) -f^ = o, 



(D 



or, when e = -61 , inserting the values of Wi and Pi , 

8hAi^ = rhi\ 

Let a be the distance of the water level below the top of the dam, 
then hi = hi — a. Substituting this, we have 

SWhi = r(hit — a)\ 

or for the extreme case of water level with top of dam, 

a = and hi = &ii/- , 
r y 

where - is the specific mass (page 10) of the masonry as given 

^Hie same result is obtained from equation (III), page 237, by 
making fi = 0, 63 = &j , and hi = hi. 

Equation (I) gives the height of the first rectangular sub-section 
ABiED, provided the joint AiBi is not overloaded. 

If there are no through joints, there is no danger of sliding. 
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Top Thickness.— If now we consider the ice-thrust T as acting 
and take moments about O, we have 



^'(i-«)-^-"'^'=«' 



or, substituting the values of W\ and P, 

2 &bih^ Sbiht ^ ^ 

We obtain the same result from equation (II), page 237, by mak- 
ing /? = 0, 6, = &, , 8, = -\ 

For the extreme case of water level with top of dam, hi=-h%; 
and if we substitute the value of ht from (I), we nave 

e— *i_.51 
3 Sbt' 

But in order that AiB, may not be overloaded, we must have 

_ = C, or e = -3^. 

where C is the allowable unit stress of compression. We have then 
2(Sfe«6i _ 6i T 
SO 3 Sbi ' 
or, substituting the value of h^ from (I), 






A high dam would be built of ashlar masonry, and we have from 

page 229 the average values <5 = 150, — = 2.5, C = 50000. Taking 

T = 40000, we have for the average value of hi which allows (I) to 
be fulfilled without overloading, when water is level with top of 
dam, 

0.00966i" - 6i» = - 800, or 6i = about 35 ft. 

When the top base 6i , then, is about 35 ft. or every we can run 
the first rectangular sub-section AiBiED down for the distance 
given by (I) without danger of overloading when the ice-thrust 
acts. 

Local and practical considerations must control the choice of 
top base 6.. But if it is taken less than about 35 ft., e is given by 
(1) and we must have 

?^ = C, or 2Sbih, = ^eC, 

or, substituting the value of e from (1) and putting ^i = ^» — a, 
where a is the depth of water below the top, 

2 2^0i oOi 

From dO we can find the height h^ of the rectangular sub-section 
AxBiED when hi is less than 35 ft. and the ice-thrust T acts. 
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We find then the first rectangular sub-section AiBiED from (I) 
if &i is greater than 36 ft., and nrom (I) if &i is less than 35 ft., and 
the joint AiBi will not be overloaded when the ice-thrust acts. 

Second Sub-section.— Below AiBi we still continue the back ver- 
tical, but bi must now increase so that for any joint b% = A,'Bt\ e 

shall be equal to -^^s, and the joint shall 
3 

not be overloaded when the ice-thruft 
Tacts. 

Let AiBiBt'At be any section in 
general below AiBi the height of 
which ^ is so small that it may be 
regarded as a trapezoid. Let fi be the 
batter-angle of the back, Wi the result- 
ant weight of all the masonry above 
AiBi acting at the distance Si from A, Wt the weight of the section 
acting at the distance Su from A*, W the resultant Wi + W^ of 
these two acting at the distance 8 from A*. Then, taking moments 
about At\ we have 

_ Wi(8i + fc« tan /?) + TF»a« _ AijSi 4- /t« tan /g) + A ,g, -^ 

*■" wTTw. "" aT+a. ' ^^^ 

where Ai, A* are the areas of 41ie sections above AiBi and the sec- 
tion AiBiBtAt , so that AilS = Wi , A^IS = TTi. 
We have then 

. _(hi + b^)ht ^ (6, + b^)hJS 
At , W, = ^ , 



and, from page 22, 

_ 69 6» + 2bi r 
" 2 3(6, + bt) |_ 



6,-61 
2 



- Ti, tan/9 



']■ 



Let P be the horizontal component of the water pressure on the 
entire back above A%Bt\ and hi the height of water level above 

A^'B^\ Then P = ?^', acting at a distance ^ above At Br'. We 

2 u 

have also the ice-thrust T actine at the distance h\ above AtBt. 
Let the resultant of P, T and W cut the base at the distance 
OBt = e from &', Fig. 2. Then, neglecting, for the sake of security 
and simplicity, the vertical component of the water pressure, we 
have 

(Wi + Wt)(h - « - e) - ?^ - Thil = 0; 



hence 



e = 6, — « - 



6 



rhi +67% 



6d{Ai -H At) 



(3) 



[If in (3) we make Ai = 0, the whole section above At'B,' is a 
trapezoid and we have the same value for e as from equation (ID, 
page 237, when /5 = 0, », = «, smd A = At.] 

For economic proportions toe should have e = -bt when the ice- or 

«5 

wave-thrust T does not act Making, then, ^ = in (2) and (II), 
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substituting the corresponding vcdues of 8% {uid 8 in (II) and (3), and 
making e = -bt and T = 0, we obtain 



where 



&, = - B + V J5« + j;, 






(III) 



[Here again, if we make Ai = 0, the whole section above A%B^ 
is a trapezoid and we have the same value for bt as from equation 
(ni), page 237, when fi = 0,h=h^.] 

Equations (III) give the lower base 6, = AtB^' for economic pro- 
portions when there is no ice- or wave-thrust T. If then we assume 
any section AiBiBtA%\ Fig. 1, page 240, of small depth ht , we can 

find by (III) its base 6t = A%B^\ since for this section ai = — 6i. We 

2 

<»ui then find A^ and then 6, from (3), when the ice- or wave-thrust T 

acts. 

This value of e must satisfy the condition 



2{Ax +At)d ^ 
3e < " 



(4) 



If it does not, the ice- or wave-thrust T causes A^B% to be over- 
loaded. We have then, taking for the extreme case 

2(Aa + A,)^ ^^^ ^^ 3eC=2(A,+^.)«, 

and putting for 8a its value from (2) when /? = 0, and for s its value 
from (II) when /5 = 0, and then from (3) the corresponding value for 
e, by solving for h% , 



where 



(nio 



6. = - 5i + 4/J5i'' + Ex , 
„ ^ A,(3C - 2(?^) (C~g;U)&i 

* ^,(2C - 5;ia) + (20 - <5;ia) ' 

^ _ 2Ai(2Ai(? -h 2<?6ifei + 3C8i) 
■" ^(2C - «7t,) 

^ ^/Ufei^c + g^o + chijyhx^ -H er) 

■^ <57t,(2C-<5fe,) 

[This reduces to equation (III'), page 238, when Ai = and 
A, = A.] 

Equation (III') gives the least value of 6« consistent with safety 
when the ice- or tvave-thrust T acts. It then condition (4) is not 
isatisfied when we take for e its value from (3), we must take for 6. 
its vfdue as given by (III). 

In either case, whether 6, is given by (III) or by (HI), we can 
find 8 from (II). 

This value of s is the new Si for the next section A^'B^'B%A%\ 
Fig. 1, page 240, of small depth h^. The value of 6i just foimd is 
the new hx for this section. From (III) or fill) we then find 6, for 
this section, then s from (II), which is the new Si for the next 
section. 



244 APPLICATIONS OF STATICS. [CHAP. I. 

Thus by successive applications of (III) or (III') and (II) we find 
successive thicknesses AiB^, AiBt\ etc., Fig. 1, page 240. 

We thus determine the economic section imtil we arrive at a 
section A^Bty Fig, 1, page 240, for which equation (II) gives us 

« = -&,. When this section is reached equations (III) or (III) no 

o 
longer apply, because if the vertical back were continued farther, 
the resultant pressure for reservoir empty would fall outside the 

middle third, making 8 less than - 6,. 

o 

We thus determine the lower limit AtBt , Fig. 1, page 240, of the 
second sub-section. 

Third Sub-section.— Below this limit we must batter both front 

and back, so that both e and 8 shall always be -&s and the joint 

o 

shall not be overloaded when the ice- or wave-thrust Tacts. 

If 1 
obtain 



If then in (3) we make 8 = -b^ and e = -b% and neglect T, we 



where &i is the top and b^ the bottom base of any trapezoid of small 
height ht, and Ai the area of all the section above tne top base of 
that trapezoid and hi the depth of water above the bottom base of 
that trapezoid. We can then find the area A^ of this trap^ezoid, and 
then from (3) we can find e when the ice-thrust acts. This value of 
e must satisfy the condition 

2(A, -H A,)d = ^ 

37 <^' 

If it does not, the ice-thrust T causes the base 6, as given by (IV) 
to be overloaded. We have then for the least value of 6, consistent 
with safety to use (III') instead of (IV). In either case we can 

find 8i from (2), and then from (II), putting 8 = -bt and solving for 

d 

tan fi, we have for the back batter 

^fi= f ^\ W (V) 

h,lA^ + ^A, + ^h,b^ 

We can thus determine by successive applications of (IV) or 
(III') and (V) the economic section, until we arrive at a section 
bs = A»Bt , Fig. 1, page 240, for which 

2(A , + A,)d . 

K ^^' , . . (5) 

We thus determine the limit AtB, , Fig. 1, page 240, of the third 
sub-section. 

Fourth Sub-section.— Below this limit we must have both 8 and e 

greater than ^ bt and such that (page 230) 

d 



2{A 



-^(,-g) = c »d 5^4=.«(..D.c. 
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Hence 

6 = 8 = ^0,- 



8 ' ed{Ai + At)' 

Substituting these values of e and s in (3) and neglecting T, we 
obtain 

' 2(2C-d;i,) ^^ 4{2C-dhty ^2C-Sht' ' ^ ^ 

Equation (VI) gives the base 69 for each successive trax>6zoid 
below AtBt , Fig. 1, page 240. From (3) we find e when the ice- 
thrust T acts. This value of e must satisfy the condition 



3^ <^' 

If it does not, the ice-thrust T causes the base bt as given by 
(VI) to be overloaded. We have then for the least value of bt con- 
sistent with safety to use (III') instead of (VI). In either case we 
find the back batter from (V). 

Arch Dam. — When the dam is made in the form of an arch so 
that it supports the water pressure back of it wholly by virtue of 
its action as an arch, it is called an arch dam. 

The water pressure upon the back of the dam is always normal 
to the surface, and the pressure upon a 
given area is always the same at the 
same depth. 

Let aaa, Fig. 1, be the centre line of 
a horizontal cross-section of the dam, 
one foot in height. Let Pi and Pa be 
the equal normal pressures upon the 
equal portions a a', a'a\ and H tne hori- 
zontal pressure at the crown. 

In Fig. 2, lay off -H" from O to hori- 
zontally, and let O represent the mag- 
nitude of H. Then lay off 01 and 12 
parallel and equal in magnitude to Pi 
and P« , and draw the rays 1, O 2. 

In Fig. 1, let -H" act at a, and prolong 
its direction till it meets Pi at 6. From ^°' ^ 

b draw be parallel to Ol till it meets 
Pa at c. From c draw ca parallel 
to 02. 

Then (page 146) abca, Fig. 1, is the equilibrixmi i)olygon. We 
have by smmar triangles 

, P^:H::cb:bC OT cC; .'. ^ = -5:. 

cb cC 

The same holds true no matter how many equal portions a'a' 
we take. But as we increase the number of portions, the jKAygon 
approaches a curve. For an indefinitely great number of portions 

we have for the curve of equilibrium -^^ = p = unit pressure and 

cC = r^ radius of curvature. Hence 

p = ?, or r = ^. 
r p 

But H and p are constant and therefore r is constant. Hence 
the curve of equilibrium is a circle. 
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If then we make the dam circular in cross-section, t?ie curve of 
equilibrium will coincide with the centre line and the horizontal 
pressure Hat the crown acts at the centre line and is equal to 

' H=rp (1) 

Also, since in Fig. 2 the force polygon 012 becomes a circle of 
radius H when the segments of the arch are indefinitely great in 
number, and since any ray, as 1 in Fig. 2, gives the stress in the 
corresponding segment c6, Fig. 1, of the equilibrium polygon (pa^ 
146), it is evident that the pressure at every point of the centre line 
is tangent to the centre line at that point and equal to H. 

If men C is the allowable compressive stress per square foot, we 
have for the area A of the cross-section 

If hi is the depth of any x>oint below the water level, we have 
the water pressure per square foot at that point equal tojK/it , where 
y is the mass of a cubic foot of water, or 62.6 lbs. If r is the ice- 
thrust per foot of length, and h is the height of dam, we have the 
ice-thrust pressure per square foot of surface of the dam equal to 

r 

h * 

For an area of one square foot at a depth hi , then, the total 

T 
pressure per tootp is numerically equal to yhi + ^, and the thick- 
ness is given by 

rr;ii+^ 
* = — C^ (^ 

From (2) we can find the thickness of the dam at any point at a 
depth ^1 below the water level. 

If fei = in (2), we have for the thickness at the water level, or 
the top thickness hx , for ice pressure 

^•=S ^^> 

The choice of top thickness &i must in general be determined by 
local and practiced considerations. 

If we make ^ = 6i = the top thickness in (2), we have for the 
distance h% below the water level for which the cross-section of the 
dam is a rectangle 

ft. = ^-4 (4) 

yr yh 

Below this limit the thickness must increase with the depth hi 
accordinK to (2) ; above it, the thickness is constant and equal to hi. 
We should not take hi in (2), then, less than h% as given by (4). 

The arch dam requires far less masonry than tne gravity dam. 
But the pressure on the arch stones increases with the span and 
with the depth, and so does the thickness. When the thickness 
becomes great we cannot be sure that each arch stone will take its 
own share of the pressure. The distribution of the pressure over 
the cross-section is then uncertain. For such reasons the arch dam 
is most suitable for short {uid low dams. It is also manifestly un- 
wise to make the stability of a dam depend wholly upon its action 
as an arch, except under the most favorable conditions as to rigid 
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side hills for abutments and the most unfavorable conditions as to 
cost of masonry. 

Although it is not, then, generally wise to make the stability of 
dam depend wholly ui>on its action as an arch, it is well to make a 
a gravity dam curved so that the arch action may give additional 
security. 

There are but two dams of the pure arch type in existence : the 
Zola Dam in the city of Aix in France, and the Bear VaUey Dam in 
the San Bernardino Mts., Southern Calif omia. The first is of 
rubble masonry, height 120 ft., radius 158 ft., thickness at top 19 
feet, at base 42 feet. The Bear Valley Dam is of granite, height 64 
feet, radius 300 ft., thickness at top 3.16 ft., at base 20 ft. 

Aetaining WalL— A wall designed to resist the pressure of earth 
back of it is called a retainixig wall. 

The general investigation of the stability of a waU given on page 
231 applies to any case where the pressure P is known in direction, 
point of application and magnitude. 

Point oil Application of P. — In treating retaining walls, it is cus- 
tomary to neglect the cohesion of the earth. We therefore consider 
the pressure as zero at the earth level and increasing for any point 
of the back of the wall, directlv as the depth 
of that point below the eartn level. The 
pressure at any point is then proportional to 
the ordinate to a straight line I/jP, and the 
resultant pressure P acts, just as in the case 
of water pressure, at the centre of mass of 
the triangle AD'F, so that the distance 

AK = d is one third of AU, or d = ^ — ^r» 

' 3 cos p ' 

where ^i is the distance I>0 of the earth surface above A, and P is 
the batter-angle of the back. 

But unlike water pressure, the earth pressure is not normal to 
the waU, but makes an angle 6 with the normal. 

Also the magnitude of jP is not the same as for water. 
We have therefore to determine the magnitude and direction of 
the earth pressure P. We can then investigate the stability pre- 
cisely as on page 231. 

Miai^^nitade and Direction of P--Graphic Determination.— Let dbc^ 
Fig. 1, be any small prism, and let + pi be the normal pressure per 

unit of area upon the faces clc 
and he at right angles, the (4-) 
sign indicating ofirection up 
and to the right. 

Then if there is equilib- 
rium, the pressure per imit of 
area upon the third face ab is 
also normal and equal topi. 

For if we multiply the area 
of the face ac. Fig. 1, hy + Pi , 
we have the total horizontal 
force 4- H, and if we multiply 
the area of the face be, Fig. 1, 
^7 + P»» wo have the total 
vertical force 4- V. If we lay 
these forces off in Fig. 3, from 
A to if, so that AH= + JJ, and 
from H to ^, so that HN = + F, the resultant for equilibrium is 
NA. The line NA in Fig. 3 then gives the magnitude {uid direc- 
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tion of the total pressure on the third face a5, "Fig, 1, which bal- 
ances + jpi . ac = + JB" on the face ac and +pi . 6c = 4- V on the 
face be. 

We have then H and F, Fig. 8, perpendicular to the faces ac and 
be, Fig. 1, and also _ 

ac:bc::H:V. 

Hence the triangles abc, Fig. 1, and NAFF, Fig, 3, are similar 
and NA is perpendicular to the face ab. 

Also, we have 

NA = vjpi'.ao*^ + pi*.6c'=pi ya^ + bc^ = pi.ab, 

or the normal unit pressure joi on the face abis the same far equilib- 
rium as that on the other two faces. 

Suppose now the normal unit pressure pi on the face ac. Fig. 2, to 
be reversed in direction, so that it is — pi. We have then the total 
pressure on the face be equal to + pi.bc= + V the same as before, 
and the total pressure on the face ac equal to — oi . ac = — H, or 
the same as before in magnitude but opposite in direction. If we 
lay these forces off in Fig. 3, from A to JET and -H" to N\ the result- 
ant for equilibrium is N^'A. It is evident that the magnitude of 
N'A is the sanvR as before, but its direction makes the angle N'AV 
on the other side of A F equal to the angle NA V in the first case. 

If then in Fig. 3 we lay off AAT equal to px and with ^as a cen- 
tre and NA as radius describe an arc of a circle intersecting the 
vertical AV at the point S, then the line SNynlL give the magni- 
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tude and direction of the unit pressure p\ on the face db in the 
second case of Fig. 2. The angle ABN is then equal to the angle 
SAN. 

Now suppose that the normal pressures per unit of area on the 
two faces ac and be. Fig. 4, are unequal ana are + pi and -H pi re- 
spectively. 

We can divide the normal unit pressure -f- p\ on the face be into 

two parts, one equal to +^(pi +pa) and the other equal to 

-f. (p, — Pa), as indicated in Fig. 4. Similarly, we can divide the 
2 
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Bormal unit pressure +i>i on the face ac into two parts, one equal 

to + - (pi + jps) and the other equal to — -(j)i —pa). 
4& 2 

Then, as we have just proved, the unit pressure normal to the 
face ah which balances + ^{p\-¥ p^) on the face he and + -{pi + jp«) 
on the face ac is the same, or NA^ Fig. 5, Isdd off normal to ab, 
where NA = r-(i>i +!>«). 

Also, as we have proved, the unit pressure on the face ah which 

balances + - (pi — p«) on the face he and — ^ (pi - pO on the face 

ac is the same, but it makes an angle ASNvnth the vertical AV 
equal to SAN, If, then, we lay off, in Fig. 5, AN equal to 

o (P» + P«) normal to a6, and with iVas a centre and NA as a radius 

describe an arc of a circle intersecting the vertical A Tat the point 

S, then SNwUl give the direction of -(pi — pO acting on the face 

2 

ab. Hence if we lay off along this line NR = ^ (pi — pa) and join 

RA, the line BA xinll give the maanitude and direction of the result- 
ant unit pressure p on the face ah when the normal unit pressures 
pi and Pa on the faces he and ac are unequal. 

Suppose now the faces ac and 6c, Fig. 4, to remain invariable in 
direction, and the normal unit pressures pa and pi on these faces to 
remain constant, but let the third face ah vary its mclination with the 

horizontal. Then the magnitudes of AN= -(pi +p») and of NB 

2 

= -■ (pi — Pa) in Fig. 5 remain unchanged, but their directions will 

change as the face ab changes its inclination. It is evident that 
the greatest possible value of the angle NAR which the resultant 
unit pressure p = RA on the face ab makes with the normal to that 
face will be when NR is perpendicular to AR, or when the angle 
ARN is 90**. In the case of earth this greatest possible angle is the 
angle of friction or repose <t>vfor earth on earth. 

Also when the angle ARN is 90* and the angle RAN^a <t>i , the 

angle SNF of pi with the normal A^is equal to 45** + ^. 

At 

Let then, in Fig. 6, aft be the surface of a prism of earth, and AR 
= p be the magnitude and direction of the unit 
pressure. Draw AN normal to the surface a5, 
and AR making the angle of friction <px with 
the normal ANt, We can then find by trial a 
point N in the normal AF, such that if we take 
^ as a centre and NR as a radius, the arc RR' 
will be just tangent to AR', When this point N 
is thus found by trial, the distance AiSTwiU be 

\{p^ +Pa), and NR = NR will be i(pi—pa)- 
* 2 

Also, as seen from Fig. 5. if we bisect the angle 

RNF by the line NS, we obtain the direction 

NS of pi, since the angle RNF, Fig. 6, is twice 

the angle of NA with pi or AV. 
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Application to the Retainine: Wall.^The application of these 
principles to the retaining wall is obvious. 

Let AD be the back of the wall, and DxFI the earth surface 
making the aagle a. with the horizontal. Pass a plane through the 




foot of the waU A parallel to the earth surface. The pressure upon 
every square foot of this plane, as a&, is vert ical and equal to the 
weight of a column of earth of vertical height jii/ and cross-section 
ah . cos a. 

If ri is the mass of a cubic foot of earth, then we have 

r\ . Ai/. 55. cos a 



for the mass of this colum n. But Ad cos a = AiF^ hence the mass 
of this column is yi . AiF . ab. 

If then we draw AF perpendicular to the earth surface and 
revolve A^F about Ai as centre to the vertical A, J?, , and take 
the area of a6 as one square foot, the distance AxRx in feet will be 
numerically the same as the number of cubic feet of earth resting 
upon a square foot ah, and we have for the vertic€d pressure p per 

square foot in pounds 

p = r 1 . AxRi , 

where yi is the mass in pounds of a cubic foot of earth, and AxRx is 
measured in feet. 

Then, as in Fig. 6, draw AiR making with the normal AiF to 
ab the angle RAiF equal to the angle of friction or repose 0i for 
earth on earth. Mnd by trial a point .^i on the normal AiFj such 
that the arc of a circle with ^i as a centre passes through Ri and is 
tangent to AiR'. Then 

o(l>i +p«) = ri.A^i; 



gCpi-pO = ri'NiRi, 



where r» is the mass in pounds of a cubic foot of earth, and NtAi , 
^ijRi are measured in feet. Bisect the angle RiNiF by the line 
NiSi. Then the line NxSi gives the direction of pi (Fig. 6). 

Now lay off at the foot of the wall A (which may be considered 
as identical with Ai in the figure) the distance JvA = NiAi in a 
direction normal to the back of the wall AD at A. Draw the line 
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AS x>arallel to NiSi or the direction of pi already found. Then with 
N as a. centre and NA as radius describe {ui arc of a circle inter- 
secting AS at S, and lay off along -^^S^ the distance NR = NiRi, 
Then, as in Fig. 5, RA represents the magnitude and direction of 
the pressure on a square foot at the foot of the wall. Thus, if yi is 
the mass in pounds of a cubic foot of earth and we measure RA in 
feet, the pressure i>er square foot at the foot A of the wall is given 
in magnitude by 

ri.RA, 

and its direction is the direction of RA. 

Since the pressure is zero at the top Di and greatest at the foot 
A, and varies for any point directly as the distance of that point 

from Di , the average pressure is - ;^i . RA, The total pressure P 

in poimds is then for a waU one foot in length numerically equal 

to -yi . RA . DA, or if the length of the wall is /, 



F^\Y,,RA,iyAA, 

where yx is the mass of a cubic foot of earth, and ^A, DiA and I 
are taken in feet. 

This pressure P acts at a point £^ at a distance d from the foot 

of the waU A equal to d = AK = -^ADi , and is parallel in direction 

o 
to RA alreadv found. 

We thus find by a simple graphic construction, in any given 
case, the magnitude, direction and point of application of the earth 
pressure P on the back of the wall. The stability of the waU can 
then be investigated as directed on page 231. 

Analytic Determination of Earth Pressure on a Retaining 
Wall. — From the graphic construction just given, we can easily 
derive the corresponding formulas for the magnitude and direction 
of the earth pressure P. 

Notation.— Let h\ = DxOi be the height of the earth surface at 
Dx above the base AB of the waD; the angle of the earth surface 
with the horizontal is a; the batter-angle of the back of the wall 




with the vertical is /; the earth pressure P makes the angle with 
the normal to the oack of the wall; the angle RAxNx = 0i is the 
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angle of friction or repose for earth on earth ; the angle RiNiF = 17, 

and the angles RiNiSi = FNiSi = 5 ; the angle RAS = e ; the angle 

RSA = <»— all as indicated in the figure. Finally, yi is the mass 
of a cubic foot of earth. 

Then by the graphic construction we have 

^(Pi +l>Osin<?>, =|-(pi-p9) (1) 

We have also by our notation 

ADi = -^, AiF = ADxCOS(oc^fl) = -hL^coB(a''/S); 
cos/S cos/? ^ '^^^ 

and since by construction AiRi = AiF^ we have from the figure 

^pi-pOsinr/ = -^^.cos{a-A)sin«. ... (2) 
2 cos p 

We have also from the figure 

[|(P» + PO + |(1>« -p.) cos J7j + [i-(Pi -P«) Bin JzJ j 

and also 

|(l>i+pO+|(Pi-pOcosJ7=^^cos(a-/?)cosa. . (4) 

From (1), (2) and (3), eliminating - (pi + j)a) £uid --(pi — pi), we 

2 <^ 

obtain 



(3) 



COS 7= .-— - + 4/ 1-sm'a 1 ;-^-;-|. - . (I) 

We have also directly from the figure 00 = angle NAS, or 

<» = 90-/5-|. + a (H) 

From (2) and (1) we have 

_ ;^ifei cos (« — /g) sin a(l + sin 0O , .-. 

Pi — ~ ;^ — i V • • • • • iv) 

COS y5 sm <pi sm ^ 

_ yihi cos (g - / g) sin a(l — sin 00 ,g. 

^' ~ cos yg sin 01 sin 7 

We have also from the figure 

RS sin CO 



tan € = -;=^ 



AS — iJiS> . cos 00 
But ri . ii^ = p«, and yi .AS^ (px +pO cos 00, Therefore 

pi cos « 
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Substituting the values of pi andps from (5) and (6), we have 

tan € = ^ 7 ^"^ f ^ tan « = tan- (46° - ^) tan «. . . (HI) 
1+ sin 01 \ 2 J ^ 

We have also directly from the figure 

e = 00 — e (IV) 

Also 

ri.RA:= Vpt sin* <» + — 0^1 . A8—pt cos <»)• 
= Vps' sin' 09 + pi' cos* CO, 

or, substituting the values of pi and pi from (5) and (6), we have for 
the earth pressure P, 



or 



n ydKx^ COS (a — If) sin a . / .., . .^ ^ ., ^ — ^ — r- — r-i — __ 

3 cos p sin 01 sm v ^ ^ 

From (1) and (4) we obtain 

_ ;^i/ti cos (g — /g) cos a(l + sin 0i) 
^* ~ cos /5(1 + sin 01 cos 7) ' 

Comparing this with (5), we have 

sin a cos a 



sin 01 sin t; 1 + sin 0i cos v ^^ 

We can make this substitution in equation (V) and thus obtain 
an equivalent expression for P which can be used when a is zero, 
viz., 

P = /'^^''.^.^ ^"^ " ? '''' -— ^ V(TT"Bin- 0T?-^:T55:07iii^. (Vi) 
2 cos* /Cf(l + sin 01 cos T?) ^ \ / 

Surface of Rupture.—- If there were no wall and the earth had no 
cohesion, a prism of earth ADiO would tend to slide off along a 
plane A(J which would make with the horizontal the angle of 
repose 0i. But on account of the wall 
this plane AO makes with the horizontal 
an angle ip greater than 0i. 

This angle ^ we call the angle of rup- 
ture, the plane AG is the plane of rupture, 
and the prism ADiO which thus tends 
to separate £doiig AG and force the wall 
is the prism of rupture. 

If in the figiire, page 251, pi remains 
unchanged in direction and magnitude 
while (w is revolved about A\ until the 
pressure upon ah makes with the normal '^ ^ 

to ah the angle 0i , then this new position of ab pves the inclination 
of the plane of rupture. But for this new position pi makes (page 

249) the angle 45 + —^ with the normal. The normal AiNi , and 
2 

hence the plane ah, has then been revolved through the angle 

45 + ^-1 
2 2 
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The angle which the plane of rupture AO makes with the hori- 
zontal, or the angle of rupture, is then 

^ = 46+|^~| + a (VII) 

General Method.— We have then in any case the following 
method: 

Ist. Find Tf from (I). 

2d. Mnd oa from (II). 

3d. Find e from (III). 

4th. Find G from (IV). 

The angle B rives the inclination of the pressure with the normal 
to the back of tne wall. 

5th. Find P from (V) or (VI). 

Then if desired we can find the angle of rupture from (VH). 

The magnitude of P and its inclination 6 with the normal to the 
wall are thus determined. The point of application £' of P is at a 
distance d = AK from the foot of the wall equal to one third the 

back AD., or d = —^. 
3 cos fi 

Special Cases. — The formulas just deduced are general and 

admit of simplification for special cases. If the earth surface is 

horizontal, a = and, from (I), v = 0- If 0i is zero, there is no 

friction. Making a = and (/>i = 0, we have, from (VI), 

2 cos /3' 

which is the same as for water pressure (page 236). In this case, 
from (III), € = a> and hence, from (IV), = 0, or the water pressure 
is perpendicular to the back. We have then V' = 45* for water. 

Case 1. Earth Snrfiitce Horisontal.— In this case a =0 and hence 
37 = 0, and 00 = 90-/3. We have then, from (III), 

tan 6 = tan* (45 — ^J cotan /8. . (8) 

Then from (IV) 

e=90-/J-6, . . (9) 
and from (VI) 




2 r cos'/J (l+sin^i)' ^^"^ 

From (VTI) the surface of rupture AO makes with the horizontal 
the angle 

* = 45° + |^ (11) 

Case 2. Earth SnrfBM» Horizontal— Back Vertical.— In this case 
a = and 13 = 0. Hence ?; = 0, c» = 90° and, from (8), e = 90 and, 
from (9), 6 = 0. The pressure is then perpendicular to the back or 
horizontal. From (10), making /3 = and reducing, 

P=r|^tan'(46-f) m 
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The surface of rupture makes as before the angle i> with the hori- 
zontal given by 

GaBe3. EarthSnrfiMeHoriiontaL— /S = 90— ^. In this case a =s 0, 
hence 17 = and * = 45° + ^\ If we make /» = 90 - 1^' = 46** - ~?,we 

have « = 46"* + ^, 6 = 45 — ~ and 



6 = 0, 

mdkea the c 
In tniscase, 



or the pressure makes the angle of friction toith the normoL 
' .this< 



ri^^i'cos'(46+^) 

P= ) !(.' (13) 

cos 01 COS (45 — v) 

Case 4. Earth Snrfkoe Inclined at the Angle of Repose.— In this 
case a = 0i. Hence ^^^.^^^ 

J7 = 90 + 01, (» = 45'' -/J + |\ ^=01, .^^2:^:i.j— 1 

tane= 0-^^ P L \ 



tan- (45°-^^) tan(45' - /J + |?). (14) 



l = 450-/? + t--^. 



p — ri^^»* 00s (01 — 
2 cos' 



^gi:^4/a + 8in^.,'-4sin0.flm'(46 - /» + f). (16) 
Case 5. Earth Snrfkoe Inclined at the Angle of Repose— Back Ver- 
tical.— In this case, a = 0i, yS = 0, j; = 90 + 0,, oo = 45°+ ^\ ^ =0i, 

€ = 45 — ?, and hence 

6 = 0,, 

or the pressure makes the angle of friction with the normal. 
From (16), 



P=^2-V(l + sm0O'-4sin0.sin»(45>|3). . . 



(17) 



Cohesion of Earth. — ^Adhesion is that resistance to motion which 
takes place when two different surfaces are in cont6ict. If the sur- 
faces are of the same kind, it is called cohesion. It is found by ex- 
periment that adhesion or cohesion is directly proportional to the 
area of cont6ict, varies with the nature of the surfaces in contact, 
and is independent of the pressure. 

It is given then by 

cA, 

where A is the area of contact and c is the coei&cient of cohesion or 
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adhesion, depending upon the nature of the material The unit of 
c is then 1 pound per square foot. 

If a trench with vertical sides, of 
considerable length as compared to its 
width, is dug in the earth, as shown 
in the figure, with a transverse trench 
at each end, so that lateral cohesion 
may not prevent rupture, after a few 
days it will be observed to have caved 
in along some plane as AG. Let the depth AD be /lo. 

Then, as we shall see in the next Article, the coefficient of cohe- 
sion of the earth is given by 




g .^ r«feo(i 



sin0i) 



4 cos <pi 



Let ADGH be a mass of 



where <Pi is the angle of friction or repose, and yi is the mass of a 
cubic foot of the earth. 

Equilibrium of a Mass of Earth, 
earth, the batter-angle of the face 
AD being fi. 

If there were no cohesion, a prism 
of earth ADO would tend to slide 
off along a plane AG which would 
make with the horizontal the {uigle 
of repose <pu But if there is cohe- 
sion, this plane, which we have 
called the plane of rapture, will 
make an angle with the horizontal 
greater than <px , which we call the 
angle of rupture. 

Let the angle of rupture or the 
angle of the plane of rupture AG 

with the horizontal be 0, the angle of the earth surface DG with 
the horizontal be «, the length of the mass be Z, and the weight of 
the prism ADG be W. 

The weight W acting at the centre of mass C can be resolved 
into a force N normal to the surface of rupture AG and a force P 
parallel to the surface. 

We have then 




P = Wsin ^, i\r = TTcos ^. 



(1) 



The force P tends to cause sliding. This force is resisted by the 
friction and the cohesion. The friction is nxN, where ^^ = tan <pi is 
the coefficient of static sliding friction of the earth, and the cohe- 
sion is cl . AG, where c is the coefficient of cohesion and I . AG is 
the area of contsujt. 

We have then for equilibrium 



P-.^,iV'-cZ.AG = 0, or. P-fixN^cl.AG, 



or 



LAG 



(2) 



Now for any plane which makes an an^le with the horizontal 
greater or less than t there will be no sliding, and for that plane 
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P — //iJV will be leas than cl . AO, or - — — — will be less than c. 

r AG 
For the plane of rupture, then, we must have 

P — /i,iV 

— = a maximum (3) 

LAG ^^ 

Let the vertical height of the mass be hi. Then AD = — ^, 
and the weight IF of the prism ADG in gravitation units is 

W = r.l.^.AG.«nm-ii, + fi^]=^-^^^^^^-±^. (4) 

Insert this value of Win (1) and the corresponding values of P 
and ^in (3), and we have, since Ui = tan 0i , 

rihi cos {iff + 0) sin (^ — <pi) . ,^ 

c ^ — ^ -^ — TL-L. = c = a maxmium. . . (5) 

2 cos fi cos 01 ^ ' 

Angle of Bnptnre.— Equation (5) is a maximum when 

cos (^ + /ff) = sin (^ — 0i) = cos [90 — (V' — 00], 

or when 

^ + /? = 9O-V'+0i, 
or when 

^^=45-f+| (6) 

Equation (6) gives then the angle of rupture or the angle which 
the plane of rupture AG makes with the horizontal. 

Coei&cient ox Cohesion.— If we insert this value of ^ in (5), we 
obtain 

yxhx sin I 45 - |-(0i + p)\ cos 145 + i-(0i + /?) | = 2c cos 0i cos fi, 

or 

yxhx [1 — sin (0i + ^] = 4c cos <^i cos /^. . . . . (7) 

Now when AD is vertical ; ^ = 0, and if we denote ^i in this case 
by h^^ we have, from (7), 

^^rj u(l-rin<».) 

4 COS 01 ' 

This is the value of the coefficient of cohesion given in the 
preceding Article, where /lo is found by experiment. 

Stability of Slope.— If we substitute the value of c from (8) in 
(7), we have 

hy\\ — sin (<^i + /?)] = h^{\ — sin ) cos )5, 

or 

, fcoCl — sin 0i) cos p ,f.. 

'''= l-8in(0. + /?)- ^^> 

which is the equation of condition between hi and fl. 

From (6) and (9) we see that the angle of rupture and the rela- 
tion between hi and fi are independent of the mclination a of the 
earth surface wi^ the horizontal. 
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Equation (9) gives the limitine height ^i when sliding is about 
to begin. Let n be the factor ojr safety, so that if n is 2 or 3 the 
safe height taken can be two or three tunes £is great before sliding 
begins. Then we have for the safe height 



^1 = 



feod -- sin <px) cos p 
n[l - sin {(f>i + P)] ' 



(10) 



Equation (10) is then the equation of stability of slope for a fac- 
tor of safety n, and gives the safe height of slope for any given 
batter-angle fi. 

Angle of Stability. — If ^i is given and the corresponding batter- 
angle fi is required, we can write (10) in the form 



1 — sin {01 + fi) _ h(^(l — sin fii) 
cos /S "" nhi 



a, 



where the second member, being a known quantity, is denoted by a. 
If we develop the numerator in the first member and substitute for 

sin /3 and cos /3 their values in terms of tan ^ A viz., 



sin/? = 



2tan-/? 
l + tsn'lfi 



cos/5 = 



l~tan'i/5 
l+tan«|-yfif 



we obtain a quadratic whose solution gives 

tan -/? = ^1 

2^ l-l-a-|-sm0, 



[cos <t> — ^a{fx -h 2 sin 0)]. 



(11) 



Equation (11) gives the safe batter-angle fi for a factor of safety 
n when the height hi is given. 

Curve of Slope.— Let a be any point of the_slope IkxA, whose 
vertical distance below D is da^ y, and let ^O be the plane of 

rupture at the point a, making the 
angle V with the horizontal. 

Then the prism DGa of weight 
W tends to slide down along aG 
and is prevented by friction and 
cohesion. Let N and P be the 
components of W normal and par- 
allel to aO, Then if n is the factor 
of safety and n is the coefficient of 
static shding friction, we have 

n(P-//,jy^)-cra^ = 0. (12) 

Let A be the area daD. Then y^^Ais the weight in gravitation 
imits of a prism daD, where yi is the mass of a unit of volume of 

the earth. The area daO is ^—^ — » ^^^ tl^c weight in gravitation 




units of the prism daG is 



rdy^ cot if) 
2 



Hence the weight in gravi- 



tation imits of the prism DaG is 
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If we insert this value of TT in the expressions for P and N, 
equations (1), and then substitute in (12), we obtain, since 

aG = 



Bin if' 
or, dividing by Z sin ^, 

If aG makes an angle with the horizontal greater or less than 
if, we have, from (12), «(P — mN) less than cl . aG, or the left side of 
equation (13) less than zero. The value of if must then make equa- 
tion (13) a maximum. 

If then we differentiate (13) with reference to cot if and put the 
first derivative equal to zero, we obtain 

!^(l - M' oot^) - ny,M^{^^^ - a) - Zcycoti, = 0. (14) 

Eliminating cot if from (13) and (14), we obtain 

A = - ^, n/iir^y + 4o - 2 i^2c(nMiriy + 2c)(l + //!«) . (15) 

Equation (16) gives the area A between the curve of the slope 
and any ordinate da = y. It evidently holds good whether the area 
A is bounded by a curve or a broken line of any form. 
' Values of 0, , /i, and y^.—We give in the following Table the 
values at <piy Ml, xi for earth, sand and gravel. 



Kind of Earth. 


Anjie 


Ooefllclent 

of 
Frlctioo, 


Mass of 

one cubic foot 

in pounds, 

71. 


Oravel, round* .••• 


80' 
40 
85 
40 
80 
40 
45 
82 


0.58 
0.84 
0.70 
0.84 
0.58 
0.84 
1.00 
0.62 


100 


** sharp ....... 


110 


Band, dry 


100 


" moist 


110 


" wet 


125 


Earth, drv 


90 


*• moist 


95 


" wet 


115 







EXAMPLES. 

(1) A hank of loose earth without cohesion stands SO ft high ivith 
a slope of ^Q ft. Find the coefficient of friction and the angle of 
repose, 

Ans. The horizontal projection of the slope is 40 ft. Hence Hx = tan 0i = 

j^ = 0.75, and 0, is about 85^ 
40 
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(2) A bank of earth with vertical face is found to cave for a dia- 
tance ofZft below the surface. The same earth loose and tvitJiout 
cohesion takes a slope of 1.25 to 1 horizontal. Find the slope after 
rupture. Also if the mass of a cubic foot is 100 lbs., find me coeffi- 
cient of cohesion. 

Ana. From eqaation (6), page 257, since /S = 0, the angle of rapture is 

^ = 45** + ^. The tangent of the angle of repose is >Ui =r tan 0i = 0.75. 

Hence <pi is aboat 85"* and ^ is about 62"*. 

From equation (8), page 257, since Ao = 8 ft., ;^i = 100 lbs. per cubic foot, 
01 = 85% 

100X8(1 -sin 85°) 128 ^^ ,, , ^ 

(5) A bank of earth the same as in the preceding example has a 
height of SO feet and a batter of 46''. Firid the limiting height for 
the same slope and the factor of safety. 

Ans. From equation (9), page 257, since A« = 8 ft., ft = 45*, <pi = 85*, the 
limiting height is 

8(1 -sin 85*) cos 45* .*««#♦ 
^'= 1- sin 80- = about 60 ft, 

or the factor of safety is 2. 

(4) A bank of earth the same as in Example (2) is required to 
have a height of SO ft. and a factor of safety of 2. Find the batter 
of the face. 

Ans. fi = 45% 

(6) A bank of earth with vertical face caves for a distance of 5 
feet below the surface. The same earth loose and without coh^ion 
takes a slope of 1.25 to 1 horizontal. The mass of a cubic foot is 100 
lbs. Find the angle of rupture, the coefficient of cohesion. If the 
batter of the face is made 45" and the height 30 ft, find the factor of 
safety. 

Ans. The angle of repose is 0i = about 85*. The angle of rapture is ^ = 
about 62*. The coefficient of cohesion is c = 65 lbs. per square foot. PYom 
equation (10), page 258, 

5(1 - sin 85) cos 45 _ 
** ~ 80(1 - sin 80*) " ^' 

(6) Find the uniform batter-angle of the slope in the preceding 
example for a height of 30 ft. and a factor of safety of 31. 

Ans. From equation (11), page 258, we find fi = 45*. 

(7) Find the natural curve of the slope in Example (5) for a 
factor of safety of 3 and a height of 40 feet. 

Ans. Since /ii = 0.75, c = 65 lbs. per square foot, n = 8, ;^i = 100, equa- 
tion (15), page 259, becomes 



" 887:6 



\my + 260-2 4/208i(225|r+180)J. 



If we take y =r to 10, 20, 80, 40 ft., we have : 

For y = 10, A= 88 sq ft. ; 
y = 20, ^ = 167 " " 
y = 80, A = 41S " " 

y = 40, -4 = 777 " " 
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We have then, considering the area between the slope and any ordinate 
as made up of trapezoids, as shown in the 
figure: 

\.10.JM= 88. or Da'z= 6.6ft.; 



167- 



.—"t?? •*'«'= 413, or b'o' = 9.8 



Da' 6' 


C d' 


^. 










A 


20 








\ 




■ao 






V 


i 

1 


40 




\ 


_ 



413 + !2±f? . e'er = 777, or cftF = 10.4 " 

We see from equation (16), page 359, that 
for small values of y ^ is negative, or, theoret- '^ 

ically, the curve overhangs the slope. The equation should not be used for y 
less than Ao , and the upper part of the slope should be rounded off, as shown 
in the figure. 

(8) It is desired to cut a bank 30 feet high into three terraces as 
shown in the figure unth a factor of safety of 1.5. The height of 

each terra^ce is to be 10 feet ana there 

are to be two steps^ ab and cd, each 4 

feet wide. The mass per cubic foot is 

ri = 100 Ws,, and <f>i and ho as found 

y eaperiment are ipi = 81", Aq = 5 feet, 

nnathe batter for each terrace. 

Ans. We have /ii = tan 0t = 0.6, and 
from equation (8), page 257. c = 71, and 
equation (15), page 259. becomes 




A = ^(284 + 9Qy - 24^189(9Qy + 142)^ 
From this, when y = 10, .4 = 27 ; when 



y = 20, il = 159; and when y = 80, il = 421. 
We have then 

|. 10.2)a'= 27, or Da' = 5.4 ft. ; 
27+40 + ^^4-^-^^ = ^^^' ^' yc'=6.1*' 



159+40- 



) + 80 



. cftf' = 421, or (Td' = 8.9 " 



Hence we have for the batter-angles : 



For2>a, tan)5 = 



For he, tan fi = 



For dA, tan /5 = 



5.4 
10' 

10' 

8^ 
10' 



or /J = 28i-; 

or /y = 8ir; 

or >5 = 4ir. 



(9) Design a terrace of four planes, the upper one being 6 feet 
n height, the Uywest 10 ft., and the others 8 ft. The steps to be 5 feet 
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in width, and the earth such that h, = 3/*., ri = 100, and Mi = 0.66. 
Take the factor of safety at 2. 

Ans. c = 40, ^==^[l38y + 160-2i^n6p^+80)]. 



178 

Wheny= 6,-4= 10.9; 
y = 22, ii = 286.4; 



Da' b' c' d' e' /' Jf' 



y = 14, -4= 84.8; 
y = 82, .d = 669.2. 

. 6 . Da' = 10.9, or 2>a' = 8.68 ft. ; 




10.9 + 80 + 



Milf.v = 



. b'c' = 84.8, 
or 6V = 4.84ft.; 



818 + 70-t 



14 + S 



. cfd' = 236.4, 



236.4 + 110 + 



> + J 



or crd' = 46 ft.; 
?./y = 569.2, 



We have then for the batter-angles: 

™ ^ ^8.68 

For Z)a, tan)5 = -^, 

^ 4.84 
For Jc, tan p = — g-, 

4.6 
Forefo, tan /? = -«-, 



2 

or fff = 8.2 ft. 

or /J = 81'; 
or /y = 28i-; 
or )5 = 29i'; 



For/4, tan /5 = ?|, or /? = 89^'. 

(10) JFtmf the hatter-angle p for a railway embankment 30 ft. 
high, 12 ft top base. Letri=^^^'P^ cubic foot, (px=^ 34% h. = 
4 ft., and factor of safety 2. Let the locomotive weight be about 
6000 pounds per linear foot of track, 

Ans. If the top base is 12 feet, the weight of locomotive causes a pressure 
of 6000 lbs. on 12 square feet, or 600 lbs. per square foot. This is equivalent 
to a mass of earth 6 feet high. We take then Ai = 86 feet in equation (11), 
page 268, and have 



tan 



Ifl = 08i[o-829+ i^Or^So] = 0.416. 



Therefore ^ is about 22^', or /9 = 46*. 

The embankment with this batter contains 47 cubic yards per linear foot, 
while with the natural slope of 84* it would contain 62 cubic yards per linear 
foot. There will then be a saving in cost of construction if the expense of 
protecting the slope to preserve the cohesion is not greater than the saving in 
embankment. 

(11) A railway cut is made in material for which r i = 100 pounds 
per cubic foot, (pi = 34% ^o = 6 ft. The depth of cut is hi =40 ft. 
and the roadbed is 16 ft. Find the batter-angle for a factor of 
safety of B. 
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Ans. We have 6 = 47*. The cut with this batter contains 87 cubic yards 
per linear foot. Ii it had the natural slope, it would contain 111 cubic yards. 
There will then be a saving in cost if the expense of protecting the slope is 
less than the saving in excavation. 

(12) At Narthfieldy Vt, <m the line of the Central Vermont R. R. 
is a retaining wall 15 ft. high, top base 2 ft., bottom base 6 ft. The 
wall is composed of large olocJd of limestone toithout cement, the 
density of the masonry about 170 lbs. per cubic foot. The earth sur- 
face is horizontal and level with the tap of the wall; angle of repose 
38% and density of earth 90 Jbs. per cumc foot The front face of 



the wall has a batter of 1 inch horizontal for every foot ofheighi. 

This wall is over 30 years old and in as good condition cw when laid. 

Investigale its stability and check results of computation by graphic 

construction. 

Ans. We have A = Ai = 15 ft., a=0\d = 170 lbs. per cubic foot, ;^, = 90 

2 75 
lbs. per cubic foot, 0, = 38% ft, = 2 ft., ft, = 6 ft., tan /8 = ~ or /ff = 10' 23'. 

Take a section of the wall one foot in length, so that 2 = 1. Then from 
page 25^, Case 1, we have 



V-i-. 

y 0.967 



P=!«^i/i_?^ = 29681b8. 



We have also from equation (8), page 254, 

tan 6 = tan« 26° cot 10° 23% or e = 52° 26'. 

Then from equation (9). page 254, = 27° 11'. The angle of P with the 
horizontal is then (Q + ft) = 37° 84', and the horizontal and Yertical com- 
ponents of F are 

H=PcoB{B+0)= 2364 lbs.; 
F = P sin (a 4- /?) = 1814 lbs. 
The weight of a section one foot in length Is 
Tr= 11200 lbs. 

If we take the coefficient of static sliding friction ji=:QM (page 229), we 
have from equation (I), page 233, for the factor of safety for sliding 

^ 0.66(11200 + 1814) -. 
"" = 2364 =^-^» 

or, if we neglect F, n = 8.1. There is therefore ample security against sliding. 
If there are no through joints, there is in any case no possibility of sliding. 

From equation (5). page 233, we have «« = 3.3 ft., and from equation (II), 
page 288, « = 2.1 ft. The resultant of P and W. therefore, cuts the base 
within the middle third and just within the middle third. The propartiona 
are then nearly eeonomie. Thus from equation (III), page 234, we have &« = 
5.86 ft., while the bottom base as built is 6 ft. 

From equation (7), page 284, we have for the greatest unit compression two 
tons per square foot, which, as we see from page 229, is abundantly safe. 

(13) In the preceding eocample, Ut the back be vertical. Find the 
bottom base. Check the computation by graphic construction. 

Ans. In this case, /3 = 0. From page 254. Case 2, we find the earth press- 
ure horizontal or 9 = 0, /9 = 0, and if we take a section of wall one foot in 
length, so that 1 = 1, 



(«--f)- 
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From eqaation (III), pa^ 284, we have for the bottom baae wh^n e =■ ^itt 

or for economic proportions, 

bt = 4.8 ft. 

From (I), pa^ 288, we have the factor of safety for sliding, » = 2.4. 
From eqaation (6) we have for the greatest unit compression 1.8 tons per 
square foot, which is much less than the allowable safe stress (page < 



(14) Find the bottom base of a trapezoidal wall of granite ashlar 
with vertical back, 20 feet hiah, to retain an embanhnent, the earth 
surface being horizontal ana level toith the top of the wall ; <pi = 
33 40', yx = 100 Iba. per cubic foot. Check the computation by 
graphic construction, 

Ans. In this case, ft = 0. From page 254, Case 2, we find the earth press- 
ure horizontal, and taking a section of wall one foot in length, or < = 1, 

■p^ l00X20« ^,gQo 15, ^ 6774 lbs. 

From equation (III), page 284, we have for the bottom base for eoonomio 
proportions, or for e = ^ft«, 



^--|^^+\/^4-^ 






If we take the top base 61 = 2 ft. and (9 = 165 lbs. per cubic foot (page 229), 
we have bt = 7.66 ft. 

From equation (6), page 284, the greatest unit compression is about 2 tons 
per square foot, which is much less than the allowable safe stress (page 234). 

(15) Same as Example (14), with back batter ft = 8"". Check the 
computation by graphic construction, 

Ans. P= 6420 lbs., G = 18° y, Jff = 5758 lbs.. F= 2825 lbs., ft, = 7.9 ft. 
Greatest unit compression 2.4 tons per square foot, which is much less than the 
allowable safe stress (page f 



(16) A rubble wall of limestone, 16 ft. high, retains an earth-fiU- 
ing which supports a double-track railumy. The top base is &i = 3.5 
ft. Find the bottom base when yx = 100, 0i = 88' 40', /5 = 8% 5 = 170 
lbs, per cubic foot. 

Ans. If we take the train load at 6000 lbs. per linear foot, and top base of 
the fill 15 ft., the pressure per square foot on the top is 400 lbs., which is 
equivalent to a colunm of earth 4 ft. high. We have then A = 15 ft. , Ai = 
15 + 4 = 19 ft., and 

P = 5795 lbs., 9 = 18°, 5"= 5200 lbs.. F= 2540 lbs.. 

fta = 7 ft. Greatest unit compression 2.8 tons per square foot, which is much 
less than the allowable safe stress (page 229). 

(17) Find the bottom base for a retaining uhUI 20 ft high, back 
batter yS = 8**, 5 == 170 lbs. per cubic foot. Earth surface inclined to 
horizontal at angle of repose bx = 33° 40', hx --^20ft, yx = 100 lbs. 
per cubic foot. 

Ans. In this case we have, from page 255, Case 4, e = 21* 22', 6 = 82* 28', 
P= 21740 lbs., ff= 16522 lbs., F= 18230 lbs. 

If we take the top base ft] = 2 ft., we have, from equation (III), page 234, 
ft, = 9.6 ft. The greatest unit stress of compression is 1.7 tons per square 
foot. 
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(18) The San Mateo dam, California, is huilt of concrete weighing 
about 150 pounds per cubic foot The height ish = 170 ft, top base 
6i = 20 ft. J bottom base b% = 176 ft. , back batter 1 to 4 or tan ft = 0.25. 
Investigate the stability for depth of water hx = 165 ft. 

Ans. We have for a section one foot in length 

F= 312700 lbs., 5^=850780 lbs., F= 2499000 lbs. 

There are no through joints in this dam, and therefore no investigation for 
sliding is needed. If, however, we take the coefficient of static sliding friction 
/< = 0.66 (page 229), we have from equation (I), page 286, n = 2. 

If the dam is empty, we have from equation (5), page 287, 9% = 76 ft. The 
weight then cuts the base near the middle and well wimin the middle third. 

From equation (II), page 287, we have, even when we take ice-thrust into 
account, = 86 ft. The resultant of the weight, pressure and ice-thrust then 
cuts the base within the middle third. 

Hence from equation (7), page 288, we have for dam emptj the greatest 
unit stress of compression 11 tons per square foot, and for dam full and ice- 
thrust 8 tons per square foot. 

The dam as built is then stable and safe even for a cold climate, and even 
for through joints. 

(19) Desian a dam of sandstone ashlar, 60 ft. high, top base 9 ft., 
depth offvater hi feet. 

Ans. We have h = 60 ft., hi = 57 ft., ft, = 9 ft., ;^ = 62.6 lbs. per cubic 
foot, and, from page 289, 8 = 160 lbs. per cubic foot, (7= 20 tons per square 
foot, ^ = 0.6. 

From page 229 we take the back vertical for economic section. Hence 
/J = 0. 

From equation (III), page 287, we have for economic proportions for the 
bottom base b% = 82.7 ft. and hence A = 1250 square feet. 

Then from equation (6), page 287, the greatest compressive stress for reser- 
voir full is p = 5.7 tons per square foot. For reservoir empty 8% is always 

greater than -&« when back is vertical (page 288), and the unit stress is still 

less. 

We have then for a foot of length of the dam, W = 187500 lbs. , H = 101580 
lbs., and from equation (I), page 236, if there is no ice«thrust, we have for the 
factor of safety for sliding n = 1.1. This is small, but if there are no through 
joints the dam cannot slidfe. 

But now, if we suppose the ice- thrust of T'zr 40000 lbs. per foot to act, we 
must test and see if the dam with bottom base fta = 82.7 ft. is still safe. 

From (6), page 237, we have «« = 11.6 ft., and from (II), page 287, using 
this value of 89 , we obtain « = — 1.85 ft. The minus sign shows that the 
resultant passes outside of the base. The dam would therefore rotate under 
the ice-thrust. We must find 63 therefore from (IIF), page 288. This gives 
us ft, = 36 ft. and ^ = 1350 sq. ft.. W = 202600 lbs. 

We have now for the factor of safety for sliding n = 0.9. This is less than 
unity, and hence when the ice-thrust acts, the wall must depend for its safety 
entirely upon the fact that there are no through joints. It would be better, 
then, to g^ve the dam a back batter of, say, tan p = 0.26. 

If we do this, we have from (III), page 237, ft, = 48.6 ft. and ^ = 1578 
sq. ft. From (5) and (II), page 237, we then obtain «, = 21 ft. and e = S ft. 
Then from (8), page 288, we nave p = 10.9 tons per square foot, so that so far 
as rotation and compression are concerned the dam is safe even with ice- 
thrust acting. 

We have now from (I), page 236. for the factor of safety for sliding, when 
fhe ice-thrust acts, n = 1.1. We should then have no through joints in the 
dam. 

(20) The height of the proposed Quaker Dam, New York, is 170 
feet, top thickness 20 feet, specific mass of the masonry 2.5, depth of 
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loater 163 feet. Find the economic section for allowable compression 
of 10 tons per square foot. 

Ana. We have 6, = 20 ft., A, = 168 ft., h = 170 ft., - = 2.5, y = 62.5 

lbs. per cubic foot, d = 156.25 lbs. per cubic foot, ar= 40000 lbs. per foot, 
= 20000 lbs. per square foot, it/ = 0.6. 

let. loe-thruit Heglteted.— Let us first neglect the ice-thrust. 

From equation (I), page 240, we have for the height A« of the first rectan- 
gular sub-section if the water is level with the top, As = 82 ft. As the water 
is not level with the top, h must be greater than this. In equation (I), page 
240, 6*1*^9 = r{^a — a)*, if we put a = 7 ft., h% = Ai — 7, and insert the values 
of d, bi and y, we have 

625000 ht + 4875000 = 62.5Ai«. 

Solving this equation, we have for 6 = ^ &i = 6.66 ft, Ai = 84.7 ft. Hence 

o 

A, = 41.7 ft. and ^, = 884 sq. ft. When the dam is empty «=;*- = lOfL 

We have then from (7), paj?e 288, when the dam is empty, the unit compression 
^ = 8.26 tons per square nx)t on back edge, and from (6), page 287, wiien the 
dam is full, p = 6.52 tons per square foot on front edge. 

Below Ai =84.7 ft. we have the bade vertical and the face battered and 
the second sub-section begins. 

Let us take for the height of the next trial section A« = 15.8 ft. Then 
A, = 84.7 -f 15.8 = 50 ft., ^i = 884 sq. ft., 6, = 20 ft., «, = 10 ft., /» = 0, 

— = 2.5. From (III), page 248, when e = ^h%, we have 6, = 26.2 ft., and 

hence e = 8.7 ft. The area of this trial section is then At = 858 sq. ft. We 
have now from (2) and (II), page 242, b% = 11.6 ft. and « = 10.5 ft. Then from 
(7) and (6), page 288, the unit compression p = 5.66 tons per square foot on 
back edffe for dam empty and p = 7.08 tons per square foot on front edge for 
dam full. 

Take for the height of the next trial section A« = 20 f t. Then Ai = 70 ft.» 

Ax = 11.87 sq. ft., di = 26.2 ft., $, = 10.5 ft.. /? = 0. - = 2.5. 

Just as before, from *(1II), page 248, when e = =-4i, we now have &« = 37.4 

ft., and hence 0= 12.5 ft., and ^4, = 686 sq. ft. Then from (2) and (II), 
page 242, 9 = 12.4 ft. Then from (6), page 238, the unit compression is p = 
7.62 tons per square foot on back edffe for dam empty and p = 7.62 tons per 
square foot on front edge for dam full. Since for Ai = 70 we have 9 = 12.4 = 

^s, this is the limit of the second sub-section. 
o 

Below A] = 70 ft. we must batter both front and back. If then we take 

At = 20 ft. for the next trial section, we have Ai = 90 ft., Ai = 18.28 sq. 

ft. bi = 87.4 ft., «, = 12.4 ft., ~ = 2.5. 

From (IV), page 244, we have then, when e = ^b^ =8,bt = 58.4 Hence 

o 
s = e = 17.8 and ^, = 908 sq. ft., and from (V), page 244, we obtain tan 
fi = 0.114. Then from (4), page 244, the compression on front edge for dam 
full or on back edge for dam emptv is p = 7.99 tons per square foot. 

Take A. =20 ft. for the next trial section. Then Ai = 110 ft., ^1 = 2731 

sq. ft., bi = 58.4 ft., «i = 17.8 ft., — = 2.5, and we have from (IV), page 344 

(a), bt = 67.5 ft , hence At = 1218 sq. ft., e = 9 = 22.5 ft., and from (V), page 
244, tan ft = 0.05. From (4), page 248 (a), the compression on front and back 
edge for dam full and empty is p = 9.14 tons per square foot. 
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Take A, = 30 ft. for the next trial section. Then hi = 180 ft., Ai = 8949 

sq. ft., d, = 67.6 ft., ti = 22.5 ft.. - = 2.5. We find then for this section &, = 

81.6 ft., At = 1490 sq. ft., d = « = 27.2 ft., tan /? = 0.086, p = 10.4 tons per 
square foot. 

Below hi = 180 ft., then, the fourth sub-section begins and we must use 
equation (VI), page 245. 

Take A, = 20 ft. for the next trial section. Then hi = 150 ft., Ai = 5489 
sq. ft., 6i = 81.6 ft., «, = 27.2 ft., y = 62.6 lbs. per cubic foot, 6 = 156.25 lbs. 
per cubic foot. Then, from (VI), page 245, 6a = 106.7 ft. and hence A^ = 
1888 sq. ft., and from (6), page 244 (a), 6 = « = 88 ft. From (V) we have 
tan /8= 0.18. 

For the remaining depth Ai = 18 ft., hi = 168 ft., Ai = 7322 sq. ft., 6, = 
106.7 ft., «, = 38 ft., and we find 6, = 123.6 ft., A^ = 1497 sq. ft., e = « = 45.4 
ft., tan /? = 0.00. 

We have then the following Table : 



h 


hi 


b 


A 


ton^ 


e 


• 


p 
back 


P 
front 


41.7 


84.7 


20 


884 





6.6 


10.0 


8.26 


6.52 


57 


50 


26.2 


1187 





8.7 


10.5 


5.66 


7.08 


77 


70 


87.4 


1828 





12.5 


12.4 


7.62 


7.62 


97 


90 


58.4 


2781 


0.114 


17.8 


17.8 


7.99 


7.99 


117 


110 


67.5 


8949 


0.05 


22.5 


22.5 


9.14 


9.14 


187 


180 


81.6 


5489 


0.036 


27.2 


27.2 


10.4 


10.4 


157 


150 


106.7 


7322 


0.18 


88.0 


88.0 


10.0 


10.0 


170 


168 


128.6 


8819 


0.00 


45.4 


45.4 


10.0 


10.0 



In this Table the first column contains the height h of the dam in feet 
above the base of each sub-trapezoid, the second the depth of water hi in 
feet above the base of each sub-trapezoid, the third the base b in feet of each 
sub-trapezoid, the fourth the total area A in square feet above that base, the 
fifth the tangent of the back batter- angle tan ft, the sixth and seventh the dis- 
tances e and 9 in feet from front and back ede;es to where the resultant cuts 
the base of each sub-trapezoid for dam full and empty, the eighth and ninth the 
unit stress p of compression at those edges in tons per square foot. 

Comparing with Ex. (18). we see that the San Mateo dam, 170 ft. hic^h, has 
about 88 per cent more material than this economic section of the same height. 

2d. Ice- thrust taken into Aooount. — Let us now consider the same dam, 
taking the ice-thrust into account. 

From equation (I), page 241, putting A, = Ai +7 and a = 7, we have, after 
substituting y = 62.5, 8 = 156.25, 6. = 20, C= 20000, T = 40000, 

Hence A9 = 18 ft. and Ai = 860 sq. ft., e = 1.9 ft., p = 10 tons per square 
foot. 

Below hi = 11 ft. we have the back vertical and face battered, and the 
second sub-section begins. 

Let as take f<»r the height of the next trial section As = 28.7 ft. Then 
A, = 84.7 ft., Ai = 860 sq. ft., 6, = 20 ft., «i = 10 ft., /J = 0, r = 62.5, d = 
156.25, = 20000, T = 4i5000. From (III) we have 6, = 28.76 ft. ; hence A9 = 
577.8 sq. ft., and from (8), page 242, = 4.8 ft. From (2) and (II), page 242, 
we then have « = 11.4 ft. 

Take A« = 15.8 ft. for the heifi[ht of the next trial section. Then Ai = 50 
ft., .4i = 988 sq. ft., 6, = 28.76 ft., «i = 11.4 ft., /ff = 0, and we can find ft«. 
At and «« for this section. 

We can then take A« = 20 ft., and so on, until we arrive at a section for 

which 9 = ^bt, 
o 
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8.16 



Below this section we must batter face and back, still using (UI'), page 243, 
for &a and finding tan fi from (V), page 244. 
The student should complete the example. 

(21) The Bear Valley dam in the San Bernardino Mountains, 
California^ i8 an arch dam about 460 ft. long^ constructed of granite 
ashlar, height h=e4ft,, radius r = SO0 ft, top base bi =3.17 J^., 
bottom base &i = 20 ft., depth of water hi = 60 ft., face vertical. 

Other dimensions as shown in the 
figure. Examine its stability. 

Ans. We have from the given dimen- 
sions and from equation (2), page 246 (d), 
neglecting the ice-thrust T, 
for distance from top 
= 12 24 36 48 64 ft. 
Ai = 8 20 82 44 60 '• 
<= 4.48 5.79 7.1 8.42 20 •' 
(7=16.74 82.88 42.25 48.05 28.13 
tons per square foot. 

From page 229, the allowable unit com- 
pression ought not to exceed 30 tons per 
square foot. The dam as built has then a 
higher unit stress than good practice would 
consider allowable. 

(22) Design an arch dam of the sams height and radius as the 
Bear Valley dam, Ex, (21), and same depth of taater^far an aUow- 
able compressive stress of 25 tons per square foot 

Ans. We have A = 64 ft., A, = 60 ft., r = 800 ft., C = 50000 lbs. per 
square foot, 7^ = 62.5 lbs. per cubic foot. 

In default of local or practical considerations to guide us in choice of the 
top base bi, let us suppose an ice- thrust of T = 40000 lbs. per foot 

Then from (3), page 246, we have for the top base 




di = 



800 X 40000 
60000X 64 



= 8.75 ft. 



.X. }*\: Without loe-thniBt.— Let us take then ft, = 8.75 ft., and suppose first 
that there is no ice-thrust. ^ 

Then from (4), page 246, neglecting T, we have for the distance A, below 
the water level for which the cross-section may 
be made rectangular, 



A, = 



50000 X 8.75 
62.5 X 800 



10 ft. 



The dam then is rectangular for 14 ft. be- 
low the top. Below this point we must in- 
crease the thickness as the depth of water 
increases. We have then from (2), page 246, 
neglecting T, 



ft. 



If we make the face vertical and batter the 
back, we have then a cross-section as shown 



for distance from top 




= 14 24 86 


48 64 


A, = 10 20 82 


44 60 


t= 8.75 7.5 12 


16.5 22.5 
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in the figure 8.75 ft. thick for the first 14 feet, and then with a back batter of 



18.76 



50 



, or tan )5 = 0.876. 



8d. With loe-thmtt. — If we consider the ice-throst T as acting, then we 
have ^1 at least 8.75 ft. as already found. 

From (4), page 246, taking T— 40000, we have for the distance li^ below 
the water level for which the cross-section may 
be made rectangular 

40000 



*• = 



50000 X 8.75 

62.5 X 800 62.5 X 64 



= 0. 



The dam then is rectangolar for 4 feet below 
the top. Below this point we must Increase 
the thickness as the depth of water increases. 
We have then from (2), page 246 (d), for 

dist. from top 

= 4 24 86 48 64 ft. 



A, =0 20 

% = 8.76 11.25 



16.75 



44 
20.25 



60 
26.25 




If we make the face vertical and batter the back, we have then a crossHsec- 
tion as shown in the figure 8.75 ft. thick for the first 4 feet, and then with a 

back batter of ^, or tan y» = 0.875. 
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Moment of Inertia of an Area. — The term "moment of inertia 
of an area" is used to designate a quantity which occurs so fre- 
quently in the application of statics to the strength and elasticity 
of materials that a special name and symbol for it is essential. 
Before taking up such application, then, it is necessary to define 
what is meant by the term and to show how the quantity it stands 
for may be computed. The use made of it will appear later. 

Defijiition of Moment of Inertia of an Area. — Any indefinitely 
small area we call an elementary area. Thus the rectangular areas 
abed are elementary areas if in the one case the height and breadth 
ab and cb are indefinitely small, and if in the other case, whatever 
the breadth be, the height ab is indefinitely small. An elementary 
area, then, has one or ooth of its dimensions indefiiiitely small. 

Take O as origin and draw the co-ordinate axes OA and OF in 
the plane of the areas, parallel to the base and height. Then in the 

first case, since both dimen- 
sions are indefinitely small, 
they can be neglected with 
reference to any finite dis- 
tance. The perpendicular 
X from ab on OV is then 
the distance of the area abed 
from the axis of Y, or the 
same as the distance of the 
centre of mass C of the area 
from the axis of F, and the 
perpendicular y from ad on 
OX is the same as the dis- 
tance of the centre of mass 
C of the area from the axis 
of X 
In the second case the height ab can be neglected with reference 
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to any finite distance, and the i)erpendicular y from ad on OX is 
the same as the distance of the centre of mass C of the area from 
the axis of X. The perpendicular x from C on X>Fis the distance 
from the axis of F. 




axi8. 

Thus if a is the elementary area^ ctx^ is its moment of inertia 
with reference to OF in its plane, and ay^ is its moment of inertia 
with reference to OX in its plane. 

In the same way if r is the distance OC of the elementary area 
from the axis of Z, ar* is its moment of inertia with reference to 
the axis OZ perpendicular to the plane of the area. This is called 
the polar moment of inertia of the area with reference to OZ. But 
evidently ar^ = ax^ + ay*. Hence, the polar moment of inertia is 
eqiial to the sum of the moments of inertia with reference to any two 
co-ordinate axes %n the plane of the area. 

Now any area may be considered as made up of an indefinitely 
great number of elementary areas. The moment of inertia of an 
area with reference to any axis is then the sum of the moments of 
inertia of all its elementary areas. 

Thus the moment of inertia of any area with reference to the 
axes of X and Fin the plane of the area is given by 

2ay^ and Sa^, 

and the polar moment of inertia, or the moment of inertia with 
reference to the axis of Z at right angles to the plane of the area, is 
given by 

2ar^ = Saix" + y^) = Saoc" + 2ay\ 

or the simi of the moments of inertia with reference to the two 
co-ordinate axes in the plane of the area. 

If the axis is taken through the centre of miass C of the area, we 
denote the corresponding moment of in- 
ertia by J. If it is not taken through the 
centre of mass, we call it an eccentric axis, 
and we denote the corresponding moment 
of inertia by J'. 

Let OX be an axis which passes through 
the centre of mass O of a given area in its 
plane, and O^X' a parallel eccentric axis, 
at a distance d from the first axis, also in 
the plane of the area. 
Then the moment of inertia of the area with reference to OX is 

I=2ay\ 

and the moment of inertia of the area with reference to O'X' is 

I' = 2a(y + d)' = 2ay^ + 2d2ay + d'Sa. 

But since OX passes through the centre of mass of the area, 
2my = (page 17), where m is the mass of an elementary area. 
But m — Sa, where a is the area and d the surface density. Hence 
28ay = 82ay = 0, or 2ay = 0. Therefore, since 2a = A = the 
entire area, we have 

r = 2ay* + Ad^ = I + Ad\ 
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That is, the moment of inertia of an area with reference to an eccen- 
tric aana is equal to the moment of inertia with reference to a par- 
allel axis throuah the centre of mass plus the area into the square 
of the distance between the two axes, 

Radias of Oyration of an Area. — The square root of the Quotient 
obtained by dividing the moment of inertia of an area witii refer- 
ence to any axis by the area is called the radius of gsrration of the 
area with reference to that axis. We denote the radius of gyration 
by K, Then by definition 



= y -r ajid K = y - 



I 



where k' and T indicate an eccentric axis, and k and I an axis 
through the centre of mass. 
We have then 

A/^ = J, or AK'^^r. 

That is, the radius of gyration of an area is that distance at which^ 
if we suppose the entire area to be concentrated into a pointy the 
moment of inertia is the same as for the given area. 

Determination of Moment of inertia of an Area. — To determine 
the moment of inertia of an area with reference to any axis, we have 
simply to perform the summation indicated by Saa^, or 2ay", or 2ar\ 

(1) Moment of Inertia of the Area of a £ectan£:le.— Let ABDE be 

a rectangle of base AB = I and height BD = h. Take the axis CJT 

E o through the centre of mass C in the 

\d'"\ plane of the rectangle and parallel to 

j;^ the base h. Let abde be an elementary 

"j — ^ area or strip parallel to the base at a 

; distance y from the axis. Then the 

-* height of this strip is dy and its area is 

a = hdy and its moment of inertia is 

ay^ = In^dy, The moment of inertia of the rectangle with reference to 

the axis CXis then, since the area of the rectangle is il = 6^, 



e 



"3y \y 



Ix= I hy'dy = ^ = il . — . 



: Ydy=:^ = 

The radius of gyration is K*a?= 4/ — = — -=. 

^ A 3V^ 

If we take the axis in the plane of the rectangle through the centre of 
mass Cand parallel to the height A, we have in the same way 

*^ 2 

For the polar axis through the centre of mass C at right' angles to the 
plane we have 

where d = V'A' + 6" is the diagonal of the rectangle. 
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(2) Moment of Inertia of the Area of a Trian£:le.— Let ABD be a 
triangle of base AB = 6 and height A. Take the axis J^'T through the 
apex parallel to the base and in the 
plane of the area. 

Take an elementary strip at a dis- 
tance y from JTJT parallel to the base. 
We haye for the length x of this strip 



x\y lib ihy or 



h 



The area of the strip is then a = xdy = 




and the moment of 



inertia of the triangle with reference to XX' is then, since the area of 
the triangle is A = ^, 

l^-J^-j,»av = -j=A.j, and Kj=y-^—. 

We have then for the moment of inertia with reference to the axis 
XX through the centre of mass C7, parallel to the base and in the plane of 
the area, 

ii = /,'_A(?A)' = ^^, and .. = ^^ = ^. 

Affain, we have for the moment of inertia with reference to the axis 
coinciding with the base AB^ 



/&'=/+ A 



(hh<' 



and Ki, : 



y?= 



A 
V9' 



Take the axis A F through the vertex A in the plane of the triangular 
area ABD. Drop the perpendiculars di and 
dt from D and B upon A Y, Produce the side 
DB to intersection E with AT, and let the dis- 
tauce AE = L 

Let Ai be the area of the triangle AED so 

that At = — '. The moment of inertia of this 

2 
triangle with reference to the axis AFconciding 
with the base AE is, as we have just seen, 

Let At be the area of the triangle AEB, so 

that At = ^. The moment of inertia of this 

triangle with reference to the axis AFcoiucid- 

ing with the base AE is /«' = aM = ^*. 

Hence the moment of inertia of the triangle ABD with reference to the 
axis AFis 




V = Ix' - /.' = :^{dx^ - <«.») = ^(^1 - ^9) • ^W + did^ + (^t*). 
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But —(di — ^) is the area A of the triangle ABD. Hence we have 

O 

If the aziB ^Z is at right angles to the side AB = 5, and ais the angle 




DAB at A, then we have di = 
bh 



■'=t{'' 



tan a 



, d^ = 5, and 






b /B 



tan a tan" 
The distance from A to the centre of mass C is 



U_h b\_ l_l h \ 

■*"3\tana 2)'~S\ "*" tan aj' 



/ 



The moment of inertia with reference to an 
axis in the plane through the centre of mass O 
parallel to ^ F is then 



For the polar axis through the centre of mass C at right angles to the 
plane we have then 

(3) Moment of Inertia of the Area of a Parallelogram. — We can 
divide the parallelogram ABDE into two triangles by the diagonal EB, 

The moment of inertia of the 

triangle ABE with reference to the ^ ^ ^ 

axis ED is, as we have already 

bh* 
found, lb' = -T-. The moment of x- 

4 
inertia of the triangle EDB with 
reference to the axis ED is, as al- 

bh* A 

ready found, lb' = ^nr- The moment 

12 

of inertia of the parallelogram with reference to the axis ED or AB is 

then 



\ 



^ 



j5' — = ^ . and ic6 = V "x = —1=-- 
8 ^ A .^^ 



8 



The moment of inertia of the parallelogram with reference to the axis 
XT in the plane through the centre of mass C parallel to the base AB Is 
then _ 

or the same as for a rectangle. 

In the same way if a is the acute angle at A, we have for the moment 
of inertia with reference to the axis AE or BDy 

rj jt 6' sin' a , , ./r 6sincr 

It^A.-^-, and ^^ = |/_ = _^, 
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and with reference to the axis parallel to AH in the plane through the 
centre of mass C7, 



r . 6' sin* a , 

Ii=A — — , and 



'.=4/1= 



6 sing 
24/8* 



We have also for the polar axis through the centre of mass C at right 
angles to the plane 



■=?.(--'--i^> 



(4) Moment of Inertia of the Area of a Hexagon. — ^We can divide 

u a/o" 

the hexagon into six equilateral triangles of side b and area Ai = — j- — 

4 

Take an axis YY in the plane 
of the area through the centre of 
mass perpendicular to the sides. 

For the triangle ABD we have 

from page 278, since di = — -- , 

2 

ds = + -, the moment of inertia 
2 

^j-. For the triangle ABE we 
have, since di = ^, c?«= 6, the mo- 
ment of the inertia is -jr^. For the total moment of inertia with ref- 

24 

erence to IT we have then 




^ _ 7^,y , Alb* _ 15iiiy 
^*'"~6"'^"12~ 12"' 



or, since A = 6^1 , 



^y = -24~' ^^ 



^ A 2|/6 



If we take the axis XT through the centre of mass, we have, from 

A b* 
page 273, for the moment of inertia of the triangle ABE, -^^ and for 

o 
o A J\t 

the moment of inertia of the triangle ABD, — -^. The total moment of 

o 

inertia with reference to XT is then 



-. Atb^ SAih" 6AJ^ 



or, since ^ = 6iii, 



Ix = -^, and Kx 






For the polar axis through the centre of mass, perpendicular to the 
plane, 

7 6il6^ A a/7 61/6" 

i=-^r-, and Kg-y—=- ^ 



12 



2|/8 
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(to MiOBidiit of JntrUa of the Area of an Octagon.— We can diyide 
the octagon into eight isosceles trian^lea. 

We find the moment^ of inertia with 
reference to an axis YY in the plane of the 
area, through the centre of mass perpendic- 
ular to the sides, 




and 



4=^(4/2^4), 



Ky 



=/l- 



1/5.414 
2i/6 



For the polar axis through the centre of mass, perpendicular to the 
plane, we have then 



I,= §-iV2 + 4.), 



and K, 






For the axis ^^in the plane of the area, through the centre of mass, 
coinciding with the sides, we obtain 



/.= 4^(^/3 + 4), 



and Kx 



=/j., 



2^i 



(6) Moment of Inertia of the Area of a Cirde.— -The area of any 



circular strip of radius x and thickness dx 
is 27exdx, Its moment of inertia with 
reference to the polar axis through the 
centre of mass is then 2na!^dx, The polar 
moment of inertia is then, since ler^ = A 
= the area. 



and 



Kz 



"Va V2 




The moment of inertia with reference to any axis in the plane through 
the centre of mass, as XX or FF, is evidently the same, and, since 
/« + /y = 2/= /« , we have for any axis in the plane through the centre 
of mass 



/ = — - = il . -, and 
4 4 



Vf=5- 



(7) Moment of Inertia of the Area of a Circolar Bin^:. — Let Vi = the 

internal radius and u the external radius, so that the area is jr(r«* — ri*) 
= A. Then in the preceding case we have simply to integrate between r. 
and Ti , and we have for the polar axis through the centre of mass 



■'£:■ 



2na^dx = 



_ it(r^* ~ ri*) _ ir(r,' - ri*)(r,* -f- ri*) __ . r,' + r»' 



fry 2 2 » 

and for any axis through the centre of mass in the plane of the area 



I=zA 



r,« + r,« 
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(8) Moment of Inertia of the Area of an SUipse.- 

aemi - major and b the semi - minor 
axes, and take the origin at the 
centre of mass. Then 



-Let a = the 



and the area A = Tcab, The area of a 
strip, as PQ, is 2ydx, and its moment 
of inertia with reference to the axis 
YY in the plane through the centre 
of mass is 2yx*dx. 

Hence the moment of inertia of 
the area with reference to YY is 




/y = — / aj» i/a* — a^.dx = -r — = -4.-7-, or #f» = i/ -r = s- 

In the same way we have for the moment of inertia with reference to 
the axis XT in the plane through the centre of mass 






or Kx 



y A 9 



The moment of inertia with reference to the polar axis through the 
centre of mass at right angles to the plane is then 



Iz^A. 



a'-hJ' 



or K^« = 



i/oTTy 



Rnle for Moment of Inertia of the Area of a Rectangle, Paral- 
lelogram, Circle or Ellipse with Reference to an Axis of Symmetry 
through the Centre of Mass.-— The preceding is sufficient to illustrate 
how the moment of inertia of any area may be found. The use 
made of the moment of inertia will appear later. The various roll- 
ing mills furnish their customers with extensive Tables giving the 
moment of inertia of the cross-section of the different sizes and 
shapes of iron and steel beams rolled by them.* It is therefore un- 
necessary to multiply illustrations here. 

We give here a simple rule which will enable the student to find 
at once the moment of inertia with reference to an axis of symmetry 
through the centre of mass, for the area of the rectangle, parallelo- 
gram, circle or ellipse. This rule is as follows : 

Axis of symmetry in) square of the other perpendic- 

plane of area through >7 = area x ular semi -axis . 

centre of mass: ) 3 or 4 ^ 



Polar axis through cen- r 
treofmass: \ 



area x 



of squares of two perpen- 
Lar semi-axesof symmetry 



dicularsemi 



3 or 4 



The denominator 3 or 4 is taken according as the area is a paral- 
lelogram or an ellipse. The rectangle and circle are special cases 
of parallelogram and ellipse. 



* A most extensive collection is the 
Phippn d Co,, Pittsburgh, Pa. 



' Pockst Companion "• of Carnegie, 
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(I) Parallelogram and Bectangle.—Thus for the parallelogram 
ABDE of base 6 and height h, we nave 
for the axis of symmetry XX through 
E / p the centre of mass C 






and 



^« 



-/f=- 



^ 24/S 
For the axis of symmetry TYwe have 
6*8in'a , a/~I hBiaa 



and ify — y — = 

" ^ ^ 24/3 



y A/ftsinaN' v, 

^•' = t(-2— j =^ 12 

For the rectangle we have 

^ ^ 2V3 
''' = TIfJ =^12' 

^^ 2V8' 
and for the polar axis through C, 

, A/ft' y\_ . y + y _ .d* ^ _4/^_ d 

where d is the diagonal of the rectangle. These are the same 



and 



and 



1; D 

X 2 y, 

h 

A B 

y 




results as already obtained pages 272 and 274. 

(2) Ellipse ana Circle.— For the ellipse let a = the semi-major and 
& the semi-minor axis. 

Then for the axis of grmmetry XX 
through the centre of mass C; we have 

Ix = A-, and K-^c = 4/ — = - . 
4 ^ A 2 

For the axis of synmietry IHTwe have 

Iy = Aj, and Ky=y^ = ^, 
For the polar axis through C 



j, = jL.?[l±A*, and k. 



=/?= 



Va* + 6« 



4 ' ' ^ A 

For the circle a-h = r = radius, and we have 



X» = Jy = A— , and Iz^A-^. 

4 3? 
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These are the same results as already obtained pages £77 and 
277. 

Stress and Strain. — When a force is distributed over some defi- 
nite portion of the surface of a body, we call it external stress, or 
stress on a body. A force between two particles or portions of a 
body is called internal stress, or stress in a body. External stress 
causes change of shape or volume of a body. Internal stress 
opposes such change of shape or volume. 

We distinguish three kinds of simple stress : 

Tensile stress, tending to pull the particles of a body apart in 
parallel straight lines, or resisting such separation. 

Compressive stress, tending to push the particles of a body 
together in parallel straight lines, or resisting such approach. 

Shearing stress, tending to cut a body across or to make the par- 
ticles move past one another in parallel lines at right angles to the 
line joining the particles, or resisting such action; as m cutting 
with a pair of shears or in punching a plate. 

We measure stress, then, whether external or internal, in 
pounds per square inch or per square foot. 

The change of distance between two particles of a body in a 
direction opposite to coexisting internal stress between those par- 
ticles is called strain. We distingmsh strain according to the 
character of the internal stress to which it is opposite in direction, 
as tensile, compressive or shearing stress. We measure strain, 
then, in feet or inches. 

It will be observed that when there is no CQ^xistin^ internal 
stress, or if the internal stress is not opposite in direction to the 
change of distance, there is no strain. Internal stress and strain 
must coexist and be opposite in direction. 

Thus when a spring is compressed the external and internal 
stresses balance, and the strain is the distance through which the 
end of the spring has been moved, counting from the unstrained 
position or the neutral point, where there is no external or internal 
stress. Now let the external stress be removed or the spring re- 
leased. Then during the first portion of the expansion the internal 
stress acts in the same direction as the expansion, and this expan- 
sion cannot then be considered as a strain. The spring is not 
strained by such expansion; on the contrary the original strain is 
diminished. 

But after the end of the spring passes the neutral point, if the 
Sjprin^ still continues to expand, the internal stress is opposite in 
direction to the exi>ansion, and any expansion beyond this point is 
a strain. . The spring is strained by such expansion. In this case, 
then, we have strain without any external stress. 

Experimental Laws. — Experiments made upon materials have 
established the following laws : 

1. When a small stress, either tensile or compressive or shearing, 
is applied to a body, a small corresponding tensile, compressive or 
shearing strain is produced, and on the removal of the stress the 
body returns to its original dimensions. 

When the stress, either tensile or compressive or shearing, ex- 
ceeds a certain amount, which varies according to the character of 
the stress and the material, the body on removal of the stress does 
not return to its original dimensions. The portion of the strain 
which remains permanent is called the set. The unit stress for 
which set is first observed is called the elastic limit for tension, 
compression or shear. 

3. So long as no set is observed, or so long as the unit stress is 
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less than the elastic limit, the strain is proportional to the stress 
which produces it. After set is observed, or when the unit stress is 
greater than the elastic limit, the strain increases more rapidly 
than the stress which produces it, until finally rupture occurs. 

4. A suddenly apphed stress or shock is more injurious than a 
steady stress or a stress gradually applied. 

Determination of the Elastie Limit.— Let a bar AB of uniform 
B cross-section A have an external stress or force F 

applied to it which elongates, compresses or shears 
the bar. In the figure we suppose elongation. As 
the bar then elongates, internal stress acts in a 
direction opposite to the elongation. The elonga- 
tion is then a strain. Denote this strain by X and 
let the original length of the bar be I. Let s be the 
strain per imit of length. Then we have 



I 



^ 



* = f 



(1) 



If the external stress or force F is applied in the axis of the bar, 
the internal unit stress or stress per squcure imit of cross-section is 



9-^ 



(2) 



Now according to the laws just stated, so long as the unit stress, 
is less than the elastic limit Se , t?ie strain is proportional to the 
applied stress which produces it, and no set will be observed upon 
removal of the stress. 

If then we double the external stress F, we shall observe a double 
strain 2A^ and so on. 

It is evident that if we lay off the unit stresses 5> = X' ^*^ ^ "4"» 

^F 
SS= ~j-, etc., to scale along a horizontal line, and lay off the cor- 
responding observed strains A, 2A, 3A, etc., as ordinates, we shall 
obtain, so long as the unit stress S 
does not exceed the elastic limit 
Se , a straight line OP. 

By thus carefully plotting the 
results of experiment, whether of 
compression, tension or shear, we 
can detect the point P at which 
deviation from the straight line 
occurs. The correspondmg unit 
stress Se is the elastic limit for 
tension, compression or shear. 

The elastic limit is then the unit stress within which the law of 
proportionality of strain to stress holds §ood. 

When the unit stress exceeds this lunit, we no longer have a 
straight line, but the strain increases more rapidly than the stress 
until rupture occurs, and we have from P a curve convex to the 
horizontal. Also if we observe the set, we have a similar curve 
SeQ, the ordinates to which give the set for any unit stress greater 
than Se- 

Coefficient of Elasticity.— If we suppose the law of proportion- 
ality of strain to stress to hold gooa without limit, it is evident 
that the results of experiment represented by the preceding figure 







h-^ 


L 






^ 
a 



s 23 ee Se 
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will enable us to calculate the unit stress which would cause a 
strain equal to the original length I. This unit stress is called the 
coefficient of elasticity. We denote it by E. 

The coefficient of elasticity, then, is that unit stress which would 
cause a strain equal to the original lenath promded the law of pro- 
portionality of strain to stress were to hold good unthout limit 

We can easily compute it from the preceding figure. Thus let 
the straight line OPoe produced indefinitely and let the strain 
EB = Z = the original length. Then OE gives the coefficient of 
elasticity E, and we have by similar triangles 

S:X::E:l, or ^ = ^f =^. .... (1) 

JF 

since the unit stress S = -v-, where j^ is the applied stress and A is 

the area over which it is distributed. 

Since the strain per unit of length s = j, we also have 

^=|; (2) 

or, the coefficient of elasticity is the ratio of the unit stress to the 
unit strain. 

From (1) we can determine E by experiment for any given ma- 
terial. When E is thus known we can find in any case the strain 
caused by any unit stress within the elastic limits by the equation 

^'' E" EA' • • • ^^^ 

Inversely, the stress F corresponding to the strain A is given 
within the elastic limit by 

i?'=^AE; = «AE;. (4) 

These formulas apply either to extension, compression or shear. 

Work and Coefficient of Resilience.— If the unit stress 5 does not 
exceed the elastic limit Se ♦ we see from the figure page 280 that 
since OP is a straight line, the work done per unit of area is equal to 

the unit stress multiplied by the mean strain which is ^ . We have 

then for the work per unit of area done by the unit stress S in 
causing the strain \ 

A -2^^ 
or, since the total stress F = SA, 

W=^~FX, (1) 

or the work of the stress F in causing the strain \ is one half the 
product of the stress and strain within the elastic limit. 
At the elastic limit we have from equation (3), 

A = ^, and F=^8eA. 
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Hence the work done in strainmg the body to the elastic limit is 

where Y is the volume of the body, or F= Al, Since at the elastic 
limit there is no set, this is the work which the body can do in re- 
turning to its original dimensions. It is therefore called the work 

of resilience. The coefficient -^, or the work per unit of volume, 

is called the coefficient of resilience. 

The work of resilience is then the vxyrk which a body can do in 
returning to its original dimensions when it has been strained up 
to the elastic limit. 

The coefficient of resilience is the work per unit of volume done 
by the body under such circumstances. 

The work of resilience measures the ability of the material to 
withstand shock or the suddenly applied stress produced by a 
moving body. To bring such a body to rest requires work. If this 
work is not neater than the work of resilience, the elastic limit is 
not exceeded. 

From the Table of Average Properties of Materials given on 

§a^e 290 we can compute the following average values of the coef- 
cient of resilience: 

Coefficient of Resilience. 

Timber 3 inch-pounds per cubic inch. 

Cast iron 1.2 *' 

Wrought iron... 12.5 *' 

Steel 26.6 " ** '* 

We see from the figure page 280 that we cannot express the 
work done in straining a body to the breaking point by a formula^ 
because the law of the relation of stress to strain beyond the elastic 
limit is unknown. Moreover, such work could not be properly 
termed work of resilience, since it can not be performed by the body 
when the stress is removed. The body if strained beyond the 
elastic limit does not return to its original len^h. Work of 
resilienc ethen is a measure of capacity to resist shock within the 
elastic limit only. 

Conditions of Eqnilibrinin of a Deflected Beam.— A bar of any 
cross-section, constant or variable, whose length is great compared 
to its other dimensions and which is acted upon by forces at right 
angles to its length is called a beam. A cantilever beam is fixed at 
one end and free at the other. A beam in general rests upon sup- 
ports at both ends. When a beam rests on more than two supports 
it is said to be continuons. 

Reactions of the Supports. — The supports of a beam exert 
pressures called reactions. When a becmi resting upon supports 
and acted upon by external loads or forces either concentrated or 
distributed, is at rest, we must have for eauilibrium, since the 
loads and reactions may be considered as co-planar (page 99): 

1st. The algebraic sum of all the vertical forces = 0; 

2d. The algebraic sum of all the horizontal forces =0; 

3d. The algebraic sum of the moments of all forces with refer- 
ence to any point in the plane of the forces = 0. 

If the 1st condition is complied with, there is no motion up or 
down. If the 2d is complied with, there is no motion right or left. 
If the 3d is complied with, there is no rotation. 
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We also asBimie that the elastic limit is not exceeded. Hence 
the stress in any fibre is proportional to the strain and therefore 
proportional to the distance of the fibre from the neutral axis. 

Let Sf be the unit stress within the elastic limit in the extreme 
ovier fibre of the cross section.or the fibre most remote from the neutral 
aonSy and v its distance from the neutral axis. Let a be the cross- 
section of a fibre. Then the stress in the extreme outer fibre at the 
distance v is S/a, and the stress in any other fibre at a distance y 

from the neutral axis is ^ S/a, The sum of all the fibre stresses 

V 

above and below the neutral axis is then 

But since the beam is in equilibrium and all the external forces 
are vertical, the sum of all the horizontal fibre stresses in any 
cross-section must be zero. We must have then 2ay = 0, or the 
neutral axis must pass through the centre of mass of the cross- 
section (page 17). 

The fine AC passing through the centre of mass of every cross- 
section is the neutral axis of the beam. 

Resisting: Moment.— We have seen, page 285, how to find the 
bending moment Mx at any point 
of a beam distant x from the left 
end. The bending moment bends 
the beam or tends to cause the 
portion of the beam between the 
point and the left end to turn 
about that point. 

In the figure take the point C 
on the neutral axis, distant x 
from the left end. Then, as we 
have seen (page 285), we have for 
the case represented, for the bending moment at any point of the 
cross-section at C, 

if a; > Zu This moment is negative and hence the effect of the ex- 
ternal forces Ri and W on the left of C is to cause clockwise rota- 
tion of the portion AC of the beam about C. 

But if the beam is in eauilibrium, the bending moment Mx must 
he balanced by the sum of the moments of the vbre stresses of the 
cross-section above and below C, unth reference to C. 

Now any fibre stress of the cross-section, at a distance y from 

the neutral axis, is, as we have just seen, -S/a, where a is the cross- 
section of the fibre and S/ the unit stress within the elastic limit in 
the most remote fibre of the cross-section at the distance v from the 
neutral axis. The moment of any fibre stress at the distance y 

Sf 
from the neutral axis is then — ay\ and the sum of all the fibre- 

V 

stress moments of the cross section with reference to the neutral 
axis is -^Say\ 

But (page 271) 2ay^ is the moment of inertia I of the cross-sec- 
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tion with reference to the neutral axis. Hence the sum of the 
moments of all the fibre stresses of the crossHsection with reference 
to the neutral axis at Cis 

Sfl 

We call this the reaisting: moment, because it resists the action 
of the bending moment Mx and thus prevents the portion of the 
beam AC from turning about the neutral axis at C under the action 
of the external forces on tlie portion AC. The bending moment Mx 
is therefore always equal in magnitude and opposite in direction to 
the resisting moment. If we consider always the fibres belonging 
to that portion of the beam on the left of the cross-section^ then the 
resistiuK moment of these fibres is always opposite in direction to 
the bending moment of all external forces on the left and in the 
same direction as the bending moment of all external forces on the 
right. We have then 

^= ^Mx (II) 

where we take the minus sign if we take Mx for all external forces 
on the left, and the plus sign if we take Mx for all extemsd forces 
on the right, the resisting moment being always that due to the 
fibre stresses of the left-hand portion. If this latter moment comes 
out minus, it indicates then compression in the bottom fibres; if 
plus, tension in the bottom fibres. 

By the use of (II) we can find, in any given case, the lofwi which 
a beam will carry for any given value of S/ within the elastic limit. 
We can also determine the shape of the beam for uniform strength, 
that is, for 8/ the same at every cross-section. 

Equation (U) takes into account the fibre stresses of the entire 

cross-section whatever its shape. If 
a beam consists of two flanges and a 
web, it is sometimes customary to 
disregard the web. In such case, if 
h is the effective height or distance 
from centre to centre of flanges, and 
A is the area of one flanee at any point, and S the unit stress, we 
have, taking moments about the centre of the other flange, 

SAh= ^Mx. 

Coefficient of Rupture.— In all the preceding discussion of the 
equilibrium of a beam we have assumed— 

1st. That the deflection is very small compared to the length. 
2d. That any cross-section plane before flexure remains plane 

after. 
3d. That the elastic limit is not exceeded. 
When a beam is loaded to the point of rupture, the third as- 
sumption is violated. The strain is then no longer directly as the 
distance from the neutral axis, and the second assumption no longer 
holds. Also, the first is often not allowable. 

We can therefore properly apply equation (II) only when the 
elastic limit is not exceeded. 

Now when a beam is loaded to the point of rupture, we assume 
an equation of the same form as (II), and write 

^==FAfr an) 
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where Mr is the bending moment at the cross-section where rupture 
occurs, or the dangrerous croas-section, I is the moment of inertia 
with reference to the neutral axis of that cross-section, and Sr is the 
unit stress in the most remote fibre of that cross-section at the dis- 
tance V from the neutral axis where rupture occurs. 

When the cross-section of the beam is constant, /and v are con- 
stant, and we see from (II) that the outer fibre stress S/ is greatest 
at the point where the bending moment Mx is greatest. The dan- 
gerous cross-section for a beam of constant cross-section is then the 
one for which the bending moment is a maximum. 

The value of Sr determined from equation (III) by experiments 
made at the breaking point is called the coefficient of rapture. 

Let St be the unit stress of direct tension and Sc the unit stress 
of direct compression which ruptures a bar. We call St the nlti- 
mate tensile 8trenfi:th, and Sc the nltimate compressive stren^rth. The 
ultimate compressive strengths of tension and compression are not 
in general equal. Thus for timber (Table page 290) the tensile 
strength is the greater, while for cast iron the compressive strength 
is the greater. 

If equation (II) held good beyond the elastic limit, we should 
expect to find Sr in (III) equal to the least ultimate strength of the 
material, either tension or compression as the case may be. But as 
a matter of fact Sr is always found by experiment to lie nearly 
midway between St and Sc when they are different. 

Experiments upon the value of Sr are not numerous ; and when in 
any case the value of Sr is not known, but & and Sc are known, we 
can find an approximate value for Sr by taking the mean value of 

St and Sc , or putting Sr = -r^-^ — ^. 

By the use of (III), then, we can estimate more or less accurately 
the breaking weight of a beam. 

Table of Properties of Materials. — We give in the following 
Table average values of the ultimate compressive strength Sc , the 
ultimate tensile strength St , the coefficient of rupture Sr , the elas- 
tic limit Se and the ultimate strength iSu— -all in pounds per square 
inch. We also give the coefficient of elasticity E in pounds per 
square inch as determined by experiments in direct compression, 
tension and shear. Also the density ^ or mass of a cubic foot of 
material in pounds. 

All these values are averages and liable to great variations for 
different grades and qualities of materials. Thus, for instance, 
timber varies in its quahties according to kind, and each kind 
varied according to soil, climate, season when cut, method and 
duration of seasoning, direction of fibres with reference to stress, 
form and size of test specimen, etc. So, also, iron and steel vary 
according to quality, process of manufacture, whether in bars, 
plates or wire, etc. Such average values as we give, then, can only 
oe used in preliminary computations. In actual cases of investiga- 
tion and design, special experiments must be made with the 
materials actually used. 

As to density or mass per cubic foot, a rule which should be 
noted by the student is that a bar of wroughtiron one aqiuire inch 
in cross-section and one yard long (or 36 cubic inches) weighs ten 
pounds. Thus the weight per foot in pounds of a bar of uniform 
cross-section is at once given by multiplying the area of cross-sec- 
tion in square inches by 10 and dividing oy 3. Inversely, if the 
weight per foot in pounds is given, multiply by 3 and divide by 10 
for the area of cross-section in square incnes. 
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Steel is about two per cent heavier and cast iron six per cent 
lighter than wrought iron. 

Stone is about one third, brick one fourth, timber one twelfth 
the weight of wrought iron. 

When a test specimen Ib ruptured by direct tension, it elongates 
rapidly after the elastic limit is reached, and the area of cross-sec- 
tion is in general greatly reduced. The ultimate elongation, taken 
in connection with the reduction of area, indicates the ductility of 
the material. 

Thus a material which has a high ultimate strength but shows 
little elongation and reduction of area is brittle. We have there- 
fore given in tiie Table the average value of the ultimate elonga- 
tion per unit of original length ^^f- 

TABLE OF AVERAGE PROPSBTIBS OF MATERIALS. 





Ultimate 
Comprea- 

»lve 
Strength. 

8c 


Ultimate 

Tensile 

Strength. 

Si 


Ultimate 
Elongation 


Coefficient 

of 
Rapture. 

8r 


Elastic Limit. 


Timber 

Brick 


lbi.p«riq.iii. 
8000 

2600 
6000 

90000 

55000 
150000 


UM.perMi.lii. 
10000 


In. p«rl]iL4ii. 
0.015 


UM.periq.ln. 
9000 


lbs per eq. In. 

8000 


Stone 


20000 

55000 
100000 


0.006 

0.15 • 
0.10 


2000 

85000 

56000 
120000 




Cast iron 

Wrought iron.. 
Steel (structural) 


( 6000 tension 
OOOOOcompression 
25000 

40000 

• 




Ultimate 

SheariDfc Strength. 

8n 


Coefficient of 
Elasticity 


Density 


Timber 

Brick 


j 000 longitudinal 
i 8000 transverse 


lbs. persQp In. 

1500000 tens, or compress. 
400000 shear 


40 
125 


Stone 




60000(H> AnmnrAAfilon 


160 


Cast iron 

Wrought iron . 
Steel (structural) 


20000 

50000 
70000 


j 1500000 
) 600000 
(2500000 
11500000 
8000000 


tens, or i 
shear 
tens, or < 
shear 
tens, or < 


111 


450 

480 
490 



Factor of Safety and Working Stress.—- The ratio in any case of 

the ultimate strength to the actual working unit stress is called the 

feustor of safety. Thus if the ultimate stength or unit stress at the 

point of rui)ture in any case is denoted in general hv Su, and if Sw 

IS the working unit stress, we have for the factor of safety in that 

case 

8u 
n = -^, or nSw = Su. 

The factor of safety, then, is a number which tells how many 
times the actual unit stress are necessary to produce rupture. 
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The safe or working unit stress is then found by dividing the 
ultimate strength bv the pro^r factor of safety. It should always 
be well within the elastic limit. If then the elastic limit is known, 
the working stress can be chosen with reference to it. This is the 
best and most rational method of determining the working unit 
stress. But it is in many cases difficult to determme the elastic limit, 
while the ultimate strength is morQ readily and definitely deter- 
mined and in general better known. Hence the employment of a 
factor of safet^r ^ connection with the ultimate strength. 

The followmg Table gives the average values of the factors of 
safety usually adopted. These values are not to be used arbitrarily, 
but in the light of judgment and experience. In any imnortant 
engineering structure snecial experiments u^n the materials actu- 
ally used should be maae in order to determine their properties as 
to coefficient of elasticity, elastic limit, ultimate strength, etc., and 
materials not coming up to a specified standard rejected. From 
such experiments the working stress can be decided m view of the 
actual qualities of the material. The average values in the Table 
can, however, be used for preliminary estimates. 



TABLE OF AVERAGE 


FACTORS OI 


P SAFETY. 




IfAterUL 


For Steady 

Stress 
(BandlDgs). 


ForVaryliig 

Stress 
(Bridges, etc.). 


For Shocks 
(Machines). 


Timber 


S 
15 
6 
4 
5 


10 
25 

10 
6 

7 


15 


Brink and frtone ,,.,,,,,.--, 


80 


Oast iron 


15 


Wionfirht iron 


10 


Steel (stmctural) 


10 







In order, then, to find the working unit stress Sw in any case, we 
divide the ultimate unit stress Su by the factor of safety n, as given 
by the preceding Table. This gives us in any case a constant work- 
ing unit stress 8w = -^. For average values we have then the 

following Table for working unit stress, which may be used for 
preliminary estimates. 

TABLE OF WORKING UNTT STRESS S„ IN POUNDS PER SQUARE INCS. 



MateriiiL 


Steadv Stress 

(BuildlDga). 

Si0 


Varying Stress 
(Bridges, Roofs, etc.). 


Shocks 

(Haohlnes, eto.). 

Sw 




Tens. 
1800 


Oomp. 

1000 

170 

400 

16000 

14000 

80000 


Shear. 


Tens. 


Comp. 

800 

100 

240 

9000 

9000 

21000 


Sheer. 


Tens. 
[700 


Oomp 


Shear. 


Timber.... 
Brick 


i SOioner. 
l400te«i.. 


}1000 


i 60lon«. 
l800tntts. 


600 

80 

200 

6000 

5500 

15000 


j 40 long. 
l200tr»D.. 


Stone 














Cast iron . . 
Wrought 

iron 

Steel(strae. 

tnral).... 


8800 
14000 
90000 


8300 
12500 
14000 


2000 

9000 

14000 


2000 

9000 

10000 


1800 

5500 

10000 


1800 
5000 
7000 
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In order to determine the area of cross-section A for simple 
tension or compression or shear, we have then simply to divide me 
total stress by the working unit stress S^. We have then, when 
flexure 18 not to be apprehended, for steady or varying stress or 
shocks, 

^ _ total stress 
Stp 

Sometimes we have altemating stress, i.e., sometimes tension 
and sometimes compression, as in the connecting rod of a steam- 
engine. In such case it is a conmion practice, for the sake of 
security, to find the area of cross-section for each stress and take 
the sum. Thus, if flexure is not to he apprehended, 

M _ total tensile stress t otal compressive stress 

Sic "*■ ^c^ • 

When flezmre is to be provided against, we must proceed as on 
page 361. 

Variable Working Stress.— The fact that the working imit stress 
Sw, as determined in the preceding Article, is constant in any case 
is 1^ many engineers considered objectionable. 

The total unit stress can in general be divided into two portions. 
The one portion is a steady unit stress always existing, sucn as that 
due to weight or dead load. The other portion is a repeated unit 
stress such as that due to loeids recurrine at intervals. 

Evidently, when the ratio of the steady stress to the total stress 
is great, we should be able to take a greater working unit stress 
th^ when it is smalL Thus when the steady stress is equal to the 
total stress, there is no repeated stress at all and tibie working unit 
stress should have its greatest value. On the other hand, when the 
steady stress is zero, we have repeated stress only and the work- 
ing stress should have its least value. 

It is therefore customary to take for the working unit stress, 
when flexure is not to be apprehended, for repeated stress, 

« Spf^ . Su — Sp steady s tress \ ^ 

^«'--jri^ + — ^ total stress )' ' ' ' ^ 

From equation (I) we see that when the steady stress is equal to 
the total stress, that is, when there is no repeated stress, we have 

Su 

Sw = — , where Su is the ultimate strength and n the factor of 

safety, just as in the preceding Article. 

But when the steady stress is zero, we have only repeated stress, 

and equation (I) gives ns Sw= -^' Hence Sp must be the ultimate 

strength for repeated stress. We call this the " repetition strengthJ'^ 
In like manner, when flexure is not to be apprehended, we have 
for the working unit stress, for altemating stress, 

q, _ ^( 1 _ Sp— Sv least of the two opposite stresses \ j^ 
~ w \ Sp ' greatest of the two opposite stresses/ 

From equation (II) we see that when one of the two opposite 

stresses is zero we have Sw ~ — , as in the previous case for 

n 

steady stress zero. 
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8v 
But when the two opposite stresses ctre equal we have Sw = — . 

• n 

Hence Sv must be the ultimate strength for equal alternating 

stresses. We call this the ** vibration atrength.^^ 

The difficulty and uncertainty of determining Sp and Sv by 
experiment, and the few experiments available, make the method 
of the preceding Article the most generally accepted. 

The method of equations (I) and (II) of the present Article is, 
however, the most rational, and it is quite extensively used with 
certain assumed average values for Suy 8p and Sv^ as given in the 
following tabulation : 





8p 
n 


Su-Sp 
8p 


8p-3v 
Sp 


Wood 


400 

7500 

10000 

17870 


2 

1 

4 
8 

1 


1 
2 
1 
2 
2 
5 
7 
15 


Wrought iron 


Cast iron 


Steel (structaral) 



These values are for direct stress of tension or compression. For 
shear we take four fifths of Sw as determined above. 

In order to determine the area of cross-section A, we have in all 
cases 



A = 



total maximum stress 

Sw 



' When flexure is to be provided against we must proceed as on 
page 361. 

Strength of Pipes and Cylinders. — Let p be the pressure per 
square inch on the interior surface of a pipe or cylinder due to the 
pressure of water or steam. It is a well-known principle of physics 
that the pressure of a fluid in any direction is equal to the pressure 
on a plane perpendicular to that direction. 

Hence in the figure the pressure P, say in a vertical direction, is 
equal to the pressure on a horizontal 
plane Id, where I is the length and d is 
the interior diameter. We have then 
P^pld. If Sio is the safe working 
unit stress for the material for tension, 
and t is the thickness, we must have 
then 



pld^MlSta, or « = ^. 



(1) 




Pipes come in commercial sizes, and the preceding formula en- 
ables us to select the nearest commercial size for given pressure, 
diameter and safe working unit stress. 

If we consider the preceding figure as a closed cylinder, then the 
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ltd} 
pressure on the head is jp x — , and the area of cross-section is 

fcdt. We have then 

px^ = ^d^Su,, or t = ^ (2) 

4 40to 

Hence the thickness to resist longitudinal rupture is twice that 

necessary to resist end rupture. For water pressure, if the head h 

is taken in feet, the pressure in pounds per square inch is p = 0.434/i. 

Biveted Joints.— In a riveted joint the resistance of the rivets 

due to shear should equal the tensile strength of the plates joined. 

Kinds of Riveted Joints. — We may distinguish the following 
joints : 

1st. Simple '' Lap^^ Joint, Single-riveted, — Fig. 1 shows this 
joint front and side. The two plates overlie 
each other hy an amount equal to the *'^ap" 
and are united hy a single row of rivets. The 
distamce p from centre to centre of a rivet is 
called the pitch. We denote the diameter of 
rivet by d and the thickness of plate by t 

2d. ''Lap'' Joint, Double - riveted. — This 
joint is similar to the preceding, except two 
rows of rivets are used. In both cases the 
rivets are in single shear. 

In all cases where more than one row of 
rivets is used the rivets are ** staggered,'' or 
so spaced that those in one row come midway 
between those in the next, as shown in Fig. 2. 
Lap joints are used in tension only. 



■—^111 II- ^. 
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Fio. 2. 



Fig. 8. 



3d. ''Bvtt" Joint, Single-riveted, Tivo Cover-plates.— Here the 
two plates are set end to end, making a " 6t*tt " joint, and a pair of 
*' cover-plates'' are placed on the back and front and n voted 
throuRh by a single row of rivets on each side of the joint (Fig. 3). 
The plates in such a joint are in general not allowed to actually 
touch, and the entire stress, whether tensile or compressive, is there- 
fore transmitted by the rivets. The thickness of the cover-plates 
should not be less than half the thickness of the plates joined, ex- 
cept when this rule would give a thickness less than i inch. Owing 
to deterioration of the metal by the action of the weather, no plate 
is used in construction less than i inch in thickness. Hence if the 
plates joined are less than i inch, the cover-plates should be i inch. 
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Fig. 4. 



4*^ '' Butt ^Wointy One Cover-plate, Single-riveted,— ThiB is the 
same as the preceding except that one cover-plate only is used, of 
the same thickness as the plates themselves. 

5th, Double-riveted ''BuM" Joint, Two Cover-plates.— This joint 
is the same as case 3, except that we 
have two rows of rivets on each side 
of the joint. 

The thickness of the cover-plates 
is determined by the same considera- 
tions as in case 3. 

eth, ''Butt'' Joint, One Cover- 
plate, Double-riveted. — TLhiB is the 
same as the preceding case, except 
that there is only one cover-plate of 
the same thickness as the plates them- 
selves. 

7th, Chain Riveting.— When we 
have more than two rows of rivets on 
each side of a butt joint, the system 
is called chain riveting. Such a dis- 
position becomes necessary when the 
requisite number of rivets is so great that they cannot be disposed 
in two rows without imduly weakening the plates. 

Theory and Practice of Eiveting. — A rivet may fail by shearing 
across or by being crushed. The plate may fail by rupture between 
the rivets or by tearing through of the rivets at the edge of plate. 
The rivets should be so proportioned and spaced that the strengtli 
for any method of failure may be equal and the plates weakened as 
little as possible. 

Notation. — Let Sw be the working unit stress of the plates, either 

compression or tension, Swc the working unit stress for compression, 

Suf» the working unit stress for shear, t the thickness of the plates, 

d the diameter of rivet, p the pitch of rivets in a row, or the distance 

from centre to centre in a row, and n the number of rivets. 

xd* 
Diameter of Rivets.— Then the area of a rivet is -— = 0.7864{f. 

4 

The shearing resistance of a rivet is 0.7854<riSiw, and the total shear- 
ing resistance of n rivets is 0.7SHnd^8to8. The bearing surface of a 
rivet is dt, of n rivets ndt, and the resistance to crushing ndtSw 
For equ^ strength of crushing and shearing we have for single 
shear, or lap joint, 

0,7SUnd^Swa = ndt8u>c, or d = ^^^^ . . . . (1) 



For double shear, or butt joint with two cover-plates, we have 

tSwc 



1.^0Snd^8vm = ndtSwc, or d = 



(2) 



1.6708iS^ttt' ' ■ 

For threefold shear we have 3 x 0.7854 in place of 0.7854 in (1), 
and so on. 

It is customary to take Sire = 12500 lbs. pwer square inch and 
Sw8 = 7500 lbs. per square inch for wrought-iron rivets in single 
shear. 

We have then 

d = 2.12^ for single shear; } 
d = 1.06* for double shear, f 



(8) 



Practical Value of d.— Owing to risk of injury to the material in 
punching, the diameter of rivet must always be at least as large as 
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the thickness of the thickest plate through which it passes, and the 
diameter as given by (1), (2) or (3) must be chosen with reference to 
this restriction. The least fiJlowable thickness of a plate is i inch. 
We should have then as a lower limit for double shear, d — i inch. 
But rivets as small as this are rarely used. Usually ^ inch is the 
least diameter allowable. A common practical rule is 

<i = li« + ~, . . . (4) 

where d is the diameter of rivet, and t the thickness of the plate in 
inches. When this rule gives d greater than (1;, (2) or (3), we use 
it; otherwise we use (I), (2) or (3), unless considerations of pitch, as 
given in what follows, prevent. 

Pitch of Rivets— The area of plate between two rivets is (jp— d)t ; 
and if Sw is the working unit stress of tension or compression for 
the plates, and ^i^ the working unit stress for shear, we have for 
equal strength: 

for single shear or lap joint 

(p-c?)*iSf.o = ^&., or i> = d(l + 0.7854^jf 

for double shear or butt joint 

(P'-d)t8w = '^SwB, or p = d(l + 1.5708^V 

Since Stoa and Sw are nearly equal, we have practically, if A is 
the area of cross-section of a rivet, 
for single shear 



p^d(l+ 0.7854^) = ^ ■•" T' 



for double shear 

p = d(l + 1.5708|)=d + Y. 



(5) 



The plate section is reduced by punching from pt between two 
rivets to (^ — d)t, so that in the case of a tension jomt the strength 
is reduced in the ratio 

p-d 1 1 



p 1 + 4 1+2*- 

7cd ltd 

We flee at once that for a given thickness t a large rivet gives a 
large pitch and less reduction in strength than a small rivet. Small 
rivets allow a less pitch at a sacrifice of strength. But the less the 

Sitch the tijghter the joint. When strength rather than tightness is 
esired, as in bridges and parts of buildings and machines, we should 
then use a large rivet. When tightness is essential, as in steam- 
boilers, we should use a small rivet with a sacrifice of strength. 

Practical Restrictions, — Owing to risk of injury to the material 
in punching and liability to tear out, rit^ets are not allowed a pitch 
of less than 3 diameters, or, if this distance is less then 3 inches, as 
it usually is, less than 3 inches. Rivets should not be spaced farther 
apart than 6 inches in any case, or, when the plate is in compres- 
sion, 16 times the thickness of the thinnest outside plate. This last is 
to guard against buckling ot the outside plate between rivets. Wit^ 
these restrictions we may apply (5). 

Number of Rivets.— Guided by the preceding restrictions and 
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rules, we can select in any case a suitable size of rivet. This done, 
we can easily determine the number required. 

A rivet is considered as failing either by shearing across or by 
crushing. In any case, then, the diameter being chosen, we must 
take such a number as shall give security against these two methods 
of failiure, choosing the greater number. In general the number to 
resist crushing will be more than enough to resist shear. Still we 
should try for both. The bearing area of a rivet is the projection 
of the hole upon the diameter, or dt. 

The allowable compressive stress is about 12500 lbs. per sauare 
inch. The allowable shear is taken at 7500 lbs. per square incn for 
single she€ir. 

In the folio wingTable we have ^ven the safe shearing and bearing 
resistance for rivets of different sizes and for different thicknesses 
of plate. Having chosen, then, the size of rivet, an inspection of 
the Table will give its resistance. Hie stress to be resisted being 
known, the number to resist this stress either by bearing or shear- 
ing is easUy determined. The greatest of these two numbers is 
taken, with enough over in any case to complete the row or rows. 
As most practical cases are double shecur, the greatest number will 
usually be determined by the bearing resistance. 

Distance from End to Edge,— The distance between the end and 
edge of any plate and the centre of rivet-hole, or between rows, is 
fixed bv practice at never leas than li inches, and when practicable 
it should be at least 2 diameters for rivets over f inch diameter. 

Joints in Compression. — ^The size and number of rivets are deter- 
mined for joints in compression preciseljr as for joints in tension, 
because the jomts are not considered as in contact and hence the 
rivets must transmit the stress in either case. 

Rivet Table. 

SHEARING AND BEARING RESISTANCE OF RIVETS. 



Diameter of 
Rivet In inches. 


Area 

of 

Rivet 

In 
nquare 
Inches. 


Single 

per 

sqnare 

Inch. 


Bearing Resistance in pounds for Different Thicknesses of 
Plate at 12500 lbs. per square inch - 12900 x dt. 


Frac- 
tion. 


De 
elmal. 


r 


A" 


f" 


iV 


f 


A" 


r 


U" 


*" 


H" 


i" 


i 


0.875 


0.1104 


888 


1170 


1406 


1760 


















^ 


0.4875 


0.1508 


1180 


1370 


1710 


8060 


8890 
















i 


0.6 


0.1068 


1470 


1560 


1960 


8840 


8780 


8185 














iV 


0.6086 


0.8485 


1800 


1760 


2900 


8640 


8060 


8580 


8966 












i 


0.086 


0.8008 


3300 


1960 


8440 


8980 


8480 


8900 


4890 


4880 










H 


0.0676 


0.8718 


8780 


8160 


8680 


8880 


8700 


4890 


4880 


5870 


6908 








i 


0.75 


0.4418 


8810 


8840 


8980 


8580 


4100 


4690 


6870 


6860 


0440 


7080 




+* 


0.81« 


0.6185 


8890 


8540 


8170 


3800 


4440 


6060 


5710 


6850 


0060 


7680 8850 




1^ 


0.075 


0.6018 


4610 


8780 


8480 


4100 


4780 


5470 


6160 


6840 


7680 


8800 


8690 


9670 


a 


0.W76 


0.0008 


6180 


8980 


8660 


4890 


6130 


5860 


0590 


7880 


8060 


6790 


9680 


10860 


1 


1 


0.7864 


6890 


8185 


8900 


4690 


5470 


6860 


7080 


7810 


8600 


0870 


10100 


10040 


lA 


l.OttK 


0.8860 


6060 


8880 


4160 


4980 


5810 


6040 


7470 


8800 


9180 


0900 10790 


11090 


u 


1.195 


0.9040 


7460 


8580 


4890 


5870 


6150 


7080 


7910 


8790 


9667 


10560 


11480 


18800 


lA 


1.1876 


1.1075 


8810 


8710 


4640 


6670 


6490 


7480 8850 


9880 


10800 


11130 


18060 


18990 
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Investigation and Deiigning of Boami. — From page 284 we 
must have for safety, as regards shearing, at every pomt of abeam 

Su^^-Vx, (I) 

where A is the area of vertical cross-section at any point, Svm is the 
working unit stress for shear and Vx is the verti<^ shearinR force 
at any point, or the algebraic sum of all the vertical eztemalforoes 
between any point ana the left end. 
From page 288 we have 

-^ = T^ (II) 

where St is the unit stress within the elastic limit in the most 
remote fibre of any cross-section at a distance v from the neutral 
axis, / is the moment of inertia of that cross-section with refer- 
ence to the neutral axis, Mx is the bending moment at that cross- 
section of all the external forces on either side between the cross- 
section and either end, the minus sign being taken for forces on 

the left and the plus sign for forces on the right, and S!!±. is 

the resisting moment at the cross-section of the fibres belonginp io 
the left-hand portion of the beam. If then this comes out minus 
we have compression in the bottom fibres, and if it comes out plus 
we have tension in the bottom fibres. 
We have also, &om page 288, 

^==FJIfr (Ill) 

where Sr is the coefficient of rupture, or the breaking unit stress in 
the most remote fibre at the dangerous section, and Mr is the bend- 
ing moment at that section. 

From (III), if &• is known, we can find in any case the breaking 
weight. Average values of 8r are given in the Table page 290. 

When experiments upon Sr are lacking we may use a mean 
value between the ultimate tensile and compressive strenjB^ for 
approximate calculations. If we divide the breaking weight by 
the factor of safety (page 291), we obtain the allowable or working 
load. 

From (II) we can find the load for any value of 8/ within the 
elastic liinit Se (page 290). If we put for Sf the working unit stress 
Svj (page 292), we also obtain the working load. 

We can bXbo find from (II) the shape for uniform strength. The 
following cases will make plain the application of these equations. 

Cane 1. Cantilever Beam— Load W at the Free End. — Let / be 
the length of the beam and x the distance from the fi-ee end of any 
cross-section through the point C of the neutral plane (page 286). 

Then the bending moment at that point is 

Mx= ^ Wx, or Jl& = — Wx, 

accordiuK as the weight TTis on the left or right of the point P. 

In hoth, cases, then we have from (11), for the resisting moment 
of the fibres belonging to the left-hand portion of the beam AC, 
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where J is the moment of inertia of the crossHsection at C, and Sr is 
the stress in the most remote fibre of that cross-section at the dis- 
tance V from the neutral axis. The minus sign denotes that we 
have compression in the lower fibre in both cases, as shown in the 
figure. 






w 



3tf; 



»♦ X — » 



w 



We have then, without reference to direction of rotation, 



S/ = 



Wvx 



or 



W 



vx' 



(1) 

(2) 



From (2) we can find in any case the load TT which will cause a 

S'ven stress 8/ in the most remote fibre of any cross-section at any 
stance x from the free end. 

IVom (1) we can find the stress 8f for any given load W. 
In any case we have only to substitute the value of r, x and J. 
1. Breaking Weight — Constant Cross-section. — Rupture will 
occur at that section for which 8/ is the greatest. 

If / is constant, v is constant and we see from (1) that 8/ will be 
greatest when x = L The dangerous section is then at the fixed 
end. We have then from (III), page 298, 

V 

where the minus sign denotes, as before, compression in the loioer 
fibres and 8r is the coefficient of rupture. We have then, without 
reference to direction of rotation, for the breaking weight 



vl 



(3) 



If, for instance, the beam is rectangular in cross-section of 
breadth 6 and height hj then (page 27S) I =^ :rjJ)h\ t; = 5-, and the 
breaking weight is 

If the beam is triangular in cross-section of horizontal base h 

hh* 2 

and height h^ then (page 271) I = -^-, v = ^h, and the breaking 

weight is 



Tr= 



Srbh' 
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In the same way we can find the breaking weight for any form 
of cross-section by substituting in (3) the value of / and v. The 
value of Sr can be taken from our Table page 290 for approximate 
determinations. We see that the strength of a beam is directly as 
the breadth and as the square of the height, and inversely as the 
length. 

2. Shape for Uniform Strength. — Let the cross-section vary so 
that /is the moment of inertia of any cross-Bection at the distance 
X from the free end, and L the moment of inertia of the cross- 
section at the fixed end. 

Then from (1) the unit stress in the most remote fibre of any 
cross-section is 

o Wvx 

where, t; is the distance of that fibre from the neutral axis. 

For the most remote fibre of the end cross-section we have then 

Sf = ^ ' , where Vi is the distance of that fibre from the neutral 

axis. 

Now for uniform strength the outer fibre stress must he the same 
at every cross-section. We have then for the condition of uniform 
strengui 

Wvx Wvil ^ vx Vil ,,. 

If, for instance, the beam is rectangular in cross-section at every 
point, the breadth and height at the fixed end bi and hi , and at 
any point b and h, we have (page 278) 

and hence, from (4), we have for the condition of imiform strength 

X /_ ,-. 

bh'^bxhi' ^^^ 

Now if the height is constant, h = hi, and we have for the 
breadth at any point distant x from the free end 

fe = ya? (6) 

The breadth then varies as the ordinate to a straight line from 
5i at the fixed end to zero, theoretically, at the free end. Practi- 
cally the breadth cannot be zero at the free end, but must have a 
value &o such that the area A = bohi at the free end may resist the 
shear. 

W 
We have then from (I), -page 284, bohi at least equal to -^ , or we 

must have &« ^ loast equal to 

hiSuf8 

Substituting this value of &o for 6 in 
(6), we find that the cross-section must 
be constant for a distance x^ from the 

hihiSwB 




free end at least equal to 
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For any value of x greater than a^ the breadth is given by equa- 
tion (6). 

If the breadth is constant, 6 = &i , and we have from (5), for the 
height at any point distant x from the free end, 



h^^'^x. 



(7) 



The height then varies as the ordinate to a parabola from hi at 
the fixed end to zero, theoretically, at the free end. Here, again, 
we must have the height at the free 
end practically at least equal to 

h ^ 

Substituting this for h in (7), we 
find that the cross-section must be 
constant for a distance Xo from the 
free end at least equal to 

WH 

Xo = 




For any value of x greater than Xa the height is given by equa- 
tion (7). 

If both h and h vary, but the cross-section at every point is rect- 
angular, we have 



bi :hi ::b:hj or b = 



bih 



h^ 



hib^ 
bi' 



Substituting these in (5), we have 






b^^^x. 



(8) 



The height and breadth vary then as the ordinates to a cubic 
parabola from hi and bi at the fixed end to zero, theoretically, at 

the free end. The area at any point 
is then, from (8), 




bh = hibi y j^. 



The area A at the free end should 
be at least, from (I), page 284, 

W 



A. = boho = 



Sw8 



The cross-section should therefore be constant and equal to 

W 
boha = -— at least, for a distance xo from the free end given by 

OW9 



Xo = 



Wl 



hibx&t 






For any value of x greater than Xo the height and breadth are 
given by (8). Inserting the value of Xo in (8), we obtain ho and bo at 
the free end. 

In a similar way we can find the shape for uniform strength for 
any other form of cross-section, by substituting in (4) the values of 
I,ii,v and Vi, 
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Case 2. CaAtile^or Beam— Load per Unit of Length w Unifomily 
Distributed.— The total load on the whole beam is W=wL The 

load over any distance x from 



iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiimiiiiiiif 






-•! 



the free end is wx, and we can 
take it acting at its centre of 

mass or at x from the free 

2 
end. 

We have then for the bend- 
ing moment at any point dis- 
tant X from the free end 



JMi s= + -^, or Mx= - -g-, 

according as the load wx is on the left or right of the point. 

In both cases, then, we have from (II), for the resisting moment 
of the fibres belonging to the left-hand portion of the beam AC, 

Sfl w^ 

V ^ 2' 

The minus sign denotes that we have compression in the lower 
fibres. 

We have then, without reference to direction of rotation, 



^/= 



wvx' 
21 ' 



or 



28/1 

u?a;= -i — 
vx 



a) 



(2) 



From (2) we can find the load which will cause a ^ven stress Sy 
in the most remote fibre of any cross-section at a distance x from 
the free end. From (1) we can find the stress 8/ for any given load 
wx. In any case we have only to substitute the value of /, x 
axkdd. 

1. BreakingWeight— Constant Orow-«ec*ton.— Rupture will occur 
at that section for which 8/ is greatest. If /is constant, d is con- 
stant, and we see from (1) that 8/ will be greatest when a? = ^ The 
dangerous section is then at the fixed end. We have then from 
(III), page 298, 

V ~ " IT' 

where the minus sign denotes, as before, compression in the lower 
fibres, and 8r is the coefficient of rupture. We have then, without 
reference to direction of rotation, for the breaking weight 

W:=wl = ^, (3) 

or twice as much as for the same beam imih the same load Wat the 
free end (page 299). 

If, for instance, the beam is rectangular in cross-section, of 

breadth 6 and height 7i, then (page 278) I^^bh\ «>=o» ^^^ ^^ 



12 



breciking weight is 



W=wl = 



8,bh' 
32 
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If the beam is triangular in crossHsection, of horizontal base b 

bh* 2 

and height A, then (page 273) / = -^^, v = -h, and the breaking 

weight is 

In the same way we can find the breaking weieht for any form 
of cross-section by substituting in (3) the values of land t^. 

2. Shape for Uniform Strength.— let J be the moment of inertia 
at any cross-section and L the moment of inertia at the fixed end, * 
the distance of the outer fibre beiuR v and t?i. Then for uniform 
strength we must have Sf at the end equal to S/ at any cross-sec- 
tion, or, from (1), 

-2r=-^> °" ■T=-L ^'> 

For rectangular cross-section 

I = ^W, « = *; J. = i6.fe.'. t,. = |; 
and hence 

bh" bM 
For constant height h=:hi and 



(B) 



6 = ^V (6) 

The breadth then varies as thid ordinate to a parabola. From 
equation (I), page 284, we must have for 

the breadth b% at the distance a?o from ^xH^^^j. 

the free end _ ^^-^1<3 



6o = 



hiSvn 




Substituting this in (6), we find that 
the cross-section must be constant for the distance Xo from the free 
end at least equal to 

bihiSvm 

and the breadth at the free end is then 



&0 = 



bihi^S'u 



For any value of x greater than x% the breadth is given by (6). 
For constant breadth 6 = 5i in (5) and 

h^^x. (7) 

From equation (I), page 284, we 
have for the height he at the dis- 
tance X9 from the free end 

, WXo 

no = J 




blStoB 

Substituting this in (7), we find 
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that in order to resist shear we must have the end cross-section 
Ai = bihi at least equal to 

Ai = bihi = -j= — . 

OtOB 

If then the end cross-section is safe for shear, every cross-sec- 
tion is safe, and for any value of x the height is given by (7). 

The height varies then as the ordinate to a straight line, from hi 
at the fixea end to zero at the free end. 

If both b and h vary, we have for rectangular cross-section at 
every point 

b^■.h^::b■.h, or 6=^, ft = ^. 

fit Oi 

Substituting in (5), we have for the height and breadth at any 
point 

;i« = ^V, 6« = ^V (8) 

From equation (I), page 284, we must 
have at least 




S'u 



Hence, from (8), the cross-section 
to 
from the free end given by 



must be constant and equal to bJio = ^— at least, for a distance Xo 



Xo = : 



bi^hi^S'wa' 

For any value of x greater than Xt the height and breadth are 
given by (8;. Inserting the value of X9 in (8), we obtain Tie and &• at 
the free end. 

In a similar way we can find the shape for uniform strength for 
any other form of cross-section by substituting in (4) the values of 
I.iiyV and t?i. 

Case 3. Beam Loaded with W Between the Snpports.— Let I be 
the length of the beam, Zi the dis- w^a wzi 

tance of W from the left end and ^'T '^•"T 

Zi from the right end. J, ^. 

Then the left reaction Ri = 

For any point distant x from the 
left end we have for the bending 
moment (page 286), yj, 






whenx<^., ]U^=-'^x=~^^-^'^'" 



whenx>«., JIG =-^» + Tr(« -«.) = - ^4^-^. 

In each case, then, Tre have for the resisting moment, from (IT), 
page 288, 

wi,«T,-,.^<, -SrJ . W{l- Zi)x ^^ ^ Sfll „. 

when«<z.. _= + J , or 1^=^^^^-— ; 0) 

when»>«.. ^ = + 2^4z--£). or W= ^f , . (2) 
V I * vzi{l — a;) 
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The plus sign denotes tension in the lower fibres. 

From (1) and (2) we can find in any case the load W which 
placed at any eiven point will cause a given stress Sf in the most 
remote fibre of any cross-section at a distance x from the left end, 
or we can find the stress Sf for any given W. In any case we have 
only to substitute the value of /, t; and x, 

1. Breaking Weight— Constant Cross-section, -We see from (1) 
and (2) that for constant I and v, 8/ iis greatest when x < Zi for 
tiie greatest value of a; or oj = Zi , and when x> Zi for the least 
value of a; or a; = Zi. The dangerous section is then at the weight. 
We have then from (III), page 288, 

-;r- — — 7 — » or w = -——, (3) 

t' I VZiZi 

or the same as for a cantilever beam of length Zi with a load —j-^ 



at the free end (page ! 

All the results of page 299 hold, then, in this case if we put l^Zi 

and TF = ^. For the load at the middle of the beam W = ^^, 

or four times as great as for a cantilever beam of the same length 
similarly loaded. 

2. Shape for Uniform Strength— /The shai)e for uniform strength, 
in any case, is for each portion of the beam Zi and Zt , precisely the 
same as for a cantilever beam of length Zi or z^ with the weight 

WZm WZi 

-j^ or --j^ «^t ^^ fr©e end, instead of W (page 300). 

Case 4. Beam Loaded with w UnifoniLly Distribnted.— The reac- 
tion at each end is y . f^^^^i ^_^ 

For any point distant 0? from the * ' * 

left end the oending moment is 



^ ,l<IIIIIIIIIIIIIIJllllllllllliilii|rTTTrTTTyyn|[p 



wl wx* wx„ 
lfc= - ^x + ?!J- = - ^(Z- a?). 

The resisting moment is from (II), page 288, for the fibres belong- 
ing to the left-hand portion of the beam, 

The plus sign denotes tension in the lower fibres. 
We have then 

2SfI ,ox 

tDX = -rj : (2) 

v(l — x) 

1. Breaking Weight— Constant Cross-section. — We see from (1) 

that for constant land d, S/ is greatest when a: = (Z — aj) or ^ = o"' 

The dangerous section is then at the middle of the span. We have 
then from (III), page 288, 

_ = _, or W^wl = -^ (3) 
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or eight times as much as for a cantilever be€un with the same load 
W at the free end (page 299). 

2. Shape for Uniform Strength, — Let /be the moment of inertia 
at any cross-section distant x from the left end, and L at the middle 
of span, the distances of the outer fibre being v and Vx, Then, from 
(1), for uniform strength 

ItWXJl — X) _ WVxP VX( l — X) _ ViP .. 

21 """aFT' ^^ I "IL' ' ' ' ^^> 

For rectangular cross-section 



and hence 

x(i -x) _ r 

bh* ~46,^i«* 
For constant height ^ = ^i and 



(6) 



b=^'x{l-x) (6) 

The breadth then varies as the ordinate to a parabola, as on page 
303, and the end cross-section must have a constant breadth 

h - J^^i _ ^^ \ 
'"hiSu^sV ^ihiSws) 

for a distance from the left end 

For any value of x greater than a?o the breadth is given by (6). 

In the same way we can find the shape for uniform strength 
when the breadth is constant, or when both b and h vary and the 
cross-section is rectangular, as on page 304. Or, by substituting in 
(4) the values of I, L, v and Vi , we can find the shape for uniform 
strength for any form of cross-section. 

Theory of Pins and Eyebars.— The bearing resistance of a pin 
should equal the greatest pressure upon it due to any plate through 
which it passes. 

Bearing. — If d is the diameter of pin, t the thickness of any plate 
through which it passes, then dt is the bearing area. Let Sfpc be 
the working unit stress for compression, then atSw is the beaiing 
resistance of the pin. This should equal the stress transmitted by 
the plate, or 

dtSvx = stress. 

We may take Sw at 6.26 tons. The stress transmitted is always 
known. For a transmitted stress of one ton the required bearing 
area is then 

^ = m' 

and hence we have 

lineal hearing on pin per ton of stress = ■ -^ -. . . (1) 

6.25a 
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From (1), having given the diameter d, we can find the corre- 
sponding lineal bearing or thickness of plate for every ton of trans- 
mitted stress. We have only to multiply this by the number of 
tons transmitted stress in any case to find the requisite thickness of 
theplate. 

iJiameter of Pin.— Let t be the thickness of plate or eyebar, and 
k its depth, then th is the area of cross-section of plate or eyebar. 
If Swt is the working unit stress for tension, then thSwt is the trans- 
mitted stress. Now if d is the diameter of the pin, and the thickness 
of the eyebar head is equal to the thickness of the bar, we have ^d 
for the bearing area of pin, and tdStoc for its bearing resistance. 
We must have, then, for equal strength 

tdStvc = th8wt, or d = ^h. 

owe 

We can take the ratio ^ = - . Hence the leaet diameter of 
pin is 

d = lh (2) 

The diameter of pin may need to be greater than this, but it 
cannot be less, unless the thickness of eyeoar head is made greater 
than the thickness of the bar itself. 

When this is the case, if ^i is the thickness of the bar and t the 
thickness of the head, we have for the least diameter of pin 

td8u>c^UhSivt, or d = -Jjh, (3) 

4 t 

and for the thickness of head 

'=^- <« 

The pin is a round beam subjected to flexure. The size of pin as 
thus determined is greater than the diameter required for safe 
bearing or shearing. For a beam we have (page 288) 

^^^ -M 

— iuinax, 

r 
where r is the radius of the pin and S/ is the unit stress in the 

Ttf* 

outer fibre, and / = -—. Hence 
4 

Mmax — gg , (5; 

where itfinaz is the maximum bending moment. The usual value 
for Sf is 15000 lbs. per square inch for iron and 20000 lbs. per square 
inch for steel. 

We have then, in any case, to find the maximtim bending mo- 
ment Mx, and then, from (5), we can find d. 

Mazimnm Bending Moment. — In general for any pin, we must 
resolve the stress in every bar through which the pin passes into its 
vertical and horizontal components. The stress in each bar is 
considered as acting along the centre line or axis, and hence the 
point of application of each vertical and horizontal component is at 
the centre of the bearing of the corresponding bar. 
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Let Mh be the mayimiiTn bendingmoment of ajl the horiEontal 
and Mv of all the vertical forces. Then the resultant maTimnni 
bending moment is 



^1 f-M F, 

in 



>»t4_*,^ 



Mm.^=V'i-h*+M„\ 



TT 



ft F( F, 



From (5) we then find the diameter d of the 

p pin- 

1^ 1 Let the parallel horizontal or vertical 

\ components on one side of the centre of pin 

' be -Pi, Ft, Ft, Fi, etc., the odd indices 

Fi, Ft, etc., acting in one direction, and the 
even indices Ft, Fa, etc., acting in the other. 
Let Zi be the distance between centres of 
bearing Fi and Ft , h the distance between 
Ft and Ft , etc. We can now easily find the 
maximum moment by trial. 
Thus the moment at Ft is Fih. Add to this (Fi — Ft)U and we 
have the moment at Ft. Add fl^ain {Fi —Ft + Ft)lt and we have 
the moment at Fa , and so on. The greatest of all these is the mo- 
ment required. 

Since all the forces Fi, Ft , Ft, etc., on one side are equal to all 
on the other. Ft, Fa ^ Ft, etc., they reduce to a couple on each side 
of centre of the pin, and hence the moment at any point P bevond 
the last force, as Fo, is constant. We have then only to find the 
greatest moment Mh or Mv by trial as directed. 

Practical Sizes for Pins.— Pins are furnished in sizes differing by 
i inch, and all sizes are an even number of sixteenths. A pin must 
always be ordered at least one sixteenth larger than the hole it is to 
fit, in order that it may be turned down to fit. We must then add 
^ inch to the calculated size, and if this gives an even number of 
sixteenths it can be ordered ; if not, add -^ more. 

Thus if the size of a pin is 4* inches by calculation, it should be 
ordered at least 4^^; but since only even sixteenths are furnished, 
we should order 4i and turn down to fit the hole. 

Torsion. — Torsion occurs when the external forces acting upon 
a body tend to twist it, so that each section turns on the next ad- 
jacent section about a common 
axis at right angles to the plane of 
section. 

Let a horizontal shaft of length 
I be fixed at one end, and let a 
force couple + F, — F act at the 
free end whose moment about the 
axis AC is Fp. 

The shaft will be twisted about 
the axis AC so that any radial line as aC moves to bC through the 
angle aCb = 0. 

If the elastic limit is not exceeded, any longitudinal plane oBAC 
before twisting regaains plane after^ as hlSAC, and when the couple 
-\- F, — F is removed the line bC returns to its original position aC. 
Also the angle aCb is proportional to F and to the distance AC = I 
of the cross-section from the fixed end. Thus if 6 is the angle aCb 
at the distance I from the fixed end, the angle axCihi at the distance 

X from the fixed end is =-9. If the elastic limit is exceeded, this 

proi)ortionality does not hold, the line bC does not return to its 
origiiud position when the couple + F, -- F \a removed, and if the 
twist is great enough we have rupture. 



Q===>. 



-F 
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These facts are but a restatement of the general experimental 
laws of page 279. 

Neutral Axis. — Cionsider the shaft to be made up of an indefinitely 
ffreat number of parallel fibres. Since within the elastic limit stress 
IS proportional to strain, as (5ne cross-section of the shaft turns 
about the axis and slides upon the adjacent cross-section, the strain 
and therefore the shearing stress on each fibre of a cross-section is 
proportional to its distance from the aacis AC. For the fibre at the 
axis AC there is then no shearing stress. The axis AC is then the 
neutral axis. (Compare page 286.) 

Position of the ^leutral Axis. — ^Let a be the cross-section of any 

fibre, and Ss the unit shearing stress within the elastic limit for 

that fibre in any cross-section most remote from the neutral aads at 

the distance v. Then the shearing stress for the most remote fibre 

in any cross-section at the distance t; is Ssa, and for any other fibre 

r 
in that cross-section, at the distance r, it is —8»a. The sum of all 

V 

the fibre stresses of any section in any straight line per- 
pendicular to the axis is then —^Sra. 

But the sum of the external forces -^F, — Fis zero, 
hence for equilibrium we must have Sar = 0. 

Therefore the neutral ax^is AC must pass through the • 
centre of mass of the cross-sections. (Compare page 287.) 

Twisting Moment and Resisting: Moment.— All the external forces 
acting upon the shaft reduce to a couple + F, — F,b& shown in the 
figure, whose moment Fp with reference to the neutral axis is the 
twisting moment Mt. This moment is the same at every point of 
the neutral axis AC, and therefore tends to make each cross-section 
turn on its ad j€u;ent cross-section nearest the fixed end, about the 
axis AC, so that there must be for equilibrium between every two 
cross-sections an equal and opposite resisting moment due to the 
shearing stress between these two cross-sections. 

Since for any cross-section the shearing stress for any fibre at a 

r 
distance r from the neutral axis is -8^, the moment of that stress 

V 
o 

about the neutral axis is —^ar^. and the sum of the moments of all 

V 

the stresses for any cross-section about the axis, or the resisting 
moment, is then — -Sar^, 

V 

For equilibrium this is balanced by the twisting moment Mt, 
But Sar* is the polar moment of inertia Iz of ths cross-section 

with reference to the axis through the centre of mass (pa^ 271). 
We have then for equilibrium, without reference to direction of 

rotation, 

^=Mt (I) 

where 8$ is the unit sheanng stress within the limit of elasticity in 
the most remote fibre of any cross-section at the distance v £rom the 
neutral axis, Iz is the polar moment of inertia of the cross-section 
with reference to that axis, which always passes through its centre 
of mass, and Mt is the twisting moment. 

The student should note the analogy of this equation with that 
for fiexure of beams, page 288. 
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From (I) we can find Mt for any given 8s when Iz and v are 
known and the elastic limit is not exceeded. 

Coefficient of Rapture. — Equation (I) holds within the elastic limit. 
The value of & computed by means of (I) from experiments carried 
to the point of rupture we call the 

Coefficient of Raptnre for Torsion. — ^It is found by experiment to 
agree closely with the ultimate shearing strength as given in our 
Table page 290. 

We have then for rupture 

^ = Mt, (nj 

where Sr is the shearing unit stress in the most remote fibre of that 
cross-section where rupture occurs, or the dangerous cross-section. 

This is evidently the cross-section for which — is a minimum^ 

since Mi is the same for every cross-section. 

From (II) we can find Mt for Sr , Iz and v given, at the point of 
rupture. 

Coefficient of Elasticity for Shearing Determined by Torsion. — Let 
the length of shaft be I and let the angle of torsion or the angle of 
twist of the end cross-section be 8 and the twisting moment Mt. 
Then within the limit of elasticity the strain of the outer fibre for 
the end cross-section is dJ^ and the strain per unit of length is 

a = -|-. The unit shearing stress of the outer fibre of the end cross- 
section is 8s, Then from page 281, since the coefficient of elasticity 
is the ratio of the unit stress to the unit strain, J /^ 

where v is the distance of the outer fibre of the end cross-section 
from the neutral axis. 

If we substitute for 8s its value from (I), we have 

^=% ^^ 

from which B can be computed if the other quantities are known 
and the elastic limit is not exceeded. 
Inversely we have 

^^Mt (IV) 

From (IV) we can find Mt for any given e, when By Iz and I are 
given and the elastic limit is not exceeded. 

Work of Torsion. —If is the angle of torsion for any cross-section, 
the strain of any fibre in that cross-section at a distance r from the 

neutral axis is rO, and the stress for that fibre is ^ 5<a. The work 

V 

of the fibre is then one half the product of the stress and strain 

(page 281), or ^ar^. The work of all the fibres is then ^Sat^; 

2v 2v 

or, since Sar* = Iz, we have from (IV> and (I), for the work, 

jrr^ ^SJz ^MtB ^ BI^ ^MtH „ 

2v 2 21 2BIz ^^ 
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Transmisaion of Power by Shafts.— Work is the product of a force 
by the distance through which it acts. Power is rate of work. A 
horse-power is 88000 ft. -lbs. of work i>er minute. If a shaft makes n 
revolutions per minute and the twisting force is F with a lever-arm 
p, then 2itp x n is the distance and 2itnpF is the work per minute, 
and the horse-power is, if p is in inches, 
p._ 2nnFp 
■"33000 X 12* 
Buti?3p = Jlft=^. Hence 

V 

198000U' ^ ^ 

where n is the number of revolutions per minute, H the horse- 
power transmitted, Iz and v must be taken in inches and S» in 
poimds i)er square inch. 

Combined Stresses. — ^We have thus far considered stresses of 
pure tension, compression and shear, also flexure and torsion. But 
we may have tension or compression combined with flexure, as when 
a beam is in direct longitudinal tension or compression and at the 
same time supports a load. We may also have tension or compres- 
sion combined with shear, as when a shaft is in direct lon^tudinal 
compression or tension and at the same time in torsion. We may 
also nave torsion and flexure combined. 

Combined Tension and FLexnre.— For flexure alone we have, page 
288, 

where S/ is the unit stress in the extreme outer fibre in any cross- 
section at the distance v from the neutral cucis. If this cross-section 
is also in direct tension, then the tensile fibre stresses due to flexure 
will be increased and the compressive fibre stresses due to flexure 
will be diminished. The neutral axis is then no longer at the centre 
of mass of the cross-section; and if we consider the deflection, a 
strict discussion leads to results of ereat complexity. 

If, however, we neglect the deflection, and let T be the direct 

T 
tension over the area A, then -r is the unit stress of direct tension. 

In the extreme outer tensile flbre, then, the total unit stress is 

If Smax is the maximum unit stress, we have then at the cross- 

T 
section where S/ + -—i8a maximum 

A. 
^max = 5/-hJ = ^ + 5-. (1) 

where Mx is the bending moment at that cross-section of area A for 

which Sf+ -J is a maximum, T is the direct tension, Sf is the unit 

stress due to flexure in the extreme outer tensile flbre of that cross- 
section at the distance v from the neutral axis. 
From (1) we have 
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If we put for Jits value A/r*, where k is the radius of gyration 

T 
of the cross-section of area A, for which S/'\-'j-i8a maoHmum, we 

have, putting Smax. = the working unit stress Sw^ 






(» 



From (1) we can And in any case the maximum unit stress in 
the extreme outer fihre on the tensile side. From (2) we can find 
the area of cross-section bv taking for Sw its value as found on 
page 291, by dividing the ultimate strength by the factor of safety, 
or as found by the method of page 292. 

Combined Compression and Jlexnre. — This case is the same as 
the preceding, except that we must ^ut the direct compression C in 

Slace of T and take for Sw the working stress for compression. If 
exure is to be apprehended, we must take Sw as given on pa^ 291. 
Combined Tension and Shear.— If a body whose cross-section at 
any point is A is subjected to a direct tension 7, the direct unit 

T 
tensile stress is t = -p. Suppose at the same time a direct vertical 
A, 

a 

shear S, then the unit shearing stress iBS = ■^. 



-K8A 



+8cd 




*-+86 



Take any element of breadth 6, height h and unit thickness. 
Then we have acting on this element the tensile stresses -i- th, — th, 
and the shearing stresses + sh, — ah. The two equal and opposite 
stresses -i- th^ — th hold each other in equilibrium. The couple 
+ 8h, — sh can only be held in equilibrium by the opposite couple 
-h d&, — sh. Let doe the dieigonal, and o^ the angle of the diagonal 
with the side b. Then we nave the components parallel to the 
diagonal forming the combined shearing stresses + 8^, — 8gd, and 
the components perpendicular to the diagonal forming the com- 
bined tensile stresses + 8rd, — Std. 

For equilibrium we have then 

-k- Ssd — th cos a — 8b cos a -^ ah sin a = 0; 
-I- 8id — th sin a — sb sin a — ah cos a = 0. 

Since we have sin a = -r, cos « = ^ » dividing these equations 
by d, we obtain 

at = t Bin a cos a + 8 cos* a — a sin* a = - sin 2ar -(- « cos 2a ; 

8t ^t sin' a + 2« sin a cos a = — — — cos 2a -I- « sin 2a. 
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From these equations, by placing the first differential coefficient 
equal to zero, we have, when 8« is a maximum, 

t t 2fi 

tan 2a =:^, sin 2a = — , cos 2a = 



when at is a maximum, 

tan 2a = — -, sin 2a = , cos 2^ = 



Therefore we have 



mas,ss =y8^ + ^; (1) 



max «* = I + i/s^ + J (2) 

Equation (1) gives the imit shearing stress when we have the 
direct unit tensile stress t and unit shearing stress v combined. 
Equation (2) gives the imit tensile stress when we have the direct 
tensile stress t and unit shearing stress v combined. 

Combined Compression and Shear. — Let the direct unit compres- 
sive stress be c, and the direct unit shearing stress be 8. Then, just 
as before, we have for the combined unit shearing stress 



, = |/i 



«" + f (1) 



and for the combined imit compressive stress 



*=| + /5' + f (2) 

Combined Flexure and Torsion.— Let 8/ be the ^eatest unit stress 
for flexure as given by equation (II), page 288, viz., 

and Sa the unit shearing stress for torsion as given by equation (I), 
page 309, viz., 

Iz 

Then, as we have just seen, we have for the combined unit 
stresses of shear and compression or tension 






Stress Due to Temperatnre.— We have from equation (3), page 
281, 

where A is the strain produced by the unit stress ^ in a bar of 
length Z, the coefficient of elasticity being E. 
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If a bar is constrained so that it cannot change in length and 
then exposed to change of temperature, a unit stress will be pro- 
duced equal to that which would cause a strain equal to the change 
of length of the unconstrained bar under the same change of tem- 
perature. 

Thus if € is the coefficient of linear eznansion for one degree of 
temperature, t the number of degrees of cnange of temperature and 
I the original length, the change of length of an unconstrained bar 

is A. = etl. The strain per imit of length is then f = et. The coef • 

ficient of linear expansion € = u is then the strain per unit of length 

per degree. 

If the bar is constrained so that it cannot change its length, we 
then have a unit stress 

S = ^^Eet, 

which is independent of the length I. The total stress, if the area is 
A. is then 

AS = AU€t 

We ^ve the following average values of the coefficient of linear 
expansion e for one degree Fahrenheit : 

Brick and stone e = 0.0000050 

Cast iron € = 0.0000062 " 

Wrought iron e = 0.0000067 

Steel 6 = 0.0000065 



EXAMPLES. 

(1) A wrought-iron tie-rod, 30 ft, long and 4 sq. in, in area of 
crose-section, ts snJbjected to 40000 lbs. tension. Find the unit stress. 
If the coefficient of elasticity is 80000000 lbs, per square inch, find ^ 
elongation, 

Ans. Unit stress = 10000 lbs. per square inch. Elongation = 0.01 ft. 

(2) An iron bar 10 ft. long has a strain of 0.012 j^. under a unit 
stress of 26000 lbs, per square inch. Find the coeffUnent of elasticity. 

Ans. E = 20888838 lbs. per square inch. 

(3) A rectangular timber tie is 12 inches deep and 40 ft, long. If 
E = 1200000 lbs, per square inch, find the thickness so that the 
elongation under a pull of 270^^ lbs, may not exceed 1.2 inches, 

Ans. Thickness =7.5 in. 

(4) A uyrought-iron tie-rod 142 ft, long and 4 sq, in, area is sub- 
jected to a stress of 80000 lbs, IfE = 30000000 lbs, per square inch, 
find the elongation. 

Ans. Elongation = 1.186 in. 

(5) The length of a cast-iron pillar is diminished from 20 ft. to 
19.97 /t. under a given load. Find the unit stress of compression, 
E being 17000000 Jbs. per square inch, 

Ans. Unit stress = 25500 lbs. per square inch. 
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(6) A tvrought-iron bar 2 sq. in, area of croas-section has its 
ends confined between txoo immovable blocks at a temperature of 60° 
Fahr, Taking the coefficient of expansion at 0.000006944, find the 
pressure upon the blocks when the temperature is lOO** Fahr., sup- 
posing there is no flexure. 

Ads. Pressure = 0.00055552 E, li E =^ 80000000 lbs. per square inch, 
pressure = 16665.6 lbs. 

(7) The dead load of a bridge is 5 tons and the live load 10 tons 
\ per panel, the corresponding factors of safety being 3 and 6. Find 
\ the combined factor of safety, 

Ans. Factor = 5. 

(8) The dead load upon a short hollow cast-iron pillar, with a 
rectangular area of 2?) sq, in., is 50 tons. If the compression is 
not to exceed 0.0015 of the length, find the greatest live load, E being 
17000000 lbs, per square inch, 

Ans. Live load = 410000 lbs. = 205 tons. 

(9) A steel suspension rod in a suspension bridge carries 3600 
lbs, of roadway and 3000 lbs. of live load. Its length is 30 ft. and 
sectioned area one half square inch. Find the gross load and the 
extension of the rod, K being 35000000 lbs. per square inch, 

Ans. Gross load = 6500 lbs. Extension 0.133 inch. 

(10) A beam 40 ft, long carries a load of 20000 lbs. Find the 
shearing force at 15 ft, from one end, and also the maximum bend- 
ing moment : (a) when the beam is supported at the ends and loaded 
in the middle; (b) when it is supported at the ends and loaded 
uniformly; (c) when it is fixed at one end and loaded at the other; 
(d) when it is fixed at one end and loaded uniformly, 

. Ans. (a) Shear = 10000 lbs., max. moment = 200000 ft. -lbs. at middle; 

(b) Shear = 2500 lbs., max. moment = 100000 ft. -lbs. at middle; 

(c) Shear = 20000 lbs., max. moment = 800000 ft.-lbs. at end; 

(d) Shear = 7500 lbs., max. moment = 400000 ft.-lbs. at end. 
Draw the diagrams for shear and bending moment in each case. 

(11) A beam 20 ft, long rests on two supports and carries a 
load of 10 tons at 5 ft, from one end. Find the maximum bending 
mor/ient, 

Ans. Maximum moment 87.5 ft. -tons at the weight. Draw the diagrams 
for shear and bending moment. 

(12) Find the breadth and depth of the strongest rectangular 
beam which can be cut from a cylindrical log of diameter D 

Ans. Breadth = D |/i-, depth = D |/ 1 • 

(13) A round and a square beam are equal in length and equally 
loaded. Find the ratio of the diameter to the side of the square, so 
that the two beams may lie of equal strength. 

Diameter VT. 

Side y dTC 

(14) Compare the relative strengths of a cylindrical beam and the 
strongest rectangular and squareoeams that can be cut from it 

. Strength of cylindrical 9;r ^ 

Strongest rectangular 82 ' 

Strength of cylindrical Bit 4/2 _ - i^, 
Strongest square ~" 8 "~ 
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(15) Compare the relative atrengtlts of a solid aquare beam to 
that of the solid inscribed cylinder. 

Strength of square _ 16 _ ^ - 
Strength of cylinder ~ 8ir "~ 

(16) Compare the strength of a square beam with its sides vertical 
to that of the same beam rvith a diagonal vertical. 

Side yertical .— . ... 

Abb. tt; z — -r— r = 4^2 = 1.414. 

Diagonal vertical 

(17) A beam of yeUowpine^ 14 inches wide. 15 inches de^y resting 
upon supports 10 ft, 9 in, apart ^ was just able to bear a weight of 
34 tons ai the centre. What weiaht at the centre will a beam of 
the same material^ S ft. 9 in. bmveen the supports and 5 inches 
square bear f 

Ans. 8.86 tons. 

(18) Compare the strengths of ttvo rectangular beams of equal 
length, the breadth and depth of one being respectively equal to the 
depth and breadth of the other. 

Ans. The strengths are directly as the breadths and inversely as the 
depths. 

(19) A cast-iron beam 4 inches square rests upon supports 6 ft. 
apart. Find the breaking weight at the centre^ taking 8r = 80000 
Ws. per square inch. 

Ans. Breaking weight = 17777J lbs. 

(20) A yelloto-pine beam, 14 inches wide, 16 inches deep, resting 
upon supports 10 ft. 6 in. apart, broke down under a uniformly- 
distributed load of 60.97 tons. Find the coefficient of rupture Sr- 

Ans. 8r = 3658.2 lbs. per square inch. 

(21) A cast-iron rectangular beam rests upon supports 12 ft. 
apart and carries a weight of 2000 lbs. at the centre. If the breadth 
is one half the depth, find the sectional area so that the unit stress 
may nowhere exceed 4000 lbs. per square inch. 

Ans. Area = 18 sq. in., depth = 6 inches, breadth = 8 inches. 

(22) A wrought-iron beam, 4 inches deep, f inch wide, fixed hori- 
zontally at one end, gave toay when loaded with 1568 lbs. at the free 
end, at a point 2 ft. S in. from the load. Find the coefficient of 
rupture Sr, 

Ans. 8r = 25088 lbs. per square inch. 

(23) A uyrought-iron beam 2 inches wide and 4 inches deep rests 
upon supports 12 ft. apart. Find the uniformly distributed load it 
will carry in addition to its oum weight if Sr = 50000 lbs. per square 
inch and the factor of safety t« 4. A bar of iron 3 ft. long and one 
square inch in cross-section weighs 10 lbs. 

Ans. Load = 3884 lbs. 

(24) Find the length of a beam of ash 6 inches square which 
woidd break of its oum weiaht when supported at the ends, the 
weight of the timber being 30 lbs. per cubic foot and 1^ = 7000 2&9. per 
square inch. 

Ans. Length = 149f ft. 

(25) A cast-iron cantilever beam 8 ft. long and 12 inches deep, 
centre to centre ofthefianges, carries a uniformly-distributed load 
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of 16000 lbs. Find the area of tJie top flange at the fixed end, neg- 
lecting the weby so that the unit stress shall not exceed 8000 lbs, per 
square inch, 

Ans. Area = 21.8 sqoare incheB. 



A cast-iron beam 27^ inches deep, centre to centre of the 

fianges, rests upon supports 2^ ft apart. Its bottom flange is 16 
incfies wide and 3 inches deep. Neglecting the web, find the break- 
ing weight at the centre, the coefficient of rupture Sr being 15000 lbs. 
per square inch. 

Ana. Weight = 258846 lbs. 

(27) A cantilever plate girder 44.7 ft. long and 22.25 ft deep, 
centre to centre of the flanges, supports a uniform load of 1.82 tons 
per foot and a weight of 161.6 tons at the free end. Find the unit 
stress on the net section of the tension flange at the point of support, 
neglecting the web, the gross area being 132.6 inches but reduced by 
rivet-holes two ninths. 

Ana. Unit stress = 8.94 tons per square inch. 

(28) A girder SO ft long and 4 ft. deep, centre to centre of flanges, 
supports a uniform load of 32 tons. Find the stress in eitner flange 
at 9 feet from one end, neglecting the web. 

Ans. Stress = 29.6 tons. 

(29) Required the depth of a rectangular beam supported at the 
ends and carrying a load Wat the middle^ in order that the elonga- 
tion of the lowest fibre shall equal y^ of its original length. 

^ ,, , /2100W 
Ans. '^--"' 



/2 
Depth = |/ - 



Eh 



(30) A beam of depth 8 inches, length 8 ft., supported at ends, 
sustains 500 lbs. per foot. Find its breadth for a factor of safety 
of 10, 8r being 14000 lbs. per square inch. 

Ans. Breadth = 8^ inches. 

(31) A beam of length 12 ft , breadth 2 in. , depth 6 in., is supported 
at the ends. Mnd the uniform load it will safely sustain for a 
factor of safety of 4, 8r being 80000 lbs. per square inch. 

Ans. Weight = 9259 lbs. 

(32) A wooden beam of length 12 ft is supported at the ends. 
Find its breadth and depth so that it may safely sustain one ton 
uniformly distributed over its whole length, for the factor of safety 
10, 8r being 15000 lbs. per square inch and the depth 4 times the 
breadth. 

Ans. Breadth = 2.08 in.; depth = 8.82 in. 

(33) A wrought-iron beam 12 ft. long, 2 in. wide, 4 in. deep is 
supported at the ends. The material weighs i lb. per cubic inch. 
Talcing Sr at 64000 lbs., find the uniform load it tcill sustain. 

Ans. Without the weight of beam, 16000 lbs. 
Over the weight of beam. 15712 lbs. 

(34) A beam is fixed horizontally at one end. Len^h 20 ft., 
breadth H in., Sr = 40000 lbs. per square inch. If the tcetght of the 
material is i lb. per cubic inch, find the depth so that it may just 
sustain its own weight and 500 lbs. at the free end. 

Ans. Depth = 4.06 inches. 
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(35) Find the sectional area of a square beam of 12 ft. span which 
sustains a load of 300 lbs. at the centre and has at the same time a 
direct longitudinal tension of 2000 lbs,; the working unit stress being 
taken at 1000 lbs. per square inch. 

Ans. 4.18 inches sqaare. 

(36) Find the sectional area of a square beam of 12 ft. span which 
sustains a load of 50 lbs. per foot uniformly distributed and has at 
the same time a direct longitudinal tension of 2000 lbs.; the working 
unit stress being taken at 1000 lbs. per square inch. 

Ans. 4.18 inches sqaare. 

(37) A beam (yf uniform cross-section A is inclined at the angle a 
to the horizontal and rests without slipping on two supports. Thfi 
load is tv per linear unity uniformly distributed. Find the maximum 
unit stress. 

Ans. This is the case of a roof -truss rafter at the bottom or at an inter- 
mediate panel, loaded by its own weight 
only. 

The vertical reaction at the top end 
is given by 

i^ioosax l = tolX oleosa, 
or 

The bendinff moment at any iMint 
distant x from the upper end is then 

w- wl ,, ^^ajcosa 

Mx = -g-<5<^ a X aj — «» X — ^ — . 

The unit stress in the outer fibre at the distance « from the neutral axis is 
then for any cross-section at a distance x from the upper end 

^ _ M^ _ dig cos g ^,^ 

The direct compression at the distance x from the upper end is 

n I wl , w sin a.^ _ 

t/ = triBsina- — slna= ' (2a? — Q. 

The combined unit stress is then 

„ . wocosa,, .. . wBina,^ ^ 

This is a maximum when a; = -j: -I -z . 

3 ' Av 

Hence the maximum unit stress is 

^, _ vwPcoBa Iw tan afAn a 

^""" 8/ "^ 2AU> • 
If there is an additional compression applied at the ends of 0, the mATimnm 
unit stress is -^ + 'Smaz. 

(38) The top rafter of a roof -truss of uniform cross-section A is 
inclined at the angle a to the horizontal. The load is wper linear 
unit uniformly distributed. Find the maacimum unit stress. 
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Abb. The reaction at the top end ^is horizontaL We have then 
_, . . - ^oosa 

^ H — 

or 

J = —■ cot a. 

At any point x from the upper 
end the imit stress for flexure is then 



3f=- 



{B» sin a jr- cos a}v, 

4 




The direct compression is C7 = J7cos a + wxfxma. 
The combined unit stress is then 



^ C _ wocosa 



.«»). 



^cotorcosa , tea; sin a 



dii 



This is a maximum when a; = - -| — . 

2 Ar^ 
Hence the maTimum unit stress is 

o wffPcoaa , tff^coseca , 
Pmaz = oT 1" 



Iw tan a ein a 



SI 



2A 



2A*v 



If there is an additional compression applied at the ends of 0, the maximum 

unit stress is -7 + Sumx' 
A 

(39) A wooden beam 10 inches wide^ 9 inches deep and 6 ft long 
carries a uniform load of 500 lbs, per linear foot ana is subjected to 
a longitudinal compression of 40000 lbs. Find the maximum unit 
stress, 

Ans. 800 lbs. per square inch. 

(40) If the beam in Example (39) forms one of the panels of the 
rafter of a roof-truss of4ldft. span and 15 ft, high, find me maximum 
unit stress. 

Ans. Let b = breadth, h = height of cross-section. 

Then « = ^, A = bh, /= -^jfih^ and we have, from Example (87), 



maximum unit stress = 



600 



12 
40000 



8t0^ cos a , w tan a sin a 



bh 



4dA> 



126 



In the present case w = -^, ; = 96, & = 10, A = 9, sin a = 0.6, cos a =0.8, 

tan a = 0.76. Hence 

maximum unit stress = 729 lbs. per square inch. 

(41) A rivet J inch in diameter is subjected to a tension of 2000 
lbs, and at the same time to a shear of 8000 lbs. Find the combined 
maximum tensile and shearing unit stresses and the angles they 
'make with the axis of the rivet, 

Ans. Maximum shearing unit stress = 7156 pounds per square inch, making 
an angle of 9" 13' with the axis of the rivet. 

Maximum tensile unit stress = 9420 pounds per square inch, making an 
angle of 54** 28' with the axis of the rivet. 
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(42) A circular shaft 2 ft, Umg is tidsted through an angle of 7 
degrees by a couple of ± 200 lbs. with a lever-arm of 6 inches. Find 
the angle for a shaft of the same size and material 4 ft long when 
tvnstea by a couple of 600 lbs. unth a lever-arm of 18 inches. 

Ans. 106 degrees. 

(43) A circular shaft when twisted by a couple of ± 90 lbs. with a 
lever-arm of 27 inches has a unit shearing stress of 2000 lbs, per 
square inch. If the same shaft is twisted by a couple of ± 40 lbs. 
unth a lever-arm of 67 inches, what is the unit shearing stress f 

Ans. 1877 pounds per square inch. 

(44) An iron shaft 6 ft. long and 2 inches diameter is twisted 
through an angle of 7 degrees by a couple of ± 6000 lbs. with a lever- 
arm of 6 inches, and on the removal of^the couple springs back to its 
original position. Find the value of Efor shearing. 

Ans. 9890000 pounds per square inch. 

(46) Wluit is the couple which acting unth a lever-arm of 12 inches 
will twist asunder a steel shaft 1.4 inches diameter, the coefficient of 
rupture by torsion being 76000 lbs. per square inch. 

Ans. ± 1683 pounds. 

(46) Compare the strength of a square shaft with that of a circular 
shaft of equal area. 

Ans. :L_. 

(47) Find the combined unit stresses for a wrought-iron shaft 3 
inches diameter and 12 feet long, resting on bearings at each end^ 
which transmits 40 horse-power while making 120 revolutions per 
minute, upon which a load of 800 pounds is brought by a belt and 
pulley at the middle. 

Ans. The unit stress for flexure is 

8/ = -^=:^= 10800 lbs. per square inch. 

The unit stress for torsion is 

^ 198000dJr .nnniK • i. 

8s = J = 4000 lbs. per square inch. 

The maximum combined unit stresses are then : 

for tension or compression, 6400 + 4^4000« + 6400« = 12100 lbs. per square inch; 
for shear 6700 lbs. per square inch. 

(48) A vertical shaft u)eighing unth its loads 6000 lbs. is sut^fected 
to a twisting moment by a force of 300 pounds acting unth a lever- 
arm of 4 feet. If the shaft is of wrought iron 4 feet long and 2 inches 
in diameter, find its maximum unit stress, provided the shaft is so 
supported that it cannot bend sideways. 

Ans. Compressive unit stress = 10170 lbs. per square inch. 
Shearing ** " = 9215 " " 

(49) Find the diameter of a short vertical steel shaft to carry a 
load of 6000 lbs. when twisted by a force of 300 lbs. with a leverage 
of 4 ft., talcing unit stress for shear at 7000 lbs. and for compression 
at ipOOO lbs. per square inch. 

Ans. About 2.6 inches. 
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(60) A cast-iron waterjnpe 12 inches diameter and ^ in. thick is 
^.^leraheadofSOOft Taking the ultimate strength cU 20000 lbs. 
per square inchj find the factor of safety. 

Ans. The unit preflsore is 0.484 X 800 = 180.2 lbs. per square inch. Hence 
180 2 V 12 
the unit stress is ^= ^ — = 1280 lbs. per square inch. The factor of 

aoooo '''' 

safety is then j^ = about 16. 

(61) Find the thickness of a cast-iron pipe 18 inches diameter for 
a factor of safety of 10, taking the ultimate strength at 20000 Vbs. per 
square inch and the heixd of water 300 feet. 

Ans. 0.586 inch. 

(62) A wrought-iron pipe, 4.5 inches internal diameter, weighs 
12.6 pounds per linear foot. Whai pressure can it carry witn a 
fojctoT of safety of 8, taking the ultimate strength 66000 lbs. per 
square inch f 

Ans. A bar of wrought iron one square inch in cross-section and 8 ft. long 

Q 

weighs 10 lbs. Hence the area of the pipe metal is 12.5 X r^r = 8.75 square 

inches. The thickness is then t = -^ — = 7 inch. 

zxr 4 

„ 2X55000* „^^,, , ^ 

Hence p = ^ = 768 lbs. per square inch, 

(63) A boiler is to be made of urought-iron plates f inch thick, 
united bf single lap-joints. Find the size ana pitch of rivets. If 
the boil&tr is 30 incnes in diameter and carries a pressure of 100 lbs. 
per square inch above the atmosphere, find the factor of safety, tak- 
ing the ultimate strength at 66000 lbs. per square inch. 

Ans. From (4). page 296, we have f-in. rivets. But from (3), i)age 295, we 
have f-in. This size would be chosen for ordinary construction work. In this 
case we wish a tight joint, and therefore use a small rivet at sacrifice of strength. 
Let us take then i-in. rivets. Then from (5), page 296, we find the pitch f in. 
But this violates the practical restriction that rivets should not have a less pitch 
than three diameters. We take the pitch then 2 inches. The pressure on a 
length equal to the pitch is 80 X 2 X 100 =r 6000 lbs. If /9 is the unit stress, 

the resisting stress is 5(2 -|Wg^. Hence iS = ?i^i?5?2 = 11640 lbs. per 

square inch. The factor of safety is then about 5. If this is considered too 
small, we should use a less pitch or a larger rivet. A larger rivet would not be 
tight enough. For a less pitch the holes must be drilled and not punched. 

(64) Required to unite two hinch plates by a butt joint with two 
cover-pUxtes ; the stress to be transmitted being 40000 lbs. and the 
unit working stress 10000 lbs. per square inch. 

Ans. The area of the plates must then be 4 square inches net if the joint is 
in tension, aross if in compression. The cover-plates can be each ^ inch thick. 
Our rule (4), page 296, gives for diameter of rivet d = fj inch. This is 
greater than given by (8), page 295, therefore we take it. From our Table 
page 297 we have for the resistance to shear of a |{-inch rivet 8890 lbs. The 

rivets are in double shear in a butt joint, hence we require -^^^^ = about 5 

oovO 
rivets. The bearing resistance from our Table is 5080 lbs. We require then 

40000 
for bearing -jr^^ = about 8 rivets. This, then, is the number we should use. 



{ \viY]v\^w\rimi 



'7 ^»Ui 
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For the pitch we have from (5), pa^e 296, 2.887 inclies. This is less than 
8 inches. We therefore take the pitch 8 inches. We most haye at least 1^ 
inches for distance from end and edge (page 297). 

If the plates are 8i inches wide, we must then have three rows of rivets, three 
in the first and last and two in the middle on each side of the joint. The cover- 
plates must then be 10 inches long. The student can now sketch the covers 
^ .«_-—- ilates with the rivet-holes properly spaced. 

f^^Cftlm^ (55) A plate girder is 17 feet long and 27 inches deep. The uni- 
formly-distrihuted load is 56,000 lbs. The thickness of the iveb is i 
' inch and of the flange angles ^K inch. Find the size^ number and 
'• spacing of the rivets to unite the web and flanges. 

'M^ Ans. From (4), page 296, we have d = i inch. This is less than the size 
^ fr ^ven by (3), page 295. We take the rivets then | inch diameter. ^ 

fm€ ^^^•^t-'%,%jr' If we neglect the web, the stress of compression in the upper flange or o^/ ^j^^y j 
tension in the lower, at any point distant x feet from the end, is given by *^^^^^^K 

y M^ If we take a? = 0, ^'.b ft., 5 ft., 8.5 ft., we have the stress at these 

points = 0, 26062 lbs., 48137 lbs, 51944 lbs. 

We have then for the first division of 2.5 ft. the horizontal stress 26062 lbs., 
or 13 tons, to be taken by the rivets. 

In the second division of 2.5 ft. we have 43137 — 26062 = 17075 lbs., or 
8.5 tons; and in the third division of 8.5 ft. we have 51944 — 43137 = 8807 
lbs. , or 44 tons, to be taken by the rivets. 

For the shear at Bsrr point distant x feet from the end we have 

If we take a; = 0, 2.5 ft, 5 ft. , 8.5 ft., we have the shear 

at these points, = 27500 lbs., 19400 lbs., 11300 lbs., 0. 

We have then for the first division of 2.5 ft. the shear 27500 — 19400 = 
8100 lbs. , or 4 tons, to be taken by the rivets. 

In the second division of 2.5 ft. we have 19400 - 11300 = 8100 lbs., or 4 
tons; and in the third division of 8.5 ft. we have 11300 lbs., or 5.65 tons, to be 
taken by the rivets. 

Hence the combined shear (page 313) in the first division of 2.5 feet is 




/ 



4?+—- = 7.68 tons = 15260 lbs. 



In the second division of 2.5 ft.. 



/ 



4«-f-^ =6.9tonfl =11800 lbs. 



In the third division of 8.5 ft.. 



/ 



5.65«-f^ = 6tons =12000 lbs. 



The bearing resistance of a seven-eighths inch rivet Is, from our Table 
«ure 297, 2730 lbs. We require then for bearing, in the first 2.5 feet, 

mm 11800 

= 6 rivets, in the next 2.5 ft., = 5 rivets, in the third division of 



2730 "" "*"'^"'°' • ' 2730 

, ^^, 12000 ^ . ^ 
^•^^*-' 2780"=^'^^"*"- 

We most not pitch the rivets less than 8 inches or more than 6 inches (page 
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296). A pitch of 4 inches for the first 2.5 ft. , then 5 inches for the next 2.5 
ft. and then 6 inches to the middle will therefore giye more rivets than are 
necessary. 

(56) A pin 3 inches diameter misses through the web of a channel 
bar three fifths of an inch thick. The transmitted stress is 55500 
lbs. Fina the thickness of re-enforcing plate necessary to give 
sufficient bearing ou the pin. 

Ans. The thickness for each ton (page 806 (b)) is 

For 55600 lbs. = 27.75 tons we should have a thickness of 0.0588 X 27.75 
= 1.48 inches. 

Q 

The channel web is only — = 0.6 inch thick. In order to have the proper 

thickness for safe bearing on the pin, we must then increase the thickness by 
1.48 — 0.6 = 0.88 inch. Two re-enforcing plates on each side of the web, 
each 0.44 inch thick or about ^ inch each, will then give the required thick- 
ness. 

(57) If the depth of an eyebar is 10 inches, find the least diameter 
of pin which can be used without having the thickness of the head 
greater than that of the bar. 

Ans. (Page 307 (c).) d = 7i inches. 

(58) A bar 8 in, by i in. has a pin 4f inches diameter passing 
through it Find the thickness of oar head, 

Ans. The least diameter without having the head thicker than bar is 6 
inches. As the pin is lees than this, the head must be thicker than the bar 
and equal to 

*=ld'=-Tx48r=^*^'^''' 

(59) In a panel of a bridge truss we have at each end of the pin 
two eyebars on one side, 4 in. by 1^ in., and on the other side one 
eyebar 4 in, byl^ in. Also one tie on each side of centre of pin 
1^ in, thick. The tie is packed close to the vertical post, which con- 
sists of ttvo channels ofi-in, thickness. The bars are packed snug. 
The vertical compression in the half post is 40000 lbs. The working 
unit stress of the bars is 10000 lbs. per square inch. Find the size of 
pin required, 

Ans. We have here on one side acting horizontally 

Fi=Ft=z4Xl^X 10000 = 47500 Iba., 
and on the other side 

i^. = 4 X lA X 10000 = 57500 lbs. 

The horizontal component of the tie-stress is 

J?'4 = 2 X 47500 - 57500 = 57600 Ibe. 

The distances are 

^ = ^. =|aA + lA) = lA inches; 
h = ^(lA + lA) +g = 2i inches. 
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We have then at F% the moment FiU = 47500 X 1 A = ^^^^^^ ineh-lbi.; 
at Ft we haye 62844 + (Fi - J^.K> = ^^19 inch-lba.; 
at F^ we have 49210 + (Fx - j; + J^.y. = 188994 inch-lbe. 
The maximmn hoiiiontal bending moment is then 

Mh = 188594 inchlbs. = 66.797 inch-tons. 
The vertical oompieesion in poet is 40000 lbs. Its lever-ann Is 

|(iA + |) = iA. 

Jf«3 40000 X lA = 48760 ioch-lbs. s 24.875 inoh-toMw 

The leenltant maximnm bending moment is then 



JTiDAz = VMh* + M^ = V66.8» + 24.4* = 71.11 inch-tons = 142220 inch-lbs* 

We have then for size of pin aboat 41 inches diameter, or 4| commercial 

o 

size. The least allowable diameter is jA =: 8 inches. Hence the bearing is 



CHAPTER nL 



APPLICATIONS OP STATICS— THEORY OP PLBXITRB. 



CHANGS OF 8HAFB OF NIEITTRAL AXIB OF ▲ BBAM. ABSTTHFTIOire OF THB 
THBOBT. AFFUGATIOK OF BQUATIOlf I. DBFLBCTION AlID BBBAKIKO 
WmOHT OF BBAM8. DSFLBCTIOlf OF ▲ FBAMBD STBUCTUBB. DBFLBC- 
TION OF BBAM8 FOUND BT THB FBINGIFLB OF WOBK. F0BMULA6 lOB 
LONO STBUT8. 



Change of Shape of Ventral Azii of a Beam. — ^Let a beam .be 
deflected f roiH its original straight line by external forces, as shown in the 
figure. 

Let the two sections AC and BI> be consecntive plane sections parallel 
before flexure and remaining plane after. 

Let the length of the neutral axis of the 
beam na = 9, then the indefinitely small 
distance ba=-ds. Let be the angle AOn, 
Then d4> is the angle BOA. 

If the deflection is small, we can take 
na = 8 equal to rr, and ab — ds equal to dx. 

Let the bending moment at tbe point a 
of the neutral axis of the beam of the ex- 
ternid forces be JCr * let /S^ be the stress in 
the most remote fibre of any cross-section 
AC at the distance v from the neutral 
axis of the cross-section at a, and / be the 
moment of inertia of the cross-section AC 
with reference to the neutral axis of the 
cross-section at a. 

Then, as proved page 288 (a), the resist- 
ing moment of the fibre stresses at the 




8fl 
cross-section AC is -^, and we have 

V 



M=:f 



Mx^ 



(1) 



where we take the minus sign if we take Mx for all external forces on the 
left of AC^ and the plus sign if we take Mx for all external forces on the 
right of AC. If then Mx comes out minus, it indicates compression in the 
bottom fibres as in the figure; if plus, tension in the bottom fibres. 

Now the strain in the most remote fibre at the distance r from the 
neutral axis, we see from the figure, is rdif)^ and the unit strain is then 

^^, or, since we can take dx for ds, ^^. The unit stress in this fibre is 

826 
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Sf, Since the coefficient of elasticity E is equal to the unit stress divided 
by the unit strain (page 281), we have 

jy=4^, or 8r=^^, 
vd<p^ dx 



dx 
Hence we have 



^„ = T Jfe. (2) 



dx 



But we/ see from the figure that -^ equals the tangent of the angle 0. 

dx 
Since the defiection is very small, we can take the tangent as equal to the 

arc, and hence = ;^. Therefore dtp = -i^, and hence, from (2), 
dx dx 

^^g==^^ (3) 

From similar triangles we also have rdip ir ::ds: p, where p is the 

radius of curvature at a. Since we can take dx for ds, we have — = 1. 

dx p 

T^"^^ W 



Hence, from (2), 
We have then 



M^?I=m^=^M. 



- = m^=^M,. 0) 

These are the fundamental equations of the thepry of flexure 
The first of these equations, (1), we have already deduced in the pre- 
cedmg chapter, page 288, and have used it to find breaking weight and 
shape for uniform strength for ordinary cases of beams (page 299) Prom 
(4) we can find in any case the radius of curvature of the beam at anv 
pomt. From (3) we can find the defiection at any point of a beam Equa- 
tion (3) is then the differential equation of the curve of deflection 

Thus by the application of one or the other of equations (D*all Ques- 
tions of flexure can be solved. v / **" 4"«» 

fh Ji'^T^*'"'''" ""^ ^^^ Theory.-The assumptions upon which the 

theory of flexure as expressed by equations (I) rests should be clearly 

recognized. Thus we have assumed : ^leariy 

1st. That the deflection is very small, so that we can put x for «, dx 

for ds, -^ for <t>. 
dx 

2d. That a section plane before flexure remains plane after flexure 
8d. That the elastic limit is not exceeded. nexure. 

4th. That the coefficient of elasticity ^is constant 
Upon these assumptions the theory rests. Compkrison of its results 
E ilre^bS ^''P®"™®'^* ®^^^s *^at within the elastic limit the 
AppUcation of Equations (I).— The first of equations (I), 



iZX> 



we have already seen how to apply in the preceding chapter. 
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The second of equations (I), 



= T Mxy 

P 



needs no special explanation; 
The third of equations (I), 



^^g=-^» 



(1) 



requires a little general explanation before we proceed to its special ap- 
plications. 

In equation (1), -^^ j-^ is the resisting moment at any cross-section, 

that is, the algebraic sum of the moments of the fibre forces in the cross- 
section at any point with reference to the neutral axis of that cross-section. 
These fibre forces are always considered as belonging to that portion of the 
beam on the left of the cross-section. The bending moment, or the alge- 
braic sum of the moments of all the external forces either on the right or 
left of the cross-section at any point, is denoted by Mx. We always con- 
sider a moment positive when it tends to cause counter clockwise rotation, 
and negative when it tends to cause clockwise rotation. In any case, then, 
we can write the algebraic sum denoted by Mx with the proper sign for 
each term, whether we take Mx for all forces on the left or on the right. 
We then use in (1) the minus sign when Mx is taken for all forces on tJie 
Itft, and the plus sign when Mx is taken for all forces on the right, of the 
cross-section at any point 

Thus, for example, take a beam AB of length 21, resting on-the support 
C at its centre, with a load W at each end. The upward reaction is then 
2 W. Let ACB represent the slightly 
deflected neutral axis of the beam. 

For any point P' of the neutral 
axis of the beam distant x from the 
left end A we have, taking the alge- 
braic sum of the moments of all ex- 
ternal forces on the l^ of P', 

ifa, = + Wx, 

where the plus sign indicates counter-clockwise rotation. If, however, we 
take the algebraic sum of the moments of all external forces on the right 
of P', we have Jfx= — W(Z + Z- a?) + 2W(/--aj) = - Wx, where the 
minus sign denotes clockwise rotation. In the first case we use in (1) the 
minus sign, in the second case we use in (1) the plus sign. We therefore 
write /or both cases, as we evidently ought to, 

EIp, = -Wx. 
dx^ 

Again, take any point P distant x from the right end B, Here we 
have for the algebraic sum of the moments of all external forces on the 
UftotP 

Mx = W(l + ; — «)- %W{1 — aj) = -h Wx, 

and for the algebraic sum of the moments of all external forces on the 
right of P we have ifc = — Wx, In the first case we use in (1) the minus 
sign, in the second case we use in (1) the plus sign. We therefore again 
write for both cases 

dai? 
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We obtain then in any given case the same expression from (1) for 

^^-r^i o^ the resisting moment of the fibre forces of the beam on the left 

of Py no matter where we take P, and no matter whether we take Mx for 
all forces on the left or right of P. 

The minns sign for Wx in the present case denotes compression in the 
lotoer fibre. If the sign had come out plus, it would denote tension in the 
lower fibre, because in each case the sign gives the direction of rotation of 
the fibre moments of the beam on left of the section. This is in accord 

with the principle of the Differential Calculus that --^ is minus or plus 

oaf 

according as a curve is concave downwards or upwards. In the present 
case the curve of defiection is concave downwards. 

The vertical shearing force at any section (page 288) is the algebraic 
sum of all the vertical forces on the l^ of that section. At any cross- 
section whose abscissa is w the bending moment is Mx and the vertical 
shear is Vx, At the next consecutive section the moment is 

Mx + dMx = Mxlr Fa^r, or ^- = T Fi^ 

Hence from (1) we have 

^d*y __ dMx _ _ p f^. 

where the minus sign is taken when dx is negative and the plus sign when 
da is positive. 

dM 
If we put — -^ = 0, we obtain the value of a? for which Mx is a maxi- 
dx 
mum or a minimum. Hence the bending moment is either a maximum or 
a minimum at the point where the shear is zero. 
If we integrate (1), we obtain 



dy ___ I Mxdx 



+ Ctonst. 



When x=:0, -^ is the tangent t of the angle which the tangent to the 
dx 



dx 
curve at the origin makes with the axis of X. Hence Const. = t and 

dy _._ I Mjg^ 



^=-/ 



(8) 



If we put 3-T = or, from (1), 1& = 0, we obtain the value of a? for 
oar 

which ^ is a maximum or a minimum. Hence the tangent to the curve has 

dx 
either its maximum or a minimum inclination at the point where the bend- 



ing moment Mx is zero. 

If we integrate (8), we obtain 



^ = teqF j da j :^ + Const. 
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For « = 0, y is the deflection y% at the origin. Hence Oonst = y% and 



Jo c/o 



y = te + y.T I dx I ^. (4) 




If we put -^ = 0, we obtain the value of x for which y is a maximum 

(IX 

or a minimum. Hence the deflection is either a maximum or a minimum at 
the point where the tangent to the curve is horizontal. 

Let us now apply these principles to special cases. 

Case 1. Cantilever Beam— Fixed Horizontally at One Bnd— Load 
TFat the Other Xnd. — ^We have already seen how to find the breaking 
weight and shape for uniform strength in this case (page 390). It remains 
to find the deflection. 

(a) Deflection— Uniform Groas-saction.— Let the beam of length AB 
= 2 be fixed horizontallv at one end B and carry the load W at the other 
end A. Take the origin at the end D before 
deflection, and let x be the distance to any 
cross-section at P, 

We have then for the bending moment at 
any point P of the neutral axis, taking momenta 
on the left of P as in the figure, Mx = + W», 
Hence, from (I), page 826, 

-Jfc = ETg = -ir« (1) 

If the cross-section is constant, J is constant We have then, by inte- 
grating (1), 

^1 = -^ + ^. ('') 

Integrating (2), we have 

^Jy = - Il±. + Cia; + ft (8) 

o 

The curve APE must pass through B, and the tangent at B must be 

horizontal. Hence we must have y = f or a; = Z in (8) and -J^ =0 for x 

dx 

= Z in (2). If then we make ;— = and* = Z in (2), we have ft = + -^. 

dx 2 

xpTt 

If we make y = and « = Mn (8), we have ft = 5-. Substituting 

8 
these values of the constants of integration in (2) and (8), we have 

Sl^^^d + m-^); (4) 

-Efy = - J(2Z-l-«)(Z-«)». (5) 

Equation (4) gives the tangent of the angle which the tangent to the 
curve at any point makes with the horizontal. Equation (5) gives the 
deflection y for any point P of the neutral axis distant x from the free end. 
The maximum deflection J is evidently at the free end. Making, then, 
« = in (5), we have for the maximum deflection 

^ = -m <•> 
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The minns sign shows that the deflection ^ = AD is downwards or 
below the horizontal through the origin D. From (6) we can find the 
deflection for any form of cross-section, according to the value of /. Thus 

for rectangular cross-section of breadth b and height A, i = —bh* (page 

12 
377) and 

4:WP 

"" Bbh*' 

[The student should solve this case taking the origin at B, C and A, 
He should also draw the figure with the load W at the right end and take 
the orimn at -4, By C and D,] 

(6) Deflection — ^Beam of uniform Streng^th. — If the beam is of uni- 
form strength, / is no longer constant. Suppose, for instance, a rectangular 
cross-section, the breadth and depth at the fixed end being 6i and hi. 
Then for constant height we have (page 800) for the breadth b at any point 

distant x from the free end b = bif. Hence /= —bihi*?, and from (1) 

we have 

tf«y_ nwi 

"^'d^-^mJi? <^> 

Integrating this we have 

s=--s-«- »> 

"'-s*"-*"- « 

Making -^ =0 f or » = 2 in (2) , we have (7, = __ _ , ; and making y = 
diB JSOihi* 

toTx = l in (3), we have (7, = — _ . , . Hence 

M/Oifii 

l=s<'-'^ <« 

The greatest deflection is at the free end and equal to 

Q 

or — times as much as for beam of constant cross-section. 

2 

If we take the cross-section rectangular and the breadth constant, we 
have (page 801) for the height h at any point distant » from the free end 

A = A,j/^. Hence /=~Mi»4/^, and 

Integrating twice and determining the constants of integration as 
before, we obtain 

dm MJii*^^ ^' 
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For the greatest deflection at the free end we have 
A- ^^^ 

or twice as much as for beam of constant cross-section. 

For similar rectangular cross-sections we have (page 801) 5 = 4/-I- , 

h = i/^. Hence / = }~ bxh/!L\/^^ , and 

Integrating twice and determining the constants of integration as before, 
we have 



dx Ehihi 
18 m 



-(2^ - 5te + 8 t^te»). 



For the greatest deflection at the free end we have 

2^ — — ^^^^ 
"■ hEbihi*' 

or nine fifths as mnch as for beam of constant cross-section. 

2 1 

The volume of the beam in the first case is -^, in the second case — 

3 2 

and in the third case — of the volume of a rectangular beam of uniform 

cross-section. Hence the deflection at the end for a rectangular beam of 
uniform strength is proportional to the volume of the beam. 

Case 2. Cantilever Beam— Fixed Horizontally at one End— Load 
XTniformly Distributed. — Here again we have already found the breaking 
weight and shape for uniform strength (page 802). It remains to find the 
deflection. 

(a) Deflection— Uniform Gross-section.— Let w be the load per unit of 



length uniformly distributed, I the length AB 

of the beam, and take the origin at the end D ^^ 

before deflection. , 

Since we can take the load wx as acting ^1 

X A* 

at its centre of mass or at a distance — from 
P, we have for the moment at P 

and from (I), page 826, 







SB 



!. 



b' 



VXB 



-^ X VXX? 



•^m^^eM 



da^ 



tffOf 

2 * 



(1) 
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If the orossHseotion is oonstant, J is constant We have then by inte- 
grating (1) 

"t-^*"- •••<«) 

JEZy=~^ + CiaJ + (7. (8) 

The curve AFB mnst pass through B, and the tangent at B must be 

horizontal Hence we have y = for a; = Hn (d) and ^ £= for a; = Z in 

dx 

(8). The constants are then (7i = + --->Ct == *- -x- and 

o 8 

^^S = T^-^>5 ^*> 

^/y=:-^(»*-4r« + 8^) (5) 

The maximum deflection is at the free end and equal to 

wl^ WP 



^ = 



8Er 8BI 



o 

if we put the load wlssW^cic only * as great as for an equal load at the 

o 

end. 

[The student should note this case, taking the origin at B^ C7, and A. 
He should also draw the figure with the fixed end on left and take the 
origin at A, Bj C and B.] 

(6) Deflection— -Beam of Uniform Stren^^th.— For uniform strength 
/is not constant. If we take the cross-section rectangular, the breadth 
and depth at the fixed end being bi and hi , we have Q>age 808) for con- 
stant height for the breadth b at any point distant x from the free end 

6 = 6i--. Hence J==— rr;=-and 

^^ da^" Ebihi* 

Integrating this twice and determining the constants of integration as 
before, we have 



dy __ ^wP J __ . 
dx " Wh.h.r^ ^'^ 



dx Bbih: 

The deflection at the end is then 

Ztol* 



J = - 



Bbihi* 



or 24 times as much as for the same beam of constant cross-section. In 
the same way we can find the deflection for breadth constant and for 
similar cross-sections. 
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Case 3. Horizontal Beam Loaded with W between the Bnpporte— 
Ckknttant Croia-seotion. — Let I 

be the length of the beam, Zi the yg^M^ 
distance of W from the left end, 
and take the origin at the left end. 
(For breaking weight see page 805.) 
The reaction at the left end is 

— ^, and we have from (I), 

page 826, for any point P of the o 
neutral axis distant x from the left 
end, 

when x<S!» 
when x> gi 




i£,=jErg = + M^=Tr«.:^; 



oar I I 

If the cross-section is constant, / is constant 
Integrating (1), we obtain 






Integrating (2), we obtain 

for x> zi EI^ = W9ix - 



21 



+ a. 



Integrating again, we obtain from (8) 

for a<gi Sly =s —^ 

and from (4) 



for x> 2x Ely = 



Wzio^ 



62 



6Z 



+ Ctx + Ci. 



(1) 
(2) 

(8) 
(4) 

(5) 



The curve APB must pass through A and B^ and each portion AP and 



aeacnpoi 
at P. H< 



PB must have a common tangent and deflection at P, Hence we must 

have V = for rr = in (6) and rr = Z in (6). Also when x^Ziy-^ in 

ax 

(3) must equal ^ in (4), and y in (5) must equal y in (6). 

CLX 

If then we make a? = and y = in (5), we find 0% = 0. 
If we make xsil and y = in (6), we obtain 

ft + w = - ^^'^ 



8 



dy 



If we make a; = 2^1 in (8) and (4) and place the two values of ^ 
equal, we have 



Ci - C. = 



Wz^ 
2 ' 



If we make x^zi'miJS) and (6) and place the two values of y equal, 
we have 
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Hence we find, for the constants of integration, 

^ Wz^ Wza Wzi* ^ Wzil Wzi* n (X n ^^»' 
Ct = -2 3 ^, C. = g ^, C7.-0. C7«=-^. 

Substituting these, we obtain 

foraj<^i ^/^ :=Z(yifL>(8a?-2fei + ;?.•); . . . (7) 

torx>Zx -&/-^=^(6to-8a?-2P~^i«); ... (8) 
dx m 

i0TX<Zi my = ^^j^ia^ - 2lzi -k- zi'); . . . (9) 

for x>zi Ely = ^^^^P-^(x* - 2Za; + Zi*). . . . (10) 

If, we make a; = ^^x in (9) or (10), we have for the deflection ^w at the 
load 

. __ WztW 

where £ri and z% are the distances of the load from the right and left ends. 

The deflection at the load is evidently a maximum when Zi = z% = ^, that 

is, when the load is at the middle of the span. In this case the tangent 
at the middle is horizontal. When the load is not at the centre of the 
span, the maximum deflection will evidently be at the same point C in the 
figure between the load and the farthest e7id. 

Let the distance of this point from the left end be m. If then Zi is less 

than ~, ^ is greater than Zu If Zi is greater than -, m is less than Zu If 
2 « 

then we put — in (8) equal to zero, we have for the distance m from the 

dx 
left end to the point C at which the deflection is a maximum, 

when ^1 < o w = ^ - |/g(2' " ^•)^« fll) 

If we put ^ in (7) equal to zero, we flnd for the value of x which 
makes the deflection a maximum. 



when;?, >- m = y^(2l - Zi)Zi (12) 

The distance Z — m from the right end in this case is the same as the 
distance from the left end in the first case, if Zi in (12) is taken equal to z^ 
in (11). 

If we substitute the value of m in (12) in the place of x in (9), or the 
value of m in (11) in the place of x in (10), we have for the maximum 
deflection, 

when^.>| j^^:^?l?^^LllLi^^:^r^,); . . (18) 

when..<i ^=-- ^"'yg^"'V8..(2Z-^^) . . . (14) 
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If the load IT is at the middle of the span, ei=Zt = — , and from (7) 

2 
and (9) we have for any point between the left end and the centre 

'*=-f (»'-?) »•> 

The mazimnm deflection is at the centre and equal to 



J = ^ 



4SEr 



(17) 



1 



or only -- as much as for a beam of the same length fixed at one end and 

loaded at the other. 

Case 4. Horizontal Beam — Uniformly Distributed Load — Constant 
Cross-section. — Let w be the load per unit of length uniformly distributed. 
Take the origin at the left end A, 

Then the reaction at each end is 

•^ ; and since we can take the load tox 

as acting at its centre of mass or at a 

distance of - from any point P of the 

neutral axis, we have for the bending 
moment at that point 

wl ^ 

Mx= -- -TT^ + t«» X 




2* 

Hence, from (I), page 326, 



— Mx = El — — = 
da? 



wlx 
2 






(1) 



If the cross-section is constant, / is constant. For a; = we must have 

^ = 0, and for a; = — we must have 5^ — 0, since the curve passes through 

A and B and the tangent is horizontal at the centre C. Determining the 
constants of integration by these conditions, we have, by integrating (1), 



(» 



Integrating (2), we have 



dx 


wla? 

4 


6 




have 








EIy=: 


wla? 
12 


24 


24 ' 



(8) 



I 



The maximum deflection J occurs at the centre for a; = --; hence 

2 



J = - 



884^/' 



or only rr^ of a beam of the same length fixed at one end and uniformly 
128 

loaded. (For breaking weight see page 806.) 
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Cue 6. Eorisontal Beam Supported at Bxidft— Constant Cron- 



•eetion— With Two Equal 




Plaeed Loads.— Let the 
A3 of length I support two loads 
Wj TT placed at equal distances b^ b from 
theenos. 

' The reaction at each support is then 
Wy and the maximum moment is at the 
centre and equal to Wb, 

For the breaking weight, then, we 
have 



Wb^ 



8rl 



or 



VB 



where 8r is the ooeffloient of mpture (page 288). 
We have from (I), page 826, 



oaf 



tOTX <B 



torx> B -Mg = Vr^ = Wb. 
da? 



0) 



(3) 



If the orofis-sectioD is constant, / is constant. Since the curve passes 
through A and B and is horizontal at the centre, we have ^ = for a; = 

dy I 

and ^ = for 0? = --. Hence, integrating (1), we have 



dx 2 



UxxKb 
Integrating (2), we have 

iOTX> B 

Integrating again, we obtain from (8), 

tOTXKB 

and from (4), 



EI^^Wbx^ 
dx 



wa 







for a; > 



„r Wb^ WbIx , ^ 
Ely = -— + ft. 



(3) 
(4) 
(5) 



When re = ler, J( in (8) and (4) must be equal. Hence we have 

^ TF2* wa 

Also, when = 0, y in (6) and (6) must be equal. Hence we haye 

C7. = 2?l. 



SnbBtitnting these Talnee of the ooiutantB of integration, we have 

forie<» BI^=^(<^-b+^; ... . (7) 

jr/y = -^(ai* - 8& + 8«^; .... (8) 
o 
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for « > « EI 



dy _ 



Wz 



da 



:Ste-0, 



Wz,, 



Ely = ^(8a^ — 8to + «*)• • 

D 

The mazimnm deflection is at the centre and equal to 

Wz 



^ = - 



24:EI 



(3Z*~4«0. 
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(10) 

(11) 



If the loads are nniformly distributed oyer the distance e% — zty instead 

of being concentrated, we can put 

fodz in place of W. Equation (11) ^f *"' 

then becomes 



'^-/wi^^"-^- pi-^ 




If we integrate this between the limits z^ and ei, we have for the 
deflection at the centre 



-dif^^**'— '>-^(''* -'■*>]• 



(18) 



If the load ooveni the whole beam, e, = -g, «i = 0, and ve have 



J = . 



(Hol* 



suEr 

as already found. 

Case 6. Horizontal Beam Fixed at one End and Supported at the 

Other — Constant Cross-section — 
Concentrated Load. — Let I be the 
length of the beam, zi the distance 
b of the load W from the supported 
*^ end, 02 from the fixed end. Take 
the orisin at the fixed end and let 
El be the reaction at the supported 
end A. 

Then from (I), page 326, we 
have 




= j?7g = &(i-«); 

(tor 



For constant cross-section lia constant. Integrating (1), we have 

foraj>«, EI^ = Bilx^^ + 0x 

dx 2 

Integrating (2), we have 

+ 0u . . . 



i2iaJ« 



for a? < «, Ef^ = -Bite - -^ Wztx + 

dx 2 

Integrating again, we obtain from (8), 



toTX>Zt Ely = 



^-^ + OiX-\- Ct. 

6 



(1) 

(2) 
(8) 
(4) 
(6) 
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and from (4) 

for a; < 02 

The carve APB must pass through A and B^ have a horizontal tangent 
at B^ and each portion from A U} W and W to ^ must have a oommon 
tangent and deflection at the load W, 

dy 

Hence we must have y = for a; = in (6) and a? = Z in (5). Also -^ 

= for aj = in (4); and when x — z%.-^ in (8) must equal -? in (4), 

aso ax 

and y in (5) must equal y in (6). 

If then we make x = and -^ = in (4), we have C% = 0; and if we 

ax 

make x = and y = in (6), we have d = 0. If we make x = l and y = 

in (6), we have 

dy 
If we make a; = o^ in (8) and (4) and place the two values of ^ equal, 

we have 



3 • 

If we make a; = ;7i in (5) and (6) and place the two values of y equal, 
we have 

Cx^. + C. = - ^. 



We have then 

C. = + ^ and R, = ^(Sl^B,). 

Substituting these values, we have 

fora?>e, JZT-^ =^[(2to- aj«)(3Z -«.)- 2n; ... (7) 

Ox 4i 

fora;<«, jy/^ = ^[2,«(2Z- a:)(8Z-«,)- 2Z«(2if.-aj)]; . (8) 
t0Tx>z^ Ely =:^[(8Zaj*-aj»)(3?-».)-2?«(8aj -«,)]; (9) 

t0TX<et Ely = j^^MSZ - ajX3^ - «,) - 2Z«(88, - «)]. (10) 

If we make « = «« in (9) or (10), we have for the deflection ^w at the 
load 

where «< is the distance of the load from the fixed end. This deflection at 
the load is a maximum when zt = 1(2 — 4/2). 

If zt is greater than this, the maximum deflection will be at some point 
C in the figure between the load and the fixed end. If 01 is less than this, 
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the point C will be between the load and the supported end. Let the dis- 
tance of this point from the fixed end be m. If then we piit -—-- in (7) and (8) 

equal to zero, we have for the distance mfrom the fixed end to the point 
C at which the deflection is a maximum, 



when «,< 2(2 -V2) m = i-i4/^_!L; (H) 



9% 



when^>^3-v^) ^ = ,^1^^% - (12) 

If we substitute these values of m in the place of x in (9) and (10), we 
have for the maximum deflection 



when^<i(2-V3) ^ = -^(Z-VJri7:' 



(18) 



when».>K3-f^) ^=.^^^'(^-^)(^^-^)\. . . (U) 

These values of J are themselves a maximum and equal when 

«, = 2(2 - |/2 ) = 0.58575Z. 

The greatest possible deflection is then at the load when the load is at 
a distance of about 0.5862 from the fixed end. 
This greatest possible deflection is 

_ 47094 m» 

"" 4800000^/' 

47 
or only about — ■ as much as for a beam supported at both ends. 

If the load is at the middle of the span, we have i2i = _ TT, instead of 

10 

J IT as it would be for a beam supported at the ends; and since in this case 
»• = g^ < 2(2 — V2), we have, from (11) and (18), the maximum deflection 
at a distance from the flxed end x = j^2, and equal to 

"^ "^ ~ 48 ^5Ef 
or only — -=; as much as for beam supported at the ends. 

There is evidently a point between the load and the fixed end for which 
the moment is zero. 

This is the point of inflection. At this point the curve changes from 
concave to convex. If we put equation (2) equal to zero, and insert the 
vidue of Ri , we obtain for the distance of the point of infiection from the 
fixed end 

''-22« + 22^.-^- (^^ 

o 

If the load is at the centre of the span, this becomes —2. 
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BreaJdng: Wei^rht.— Rupture will occur where the moment is greatest, 
that is, either at the load or at the fixed end. 

The moment at the load is, from the figure page 897, 

The moment at the fixed end is 

Now TTis always greater than Ri , and hence Wet is greater than B^. 
The moment is therefore greatest at the fixed end. 

Inserting the value of Bi , we have for the moment at the fixed end 

where 8r is the coefficient of rupture and v the distance of the most remote 
fibre from the neutral axis. Hence the breaking weight in general is 

^-t^(3i-«.X2-^) ^^®^ 

The moment at l^e fixed end is a maximum for 

This maximum moment at the fixed end is then 

Wl _/3rI 
34/3" « ' 
and the least breaking weight is then 

8 4/8 
or . = 1.8 times as great as for beam supported at the ends. 

If the 
weight is 



If the load is at the centre of the span, «s = o*^ ^^^ ^^^ breaking 



^--8sr-» 

or f as much as for beam supported at the ends. 

Case 7. Horizontal Beam — ^Fixed at One End and Supported at the 
Other — Constant Cross-seotion — Load TTniformly Distributed. — Let I 
be the length of the beam, take the origin at the fixed end, and let Bi be 
the reaction at the supported end and w the load per unit of length. 

Then from (I), page 326, we have, since we can take the lo^ w(l — x 

as acting at its centre of mass, or at a 

distance from i*, 

-Jfc=JJ/g=A(/-.)-!f(t^'. (1) 

For constant cross-section / is con- 
stant. 

Since the curve passes through A and 
B and the tangent is horizonSd at B, 

we must have ^ = when a; = and x = l, aud -^ = when x:=0. 

dx 
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The constants of integration are therefore zero, and we have hy inte 
grating (1) 

Jfj^ = i2.te-:^_t^ + !^-!? (2) 

dx 2 3 2 6 

Integrating (2), we obtain 

-,- Bila^ Rio^ wPa^ wW wa^ ,o\ 

Bly ^ ^ _ + ____.. . . (8) 

Since f or a; = Z, y = 0, we have from (8) 

instead of -wl as it would be for a beam supported at the ends* 
Inserting this yalne of R\ in (2) and (8), we haye 

JF/g=-5(6?-15te + 8aj«); (4) 

-E^y= -^(^ -«){«- 2aJ). . . , . . . (5) 

Putting (4) equal to zero, we haye for the distance of the point Q from 
the fixed end at which the deflection is a maximum 

^^16j-j^^^ or in = 0.57851. 

The maximum deflection itself is then 

89 + 55i^ 1/^* 



^ = - 



16* EI 



If we put (1) ec[ual to zero, and insert the value of B\ , we have for the 
distance of the point of inflection from the fixed ^nd 

Breaking Wei^rht.— If we insert the value of Rx in (1), we have for 
the moment at any point 

- ife = - — + — (5Z — 4») . 

This is a maximum when tr = 0. The maximum moment is then ^ 

8 
at the fixed end. We have then 



UiP 

T = 


BrI 


V)l = 


aftrT 



or the breaking weight 

Q 

or -- as great as for the same load in the centre, and just the same as for 

o 
beam of same length and load supported at the ends. 
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Case 8. Horizontal Beam Fixed at Both Ends — Constant Cross- 
section — Concentrated Load. — Let I be the length of beam, £i the dis- 
tance of the load TTfrom the left end, ea from the right end. Take the 
origin at the left end and let Bi be the reaction at the left end. 




The left end must be fixed by a couple + F, - J^ whose moment Mi is 
the same at every point of the beam. 
Then from (I) page 326, we have 



for « < 01 ^MBz=EI~f-= Bix — JTi ; . 
ax 



for x> ei 



-Wi = ^^^ = -5i« - W(x - «i) - Mu 



For constant cross-section I is constant. 
Integrating (1), we have 



for aj < 01 



dx 2 



Integrating (2), we have 



for aj > 01 



dx 



2 2 



-I- WtiX — MiX + (7i. 



Integrating again, we obtain from (3) 



for aj < 01 
and from (4) 



Ely^ 



for x> Zx Ely = 



6 
6 



2 
6 



-I- OxX -I- (7., 
TTeiir* 



(1) 
(2) 

(3) 

(4) 
(5) 



Jfiaj" 



2 



+ (7,aj -h ft. (6) 



The curve AFB must pass through A and B, the tangent must be hori- 
zontal at A and B^ and each portion from A to the load and from B to the 
load must have a common tangent and deflection at the load. Hence we 
must have y = for a? = in (5) and a? = Mn (6), Also we must have 

3^ = for a? = in (3) and a? = Z in (4); and when a? = 0i, -^ in (8) must 

equal ^^ in (4), and y in (5) must equal y in (6). 
dx 
We have then, making a; = in (3) and (5), d = and C7i = 0. Making 

aj = 01 in (3) and (4) and equating them, we have 0% = -^. Making 

2 

(0 = 01 in (5) and (6) and equating, we have ft = ---^. Making x = l and 

6 

y = in (6) and inserting the values of ft and ft, we obtain 
SlfiP = 3TrP0, - 9Whi* + i?iP - FZ* + Wex\ 



CHAP, hl] theoby op flexiteb. 343 

Making x = I and ^ = in (4) and inserting the Talue of ft we haye 

2Mxl = 2F&, - Wzx^ + BxP - FP. 
Eliminating Jfi and Rx from these equations, we obtain 

^1 ^i , A = ^-i ; 

Substituting these values of Bx and ifi and also the values of the con- 
stants of integration in equations (8) to (6), we have 



for.<e. i^/|=-^[(8..+..)a.-W]; 



^=-3rL(^'+'-)^-^'«^j5 (7) 



for a? > «, EI^ = 5[(8«. + a.)^W - Z-(aj - txf - 2aVte] ; 



(8) 



foraj<0i JBTy = ^^||^[(8«i + «.)«-&!?]; (9) 

for x>2x Ely = ^[(8«i + «t)8«'«* - P(« - «i)' - 3f,«,««a^]. . (lo) 

If we make a; = Ci in (9) or (10), we have for the deflection ^w at the 
load 

Wn^Hx^ 

"^''""WeT' 

where d and 9% are the distances of the load from the right and left ends. 

The deflection at the load is evidently a maximum when e. = ^ = --, or 

when the load is at the middle of the span. If the load is not at the centre 
of the span, the maximum deflection will be at some point C in the 
figure between the load and the farthest end. Let the distance of this 

point from the left end be m. If then f i is greater than -, m is less than 

gx ; and if Zx is less than --, m is greater than Zx, If then we put Jf- in 

2 ax 

(7) and (8) equal to zero, we have for the distance m from the left end to 
the point C at which the deflection is a maximum, 

when«.>- fn = :^^^f^^i (11) 

when..<l «» = 8^ (12) 

If we substitute these values of m in the place of x in (9) and (10), we 
have for the maximum deflection 

-•^^-^-a ^ = -8(8^?^' (i») 

when^.<- J = —^^--^ (14) 
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These valaes of ^ are themselves a maximum and equal when 
£ri = 2r, = -. The greatest possible deflection is then at the load when the 
load is in the centre and equal to 

192JZ/ 

or only one fourth as much as for a beam supported at both enda. 

If we put (1) and (2) equal to zero, we have for the distanoea of the 
oints of inflection 

0? = - and x^-- (15) 

If the load is at the centre, we have 

x= -jl and a; = 7 Z. 

4 4 

Breaking: Weight. — ^We easily find the greatest moment to be at the 
end nearest the load and equal t6 

WZiZt* __ 8rl 

where Zi is the distance from the load to the nearest end. 
Hence the breaking weight in general is 

W=:^^^ (16) 

VZiZt 

The moment at the nearest end is a maximum for Zi = -I, and the least 
breaking weight is then 

27 
or — times as great as for a beam supported at the ends. 

If the load is at the centre, we have 

^ ^' 

or twice as much as for a beam supported at the end. 

Case 9. Horizontal Beam Fixed at Both Ends— Constant Cross- 
section— Load TTniformly Distributed.— Let I be the length of beam, w 




the load per unit of length, and take the origin at the left end. The reac- 
tion at each end is evidently -— . The ends must be fixed by the moments 
Ml , Mt. We have then from (1), page 826, 

-jfx = ^/— --«- — -if. (1) 



For constant crosa-Bection /ia constant. Since for d; s 0, y and ^ are 

ax 
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For constant crosa-section . 
zero, we have, integrating (1), 

J 

and int^rating (2), 



diT 4 6 



(3) 



-,. wla^ Wix^ MiQ^ 

^^^ = "ir~^ 2" ^^> 

For a; cs ;, ^ = 0, and we haye from (3) and (1) 
ax 

^ 12' 12 

Sabstitnting the value of Mx in (2) and (8), we have 

JFi^=-^(?-^X2-2tr); (4) 

Ely^^'^-xy (5) 

Putting (4) equal to zero, we have for the point C at which the deflec- 
tion is a maximum, ^ = » - ^® maximum deflection ia then 

384JW' 

or only one fifth as much as for the same beam supported at the ends. 

If we put (1) equal to zero, we find for the distances of the points of 
infiection from the origin 

2 21/8' * 2 2V8' 

or a; = 0.2118Z and x = 0.7887Z. 

Breaking: Weigrht.— The greatest moment is at the fixed ends. Hence 

12 V ' 
and the breaking weight is 

\2SrI 



wl = - 



vl 



Q 

or -- as much as for beam supported at the ends. 
2 

Deflection of a Framed Structure. — Let a framed structure as shown 

in the figure be acted upon by the loads Wi , Wt, Wt, applied at the 

apices 6, d, /, and by the reactions Bi 

, and R^2iX A and B, 

Let the deflection J at any apex c, 
loaded or unloaded, be required. 

Suppose a load w of any convenient 
amount placed at that apex. Let the 
cross-section of any member, as aft, be a, 
its length Z, and its stress due to the 

total loading, including w, be 8, Then its unit stress is - ; and since M ia 

a 
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equal to unit stress divided by unit strain (page 281), its unit strain is -^ 
and its entire strain due to the total loading, including i/;, is -— . 

dJa 

Now let 8 be the stress in the same member ab, due to w considered as 
acting alone. Then, since work = -- stress x strain, we have for the work 

on that member due to w alone, --=,. 

The work on all the members due to u; is then ' 



- sSl 
'2aE 



But if ^ is the 



deflection at c, this work must be equal to 



wJ 



We have then 






-2aE' 



or -^ = 



Si 



*'WaE' 




We can thus find the deflection at any apex c, loaded or unloaded. 

o 

Whatever value we assume for w. the ratio — for any member will be the 

w 
same, since the stress increases with the load. It is therefore convenient 
to take w unity. 

Example. — Suppose a girder consisting of two inclined rafters Ah and 
Be, 5 ft, long, and ttoo vertical ties hfand ce, ^ft, long; an upper chord 
bCy 5 ft, long, aud a lotper tie consisting of Af, fe and eB, ^ ft., 5 ft. and 
dft, long respectively. Let there he a diagonal hrace fc whose length is 
6.4/^. The loads at f and e are IT, = 6 tons, TT. = 10 tons. Find the 
deflection at e, taking E = 12500 tons per square inch and the area qf cross^ 
section of each member as given in thefoUmoing Table. 

Ana . We easily find (page 106, Example (4)) the stress 8 in tons in each 

member due to the total loading, 
also the stress » in tons in eacn 
member due to one ton at «, as given 
in the Table, (~) signifying oom- 
piession and (-f-) tension. 

The oolumns for — = and — are 
toE a 

then easily filled out. Multiplying 

these for each member and adding, 

we find the defiection at e, J = 

0.1627 inches. 

In the same way we could find the defiection at f by supposing tr = 1 ton 

at /and placing the corresponding stresses in the fifth column, and the oorre- 

Sa 
spending values of — in the eighth. 

Observe that in such case s for the member cf would be (-|-) or tension, and 

— would be (— ), while all other values of — would be (+). Care should 
a ^ ' a ^ ' ' 

therefore be taken in any case to observe the signs in oolumns 4, 5 and 8 

The stresses 8 due to total loading are, strictly speaking, slightly changed 
by the change of shape. This can, however, be disregarded without percepti- 
ble error, as the defiection in all practical cases is very small. When it is not, 
a second approximation can be made by finding s and 8 for the new shape. The 
strain due to bending of compressed members is also neglected. The ooefiBdent 
of elasticity E is assumed constant. All pins, if any, at the apices are presumed 
to fit tight, and all adjustable members, if any, to be properly adjusted. 

A girder after erection may then be tested by calculating the deflection at 
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the centre for a given loading and comparing with the actual deflection for this 
loading. 

A.good agreement is thns a test of the close fit of all pins, of the proper 
adjustment of all adjustable members, of the agreement of the lengths and 
the areas of members with those called for bj the design, of the constant value 



Mem- 
ber. 


Length 

in 
inches. 


E 
in tona 

per 
square 
inch. 


a 

intone. 


• 
in tona. 


Area 

of 
CroflB- 
section 

a 
in sq in. 


1 
wE 


8a 
a 


A 
in incbee. 


Ab 


60 


12500 


- 7.954 


- .341 


1.85 


tIt 


+1.46616 




be 


60 


12500 


- 4.777 


- .2045 


1.00 


Aj 


+ .97689 


0.0871 


cB 


60 


12500 


-10.795 


- .9091 


1.86 


Th 


+6,30472 




Be 


36 


12500 


+ 6.477 


+ .5454 


1.5 


Si's 5 


+2.355037 




tf 


60 


12500 


+ 6.481 


+ .5454 


1.5 


Th 


+2.856491 


lo.0979 


M 


36 


12500 


+ 4.777 


+ .2045 


1.6 


sA* 


+ .651264 




¥ 


48 


12500 


+ 6.368 


+ .2727 


2.0 


T*«T 


+ .867596 


' 


ee 


48 


12500 


+ 8.686 


+1.00 


2.0 


tMt 


+4.818 


-0.0277 


cf 


76.84 


12500 


- 2.182 


~ .4866 


0.75 


■m^ 


+1.270215 


. 



^ = 0.1627 inch. 

of E and its proper assumption as to magnitude, and finally of the fact that the 
limit of elaMicUy is not exceeded by the loading. 

It is evident that when so manj conditions must concur, a discrepancj be- 
tween the observed and the calculated deflection has little practical significance. 
The last-mentioned fact, that the limit of elasticity is not exceeded, is the most 
important, and this is proved, not by close agreement between the actual and 
the calculated defiections, but by the fact that the deflection is found to remain 
constant under repeated applications of the loading after the structure has at- 
tained its permanent set from the first application. Calculations of deflection 
are then of little value as a means of testing framed structures. 

Deflection of Beams found by the Same Principle. — We can 
make use of the same principle of work in findiDg the deflection of beams. 

Thus let APCB be the curve of the neutral axis of a deflected beam 
and let the tangent to the curve at the point C be horizontal. Take the 
origin at any point 1/ in the horizontal through C. Let ^fi , ^i be the or- 
dinates of the point A at which curvature begins^ the portion A' A, if any, 
being straight and tangent to the curve ACB at A. liOt m be the distance 
of the point C from the origin, and let Xy ybe the ordinates of any point P 
of the curve. Let the moment at P of all the outer forces left or right of 
P be Mx. We can replace the moment Mx by the couple whose forces 

^ and + — ^ act at A and P respectively. The force + ~ 

x^ zi x^ Zi '^ aj — «i 

at P is the stress which resists deflection at P. Since work is equal to 

i stress x strain (page 281), the work of overcoming this resistance is 

-- — ^^^« Since y is positive above and negative below the horizontal D'C 

3(05 — Zi) 

and Mx is positive when counter-clockwise, if we take Mx with a minus 
sign on the left of P and a plus sign on the right of P we shall always 
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act at P and A strains the fibres above and below P in the cross-section 
at P. We have then 



Jfey 



2(x — zi) 



i work of straining all 
+ \ the fibres in the 
( cross-section at P 



H 



{ total work on all ^ 
the fibres between \ . (A) 
PandC ) 



For any fibre of the cross-section at P at any distance v above or 
below the neutral axis the unit stress (page 836) is -y—. Since E is 
equal to unit stress divided by unit strain (page 281), the unit strain of the 




fibre is 



EI' 



If a is the cross-section of the fibre and dx the distanoe to 



the next consecutive cross-section, then — -— is the stress, and 



/ ^'-^ EI 

is the strain of the fibre between two consecutive cross-sections. 

The strain of the fibre limited by the cross-sections at P and C is then 






Mx'odx 



and its work is 



Ifxva iMxVdx Mxat^ /*^mrj 



Since 2at^ = J, the work of straining all the fibres in the crosa-section 
at Pis 



mr'-^ 



Again, the work of straining the fibre between two consecutive cross- 
sections is 



21 ^ EI ' 



%EP 



Since '^Bai? = J, the total work on all the fibres between P and C 
is then 



ElJx 



2EI 



M>fdx. 
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We haye then, from statemeiit (A), for any point P between A and C 

Hence 

T lfaj(« — Zi)dx - (a? — Zi)J T J&do?. (I) 

Differentiating (I), we have 



(1) 



Difleientating again, 



JP/g=TJ&, 



which is the same as equation (I), page 336. 

If in (I) we make a; = 2r, , we have for the deflection at A 



yi = Yijg ^ ^'^^ " ^'^^' 



and from (1) for the tangent ti of the angle A'Al/' which the tangent at A 
makes witii the horizontu 

We haye then for the deflection for any point of the straight portion A' A 
y = yi + (aj — 2r,)^,= -^ / T Mx(x — Zi)dx — -^^ J T Mxdx, 



or 

for 



7 Ifs^x — 0i)dx "(x^Zi) I 7 Mxdx, II) 



In (I) and (II) Jf* is always the moment at any point P of the curve 
between A^ where curvature begins, and C7, where the tangent is horizontal. 
The (— ) sign is taken when Mx is taken for all forces on the left, and the 
(+) sign for all forces on the right. 

The application of these equations will give us 
the same value for the deflection as alre^y ob- 
tained. I 

Take the case of the cantilever beam of uni- g / ^ 

form cross-section fixed horizontally at one end, ''' ' ' •-' 



with load W at the other end. "Here m := I, ^ 
2i = 0, and for W on left of P, JT* = + Wx. 
From (I), then, 



Ely = / — Wa^dx + x / Wxdx. 
%/x Ox 



Integrating, we have at once 

„, M» Wx^ W^x xW* TT,^-, ^_ ^ 

^^y = --8- + "3" + "2 a-=-^{2Z«-3Z-^ + a^, 
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which is the same as already found, page 829. If a? = 0, we obtain for 
the deflection A = BA at the end 

^ Hence if we take the origin at A^ we 
^ have 

S TO- 

Let the beam project beyond the load 
TF 80 that the portion A! A is straight, 
and let the distance of IT from A'^Zx, Here m=ly and 

for TTon left of P Mx = Wix — Zi). 

Hence, from (II), 

my =r^W(X'- ZiYdx + (« - Zi)J Wix — Zi)dx ; 

Ely = - -y ["^(Z - Ziy - S(l - Zi)\x - ;8r,)"|. 
If jT = 0, we obtain for the deflection J = I^A' at the end 

Hence if we take the origin at A\ we have 

Wil - ZiYx 



for a < £r, . 



for X < Zi Ely = 



(3) 



for x> Zi • 



From (D we have 

Ely — J — W(x - 2:,)«{ia; + (a? - 2'i) /^ ir(a? — Zi)dx; 

Ely = - -j^pC^ - ^^i)' - 3(Z - zi)\x - 2rx) + (« - ^i)*1. 
Hence if we take the origin at A\ we have 

toTX>Zx Ely =^ -^[^ ^{l - zi)^x ^ (X •- ziy\ . . (4) 

Let the beam be acted npon by a couple whose forces + -P, — jP'act at 
A' and A respectively. Take the origin at D. 

The moment of a couple is the same at every point in its plane, and 
equal to ^ = ifi. We have then in +p 

this case for any point Pon the ri^ht , 
of By Mx = Ml, and from (I), making ^ 
zi = Oj m = I, 



Ely = y — MiQDdx + xj Ifidx, 



EIy = - 



M£ 
2 



+ Ifito- 



2 • 




-F 



If 0! = 0, we obtain for the deflection J = DA 

2 • 



EIA = - 
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Hence if we take the origin at A, we have 

Ely = Jf.to - ^-^(21 - X). 
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(6) 



Let the beam be nniformly loaded with w per unit of length, and take 
the origin at D. In this case we have for 

any point P on the right of -4, if = — ^. 

Hence from (T) taking m = I and Zi = 0, 



Dt 



my 






"2~' 







«7 



which is the same as already found, page 882. 
If a; = 0, we obtain for the deflection A = BA^ 



EI A = - 



8 ' 



Hence if we take the origin at A^ we have 



r 



^ r 



^ly = -29 (4Z"a? - a'*). 



(6) 



By using these equations we can find the deflection for all other cases. 
Thus let a horizontal beam of uniform cross-section have the load W 
between the supports and take the origin 




at A. The reaction at ^1 is 



W(l - 2r,) 



The deflection due to this reaction at 
any point between A and the point at 
which the tangent is horizontal we find 
from (2), by maidng l^m and 1*^= — 

mi - zx) 



I 
^EIl 



{Zm*x -^ aj*). 



The deflection due to TTat any point between A and IT when Zi<m 
we find from (8) by putting Z = m : 

W{m — Zx^x 
2EI ' 

The deflection due to IT at any point between TTand (7 when Zi <m 
we find from (4) by putting l = m: 



^[8(m-^0*aJ-(aj- ;?!)•]. 



HEI 



Wzi 



The deflection due to the reaction -y^ at B at any point between O 
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and the right end when zi<mwe find from (2) by patting < s 2 -^ m, 
a = i-.as,andF=-^*: 






;[3(Z-m)«(Z-aj)-(i«a^)«]. 



We have then, when gi < m, 
for X <zi 

'otx>Zi and < m 



(7) 



toTx> m 



62 



(Sm^ — aj») + 



Wjm — g|)»a? TT 



-^(«-g,)«; . (8) 



If we make a; = m in (8) and (9) and eqnate, we obtain 



W 



when zt<m m^l- \\(!^ -;?,•)=/- |/ 1(22 - 



«^«)^i 



which iB the same as already fonnd, page 884. 

If we snbstitnte this valne of m in 
.^, (7) and (8). we obtain equations (0) and 
^A (10), page 884. 
^ Let the beam sustain a uniformly- 

B distributed load of w per unit of 
^ length. 

Inthisc«H.ir« = -I^. + f.^ 

From (I), if we make 2ri = 0, w = -, 
we have 




Ely 



I 2 



w lxdx wa^dx^ 



^ 128 ■*■ 12 24 24 • 

If a; = 0, we obtain for the deflection ^ = DA 



EIJ- 



28' 



Hence, if we take the origin at A, we have 



Ely: 



tvla^ wa^ w^ 



12 24 24 

which is the same as already found, page 385. 
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Let the beam be fixed horizontally at one end and supported at the 
other and snstain the load TF at the dis- 
tance gi from the supported end A. 

Let Bi be the reaction at Aj and 
take the ori^^ at the fixed end B. 

The deflection dne to Bi at any point 
between A and B we find from (2), by 
making x = l'^x and Tr= — Bi , 

Br 

The deflection due to IT at any point between A and TTwe find from 

(3) by putting x^l-^x: 

W(l - g,)*(^ - X) 
2BI 

The deflection due to IF at any point between TTand B we find from 

(4) by putting x^l — x: 

W 



-6S^[^^(^--)-(^--4 




'^[W-^^)\l-w)^(^^x^^^/]. 



We have then 
f or d; > Jt 



for x<2% 



2 ' 



(10) 



J^/y = -f[8W-«.)-0-^]+B^Zf^^ (11) 



If we make « = in (11), y = 0, and we obtain 



Bt: 



2Z» 



m-zt). 



which is the same as already found, i)age 338. 

If we substitute this yatue of Bi in (10) and (11), we obtain equations 
(9) and (10), page 888. 

Let the beam be fixed horizontally at one end and supported at the 
Ri other and uniformly loaded with 

the load w per unit of length. Take 
the origin at the fixed ena ^. 

The deflection due to Bi at any 
point P we flnd from (8) by making 
/c«al — a;and TTss— jBi: 

"" "-^^^ The deflection due to the distrib- 

uted load we find from (8) by making x^l — xi 

Hence 

SIy=-^\m-x)-(^-7lf\^^^V(l-»)-<}-mY]. . (12) 
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o 

For a? = in (12), y = 0, and we find A = -wZ. 

8 

Snbstitnte this value of Bi in (12) and we obtain equation (5), page 
841. 

Let the beam be fixed horizontally at both ends and have the load W 
at the distance Zi from the left end A, Then we have at A the reaction 
^1 and the moment Mu 




Take the origin at A. 

Then we have for the defieotion due to Mi , from (6) 



IfiX 



2EI 



<2Z-it). 



For the defieotion due to Bi we find from (2) by putting Tr=: — J2i : 

For the defiection due to IT at any point between A and W we find 
from (8) 

W(l ~ ZiYx 
%EI 

For the defiection due to TT at any point between W and B we find 
from (4) 



Jj8(Z-^x)'aj-(rc-2rO«]. 



^EI\- 



Hence, for x <zi 



EIy^^^Urx^A-^^Ul^x\ + 



wa-ZiYx 



(18) 



for x> Zi 



Ely = ^^Upx^x^ +^^2Z-aj) +^[8(z-^,yaj«faj«;?.y']. (14) 



Differentiating (13), we have 
for X <Zx 

For « =s ;, y = in (14) and we obtain 



WdL - g.)' 



(18) 



For a; = 0, ^ = in (15) and we obtain 
ax 

-^■^ ■ Ml I ^(^-g')' -ft 
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From these two equations we find 

Jfi = — ^, i2. = ^5 , 

which are the same as already found, page 343. 

If we substitute these values of Mx and Rx in (18) and (14), we obtain 
equations (9) and (10), page 343. 

Let the beam be fixed horizontally at both ends and be loaded uniformly 




with the load to per unit of length. Take the origin at A. Then for the 
defiection due to Mi we have from (6) 

For the deflection due to the reaction —p at ii we have from (2), put- 



wl 



12EI 



[dPx — of]. 



For the deflection due to the distributed load from (6), 



Hence 



J^iy=-gW- 



24:EI ' 

•a^) + ^2Z-aj)+^(4Z«aj-a^), 



w 



which is the same as equation (3), page 345. 

Formulas for Long Stmts.— Let a long strut or vertical column of 
constant cross-section A sustain the load TT, and let the deflected column 
be free to turn at both ends, as in the figure. Take 
the origin at the upper end A^ and let « be the 
vertical and y the horizontal co-ordinate of any 
point P of the elastic curve. 

Equation (I), page 326, holds for flexure, pro- 
vided (page 326) tnat the deflection is small, that a 
plane section before flexure remains plane after, 
that the elastic limit is not exceeded and that the 
coeflScient of elasticity E is constant. 

The bending moment at the point Pis i& = Wy, 
Hence from equation (I), page 326, 

Multiply both sides of this equation by My 
and we have 







- 


A 


<\ 




1 


^ 




D 

< 


1 
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Integrating, we have 



da? 



Let DO =: J be the mazimnm deflection. Then when y = ^, -/^ is 

ax 

zero, and Ox = W^\ Hence, substituting this Talue of Oi , we baTC by 

inyenion 



dx^i/E. 



dy 



Integrating again, we have 



W ^J* - y» ' 



X = 4/-=. arc sin ^ + ft. 

When y = 0, is is zero and therefore Ct is zero. We have then for the 
equation of the elastic enrve 



which is the equation of a sinuroid. If the length AB of the column is Z, 
then when = Z, y is zero. Hence if n is 1, 2, 8, eta, we haTO 



I 



V^r-"- 



or W^EI 



v^n^ 



T" 



Since / = Ak*^ where ^ is the area and k the radius of gyration of the 
cross-section for the axis through its centre of mass at right angles to the 
plane of bending of the axis, we have 



W n^x^Ei^ 



(E) 



This equation (E) is known as ^^ Euler*8 formula^^ for long strots. 
For n s= 1, n ss 2, n £= 8, we have the curves shown in the following 
figure. In the first case the curve is entirely on one side of the axis of x^ 



A / 
% n-i y 




r 

c «-« 


/ • 




\ 



in the second case it crosses that axis at the centre, in the third case it 

1 2 

crosses at —l and —2. The greatest deflection eyidently occurs for the 

3 3 

case where n = 1. Hence for acolumn with round ends we have theoreti- 
cally n = 1 in Euler's formula. 

A column with one end round and the other fixed is represented by 
the portion Ah in the second case, h being the fixed end. Here n = 2 and 
the length Ah is three fourths of the entire length. Hence for a column 
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with one end fixed and the other round we have theoretically n = •- in 
Eoler^B formula and 



W 
A ^ 






A oolomn with fixed ends is represented bv the portion oc in the third 
•case. Here n = 8 and the length oc is three lonrths of the entire length. 

Hence for a column with fixed ends we have theoretioallj n s •- s b in 

Enler^ Ibrmvla and 



A ' 






These ideal end conditions do not, howeyer, exist in practice. The 
nearest approach to round ends is for pins at each end. In such case 
there is always friction. The nearest approach to a fixed end is a square 
•end abutting upon a ri^d base. But since the fibres on the ooQTex side 
Are in tension, the end m this case is only imperfectly fixed* 

Practical Values fiur n. — Brittle materials, such as stone, brick, 
cement, or hard cast steel, when they fail by crushing, crack and separate 
into pieces. Tough materiids, such as wrought iron, rolled steel, timber, 
«tc., when compressed fail by slow flowing of the material. The crushing 
load, then, for such materials is the load which produces permanent set. 
We therefore consider the elastic limit Se as the *' ultimate strength" in 
such cases. From many experiments carried to the point of failure n in 
Euler's formula has been found to haTc the following values : 





Two Pin 
Ends. 


One Pin, 
OneFlal 

End. 


Two Flat 
Ends. 


n 


4 


5 

2fT 


fl 



If then we use these values of n in Euler's formula (£), we obtain for 

any value of I and tc the so-called " crippling unit load," that is, the unit 

W 
load -J- which makes the unit stress in the outer fibre of greatest stress 

Jo. 

equal to the elastic limit 8e when failure occurs. 

Limiting Length for Euler's Formula. — Let ab represent the cross- 
section of area A at the centre of the column where the deflection is greatest, 
the centre of mass of this cross-section. The plane of bending will 
always be parallel to the least radius of gyration of the cross-section. 
Let V and Vi be the distances parallel to the plane of bending of the axis, 
of the most remote fibres aa\ W from the centre C on the convex ana 
<!oncave sides respectively. For symmetrical cross-sections v = Vi. 

Let 8e be the elastic limit and Sf the unit stress due to bending in the 

most remote fibre aa' on the convex side. We also have a uniform unit 

W 
stress of direct compression -j- over the entire crossHsection due to the 

load W. On the convex side this unit stress for the most remote fibre aa' 
is diminished by the unit stress S/ due to bending. On the concave side 
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this unit stress for the most remote fibce W is increased by the unit stress 
^Sf due to bending. 

V 

As long as the length I of the column is less than a certain length Z, 
we see from the first figure that when --p + ~/Sy on the concave side 

w 

equals Se , the elastic limit, S/ on the convex side will be less than — and 

we shall have compression at every point of the cross-section ab. So long 
as this is the case Euler^s formula (£) does not apply. 

But now as the length I increases, we can evidently have a certain 




length L for which, when the unit stress on 56' equals the elastic limit Se , 

Sf, as shown in the second figure, shall be just equal to -r-. When this. 

is the case there is no compression at a. For any length greater than L^ 
then, we shall have tension at a when the unit stress at & is equal to 8e* 

At or above the length £, then, Euler's formula applies. 

We have for this length the condition 

W 8e 

or — T- = 



^+^=*. 



vA 



'*? 



But since Suler's formula applies, we have also 



V 



W 



Equating these two values of -r-, we have for the length L 



i = 



n..i/(l^'^)B 



i/^Se 



(L) 



Equation (L) gives then the limitiug length above which we can use 
Euler's formula CE), If the length I is less than £, we cannot use Euler's 
formula, but must deduce some other formula for the ** crippling unit 
load." The value of k is always the least radius of gjrration or the cross- 
section. 

The Straifi:ht-line and Parabola Formulas. — We have seen that 

for values of Z > X we can find the crippling unit load -r- from Enler^ 
formula (E) if we use the values of n given on page 867. 

7 W^ 

Let us take any origin and takerr = as abscissa and y = -^ as. 
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ordinate. Then Eoler's formula is represented by the carve ^PF whose 
equation is 



y = 



n^n^B 



(1) 



Only the portion FFoi this cnrve 
can be used, the point P being 

T a 

given by a? = — and y = — . 

For Z < £ let the cnrve for the ideal 
column be AP. The ideal column 
is perfectly straight, peifectly ho- 
mogeneous in all its parts, the load 
W accurately at the centre of cross- 
section, etc. No column is thus 
ideally perfect, and hence the actual 

values of —j- as given by experiment are found distributed above and 

below AP over a considerable range. Evidently, then, a strictly rational 
formula for AP would have no advantage over any convenient curve which 

passes through A and P so that OA = 8e for 1 = 0, and y = - ^ — 




1 + 

TP 

-2- for 2 = X, and has at P a common tangent with Euler's curve PB. 
A 

Let us assume, then, for the curve AP 

y = /8« + 6aj + caf 



Vi 



(2) 

This curve passes through A so that OA = Se for 1 = 0. It remains to 
determine b and c, so that the curve shall pass through P and have a com- 
mon tangent at P with Euler's curve. 

If we make ^ = — in (1) and (2) and equate, we have for the condition 

that the curve passes through P 



^ bL ^ cT nVJSK^ 



(8) 



If we differentiate (1) and (2) and equate -Jf- in both cases for x = -, 



we have for the condition of a common tangent at P 






(4) 



From (8) and (4) we obtain 



28eK , MiC'Bk^ 



c = 



8e^ Mfc'BK* 



Substituting these values of 6 and c in (2), and puttmg a? = -- and 
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W 
y = -^, we obtain for the crippling unit load 

We call equation (6P) the *' straight-line parabola '' formula for long 
struts, because if Vi = 2o, the third term in the parenthesis disappears 
and the curve AP becomes a straight line, while if f> = Vi , as is the case 
for symmetrical cross-sections, the second term disappears and the curve 
AP becomes a parabola. 

We have thus for Vi = dt^ the straight-line formula for enisling load, 

forZ<Xandi>i = a« ^=,ae{\^^j\, (8) 



where L = • 



VSe 



For v = 9i or for symmetrical cross-sections we have the parabola for- 
mula for crippling load, 

fori<Xand» = ». ^"^^{} "^Jf)' ^^ 

where L = -rr — . 

The value of ic is always the least radius of gyration of the cross- 
section. ^ , ^ 

Both equations (S) and (P) are well known, and (8) especially has come 
into very general use. We see that both are special cases of the general 
formula (SP) here given for the first time. 

Baakine-Oordon Formula. — From the figure page 858 we see that 
when Z < X we have 

If we assume that for lengths less than L, 8/ inoreaaes approximately 
as the square of the length, we have 

«,:J::r:2>.. or «,= ^, 

Inserting this value of iS^ in the preceding equation, we obtain for the 
crippling unit load 

We call equation (H) the ** hyperbola formula," because it is the equa- 
tion of an hyperbola. 

Equation (H) is usually given in the form 

where a is an experimental constant, and in this form it is known as the 
'* Bankine-Gordon formula for long struts." We see that the experimeutal 
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constant a really depends upon the end conditions as given by 91, upon 
the values of • and Vi , and upon the ratio of the elastic limit 8e to the 
coefficient of elasticity E. We see also that (H) must not be used for l> L, 
The curve of (RG) or (H) passes through A (figure page 859), so that 
OA = SetoTl = 0, and also passes through P f or / = £, but it has not a 
C(Mnmon tangent at P. Still it gives good results, and in the torm (RG) is 
widely used. Equation (H) is a more general form of the RankineCrordon 
formula here given for the first time. 

The value of k is always the least radius of gyration. 

Eecapitulation of Formulas for Long Stmts. — The straight-line 
formula (6) and the parabola formula (P) are well known and widely used. 
As we have seen, they are special cases of the general (SP) formula here 
given for the first time. The Rankine-Gh}rdon formula (RG) is also a 
special experimental form of the more general and rational hyperbola 
formula (H) here given for the first time. 

We recapitulate here for convenience of reference all these formulas 
for long struts. 

Let A be the constant area of cross-section, W the crippling load and 
W 
therefore -j- the crippling unit load which makes the unit stress in the 

most com^yressed fibre just equal to the elastic limit Be. 

Let ic be the least radius of gyration of the crossHsection for the axis 
through its centre of mass of right angles to the plane of bending of the 
axis. 

Let V and vi be the distances parallel to the plane of bending of the 
most remote fibres, on the convex and concave sides respectively, from the 
centre of the cross-section. For symmetrical cross-sections v = vu 

Let n be a number depending on the end conditions, as follows: 





Two Pin 


One Pin. 

One Flat 

End. 


Two Flat 
Ends. 


n 


/I 

4 
16 


6 

34/3" 
4.6 
20 


5 
35 



Then we have for the limiting length L above which Euler's formula 
holds 



fiKfC 



i = 



/El 



(L) 



Let I be the length of strut. Then we have for the crippling unit load 



W 

-J- Euler's formula, 

when l> L 



A 



nVJ^if* 



(E) 



If 2 < Z, we may use either the generalized Rankine-Gordon formula, 

W Se Se 

T 



when I < L —j- = 



1 + ^' 



1 + 






(H) 
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or the formula (SP), 

whenJ<X J^ = sIl+^£:^-^^2^^1 . (8P) 

A L (* + *>)i (« + t?i)-C"J 

For vi=:%v formula (SP) becomes the *' straight-line *' formula^ 

wheuKL ^ = ^ri-?.^1 (S) 

where i = 5^S?L^. 

For V = vi or for symmetrical croas-aectioDB formula (SP) becomes the 
' parabola " formula, 

(P) 



whenZ<i ^ = *[l-5-J} 



where Zi = ,_ ■ . 

In all cases we must divide the crippling load by the factor of safety 
assumed (page 291), in order to obtain toe safe load; or we can replace 8e 
in formulas (P), (S) and (SP), and in the numerator of Q, by the value of 
8w as determined page 292. 

For the average values of 8t and B given in our Table page 823, we 

obtain from (L) the following values of — . 



Wrought iron... 

Steel 

Cast iron 

Timber 



8* 

Lbs. per 

square In. 



25000 

40000 

60000 

8000 



s 

Lbs. per 
square In. 



25000000 
80000000 
15000000 
16000000 



8» 



1000 
750 
250 
500 



Value of — when « = t>,. 



Two Pin 



180 

150 

90 



One Pin, 

One Flat 

End. 



200 
170 
100 



Two Flat 



190 
110 
160 



Wrought iron. 

Steel 

Cast iron 

Timber 



Yalae of — in general 



Two Pin 



lA 



180 V1 + 






One Ptn, One 
Flat End. 



141 V^ 
128 4/1 + J 



Two Flat Ends. 



158 



186 



79 



112 
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In practice 1 is usually less than 100, so that formula (H) or (SP) 

covers the range of ordinary practice, and we seldom have to use formula 
(E). 

EXAKPLSS. 

(1) A cylindrical beam 2 inches in diameter j 60 inches long and weigh- 
ing i lb. per cubic inch deflects | inch under a weight of 8000 Ihs. at the 
centre. Find E. 

Ans. E = 28929144 Ihs. per square inch. 

(2) A rectangular beam ^ft. long^ 3 inches wide and 8 inches deep is 
deflected ^ inch by a weight of 8000 lbs, applied at the centre. Find E, 

Ans. E = 20000000 lbs. per square inch. 

(3) A beam whose length is 16 ft-» width 2 inches, depth 12 incJies, and 
coefficient of elasticity 16000000 lbs, is deflected haifan inch by a weight 
at the centre. Find the weighty neglecting the weight of the beam, 

Ans. Weight = 1562 lbs. 

(4) An iron rectangular beam whose length w 12 ft,, breadth \\ in,, 
coefficient of elasticity 24000000 lbs, has a weight of 10000 Jhs. suspended 
at the middle. Find the depth in order that tlie deflection may bcj^^of 
the length, 

Ans. Depth = 8.8 in. 

(6) A rectangular wooden beam 6 in, wide and 80 ft, long is supported 
at the ends. The coefficient of elasticity is E= 1800000 Ws, per square 
inch. The weight of a cubic foot of tlie beam is 50 lbs. Find the depth 
that it may deflect one inch from its own weight. How deep must it be 
to deflect ^ of its length f 

Ans. Depth = 6.5 inches; depth = 6.8 inches. 

(6) Eequired the depth of a rectangular beam which is supported at 
the ends and so loaded at the middle tluxt the elongation of the lowest fibre 
shall equal -nVr of its original length, 

^^...v_ ./2i00W7 



Depth = |/? 



Eb 



(7) Required the radius qf curvature at the middle point qfa wooden 
beam when the load is 8000 lbs,, the length 10 A* breadth 4 inches, depth 
8 inches and E = 1000000 lbs, 

Ans. Radius = 1896 inches. 

(8) Let the beam be of iron stwported at the ends. Let the breadth be 
1 in,y depth 2 in,, length 8 A <^nd j^= 25000000 lbs, Eequired the 
radius of curvature at the middle when the deflection is \ inch. 

Ans. Radius = 8840 inches. 

(0) Jfa beam 6 ft. long, 1^ inches wide and 4 inches deep is sup- 
ported at the ends and loaded at the centre so as to produce a deflection 
of f inch, find the greatest inch stress on the fibres, taking E = 25000000 
As, per square inch. Also find the load, 

Ans. Stress = 86805 lbs. per square inch; 
Load = 19290 lbs. 

(10) For the same beam, if the greatest fibre stress is 12000 per square 
inch, find the greatest deflection. 
Ans. Deflection = 0.108 inches. 
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(11) A rectangular oak beam 1 foot deep and i foot wide and 15 ft. 
long is fixed horigonbaUy at one end and i$ free at the other end. Let 
^ye we^gM of the beam be 64 pounds per cubic foot. Suppose it sustains 
a uniform load of 100 pounds perfect extending over ^feet of the beam^ 
beginning at 5 feet from the fixed end. Also a weight of 100 pounds 
placed at 11 feet from the fixed end. Let M:= 2000000 lbs. per square 
inch. Find tlie deflection at the free end. 

Ads. Deflection due to weight of beam = 0.17086 inch; 
•' " uniform load =0.12627 " 
*• " " the weight =0.0684 •• 

Total deflection = 0.86668 inch. 

(12) Xfthe same beam is loaded with five equal weights <jf \0Q lbs. each 
at intervals qf 9 feet, whatisthe deflection at the free end and at thethird 
loaded point from the fixed end f 

Ans. Total deflection at free end =0.27 inch. 

" . '' '* third point = 0.12655 inch. 

(18) Same beam sigoported at the ends. Find the central d^lection due 
to its own weight. 

Ans. Deflection = 0.001488 ft. 

(14) A beam of pine weighing 40 lbs. per cubic foot^ 18i inches deq)^ 
15 incTies wide, l%ift. long, is supported at the ends and has a weight cf 
17986 The. plojced at 48 indies from one end. Find tTie deflection at centre 
and point of application of the weight when E = 1680000 tbs. per square 
inch. 

Ans. Deflection at centre due to weight of beam = 0.0082 inch. 
" " " "weight added =0.078617" 
•• 48 in. " •' weight of beam = 0.0027 " 
"48" " "weight added =0.07185 " 

(15) A wrought-iron lb-inch I beam, whose moment of inertia is 691 
in indies, has a length of 80 feet. M = 24000000 lbs. per square inch. 
]f supported at the ends and a uniform load of 76 Ubs. per inch cf length 
covers the first 10 feet, find the deflection at the end cf the load. 

Ans. Deflection = 0.28444 inch. 

Find the deflection at the centre of the beam. 
Ans. Deflection = 0.24421 inch. 

Find the deflection 10 feet from the unloaded end. 
Ans. Deflection = 0.19587 inch. 

Where is t?ie point cf greatest deflection and what is the greatest deflec- 
tion f 

Ans. At 18.1676 feet. Greatest deflecUon = 0.24847 inch. 

If the u>eight of the beam itself is 6.678 lbs. per inch of length, find the 
detection at tlie centre. 

Ans. Deflection = 0.07849 inch. 

]f the same lO-foot load is moved along to the centre^ find the deflection 
at the centre. 

Ans. Deflection = 0.60063 inch. 

Jfthe uniform load of 76 lbs. per inch covers the whole span^ what is 
the central deflection f 

Ans. Deflection = 0.98906 inch. 
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If the 9ame learn U half loaded with 76 pounds per incA, what is the 
deflection at the centre f What is the maximum defleeOonf and at what 
point is it 7 

Ans. Deflection = 0.404626 inch. Max. deflection =r 0.49665 inek. 
Within the loaded portion at 14.48 inches from centre. 

Xfthe some beam lias thfee weights 0/4600 lbs, each, placed at inter- 
vais of 60 incfies. beginning at one end, wTiat is the deflection at the 
centre f * 

Ans. Deflection = 0.6164 inch. 

If there are eight weights each equal to 8000 lbs. at interffdls of 40 
inches^ what is the central deflection f 
Ans. DeflecUon = 0.97026 inch. 

(16) Suppose tJie same beam as in (16) to be fiaed fiorizontaXly at both 
ends and loaded uniformly with 76 lbs, per inch. What is the deflection 
at \^ feet from either end f At the centre f 

Ana. Deflection = 0.1568 inch; at centre = 0.19781 inch. 

(17) If only one end isflaed, theother supported^ what is the i^ 
at 10 feet f at centre f at 20 feet f Wliat is the maximum defi 
Where is it f 

Ans. Deflection at 10 feet rr 0.89074 inch; at centre = 0.89668 inch; at 20 
feet = 0.27862 inch. 
Mazimom deflection = 0.41018 " 
At 161.7624 inches from supported end. 

(18) Same beam as (16) fixed horieontaUy at both ends, with a con- 
centrated load of 27000 lbs. If the load is at the centre, what is the defla- 
tion at haif way betufeen the centre and either endf What is central 
detection f Where are the points of inflection t 

Ans. Deflection = 0.19781 inch; central deflection = 08.9662 inch. 
At 90 inches from each end. 

If the load is t,h fed from the Wt ^^y where and what is the maxi- 
mum deflection t 

Ans. Maximum deflection = 0.2186 inch; at 12 feet from left end. 

If only the right end is fixed and the other supported, and the load of 
27000 As, is at the centre, what are t?ie deflections at the quarter points f 
The centre f What is the maximum deflection f 

Ans. At the quarter points deflection = 0.6816, 0.8091 inch. 

Central deflection = 0.69284 inch; maximum deflection =: 0.70782 inch. 



Atly- from supported ends. 



(19) Same beam as (16) fixed horizontally at both ends has three 
weights 0^4600 lbs. each placed at intervals of 60 vnches^ beginning at t?ie 
left end. Find the central deflection. 

Ans. Deflection = 0.18187 inch. 

If tuH) other equal weights o/4600 lbs. are added at tJie same interval 
of 60 incTies, find tJie central deflection due to these last two weights. 
Ans. Deflection =. 0.06694 inch. 

Suppose the fifth weight removed, what is t?ie deflection at the fourth 
toeight f at the third and second weights f 
Ans. Fourth-weight deflection = 0.18748 inch ; 

Third- " " =0.18072 '• 

Second- " '• =01458 " 
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What are the end moments dm to these four weightsf and where are 
tJie points of oontrary fteature f 

Ans. Mi- + 760000 inch-poundB; Jf, = - (WOOOO inch-pounds; 
74.806 and 275.294 inches. 

(20) Let the ratio Lcfthe length I €f a strut to the least radius q/" 

K 

gyration k cf its cross-section il 66 - = 100. Jjet the cross-section be 

symmetrical. If the elastic limit is8e = 80000 lbs. per square inch and 

the coefficient of elasticity is E = 27000000 lbs. per square inch, find the 

W 
crippling unit load -j- for ttvo pin ends, for one pin and one flat end 

and for ttooflat ends. 

Ans. The limiting ratio -- is 170, 190, 212 for two pin ends, one pin and 

one flat end, and two flat ends respectively. We therefore use either 6K>rdon's 
formula or the formula (SP). 

By Gordon's formula we have, since o = Vi , 

W 80000 



A ~ 10000 ' 

'^ 1800?i«jr* 

and substituting the value of n*7^, we have 

-^ = 22270. 28490, 24550 lbs. per square inch 

for two pin ends, one pin and one flat end, and two flat ends leepectiTeljr. 
Bj the formula (SP) we have 






Hence 

-^ = 24810, 25860, 26670 lbs. per square inch 

for two pin ends, one pin and one flat end, and two flat ends respectively. 

We must divide the crippling load by the assumed factor of safety (page 
291) for the working load. Thus if the factor of safety is taken at 4, we have 
from Gordon's formula 5567, 5870, 6187 lbs. per square inch, or from formula 
(SP) 6200, 6465, 6667 lbs. per square inch. 

Again, from page 292, we obtain for repeated stress, if there is no steady 
stress, 8w = 7500, and putting this for 8e in formula (SP) and in the numerator 
of Gordon's formula, we obtam the same results as before for a factor of safety 
of 4. 

If the steady stress is not zero but equal to the total stress, we have 8w = 
15000, and using this for 8e we get the same results as if we had taken a factor 
of safety of 2. 

For other ratios of steady to total stress we get the same results as if we 
had taken a factor of safety between 2 and 4. 
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APPLIOATIONS OP STATICS-THEORY OF FLEXURES- 
(CONTINUOUS GIRDER 



COHTINUOUS eiRDEB — CONDFETONB OF EQUILIBRIUM. EQUATION OF THE 
CUBYE OF DEFLECTION. THEOBEM OF THBEE MOMENTS. DETEBMINA- 
TION OF THE MOMENT AT ANT 8UFF0BT. BECAFTTULATION — GENERAL 
FOBMULAB. 



Contiiiuoiu Girder. — ^A beam or girder which rest upon more than 
two supports is called a continuous beam or girder. When a beam rests 
upon two supports only, a weight placed anywhere upon it causes press- 
ures or reactions at the two supports which may be at once determined by 
the law of the lever. That is, tne reactions are inversely as the segments 
of the span or either side of the weight. But when the beam is continuous 
over more than two supports this law no longer holds. 

Conditions of Equilibrium. — Let In be the length of the nth span of 
a continuous beam, counting from the left-end support, so that n is the 
number of the support on the left and n -h 1 is the number of the support 
on the right. Take a point o vertically above the nth support as origin, 
and the horizontal through o as the axis of abscissas. Let there be a load 
Wn in this span Zn at a distance Zn from the left end. Let the reaction at 
the left end or nth support due to this load be Rn , and at the right end or 
n + 1th support -B"n + 1. 



Miivl 




Let Pbe any point of the neutral axis of the beam at a distance x from 
the left end, x being always greater than Zn 9 bo that the point P is always 
on the right of Wn. 

Now if the gilder is continuous over any number of supports, we have 
on the ^ft of the support n a moment Ifn, and on the right of the support 
n + 1 a moment Ifn+i. These moments, just as in Oase 8, page 842, are 
due to a couple at each end replacing the action of the other spans. The 
moment of a couple is the same at every point of its plane. 

867 
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The neoessary conditions of eqnilibrium for the span Zn are then : 

Ist. The algebraic sum of all the horizontal forces must be zero. There 

are in this case no horizontal forces and therefore this condition is fnl- 

fUled. 

2d. The algebraic sum of all the vertical forces must be zero. We have 

therefore 

i2'n+i2"n+l= W^n d) 

8d. The algebraic sum of the moments of all the forces about any point 
P must be zero. Denoting by Mn the moment an the Itft of the support 
n, and by Mx the moment on the i^ of any point P, we hare 

Mn-RniC + Wn(x - Sfn) - -Mi = 0, 

or 

Ms=+M^-Itnl3f-\'Wn(x^Bn) (2) 

If in this equation we make x = ln,Mg becomes the moment JTn+i on 
the l^ of the support n + 1, and we have 

Jf«+l=+ifn--B'n«n+Tr„(Zn~iB^). .... (3) 
If we put the ratio |^ = On , we obtain from (8) for the reaction I^n at 

In 

the left support due to Wn, in terms of the moments Jfn and Jf»+i on 
Ihe l^ of supports n and n + 1, 

jrn= ^^"^+U Wn(l->an) (4) 

From this equation and (1) we have for the reaction R'n+i at the sup- 
port n + 1 due to Wn 

irn+i==:?^^±ij=^ + TF*an (5) 

The total reaction En at any support n is evidently equal to the sum 
of the reactions Rn and R'n just on the rieht and left. 

We have from (6), for a load TTn-i in the preceding span ZW- 1, 

R'n^^^L^^Lzl^Wn^lOn^U (0 

*n— 1 

where Mn and Jfn- 1 are the moments on the Irft of the supports n — 1 

and n. 

The total reaction at the nth support is then 

Rn=B:'n-¥Rn (7) 

If there are any number of concentrated loads, we have only to put 

S^nil-On) and SWn^XOn-l, 
n n-1 

in place of Wn(l — ot*) and TT,!- lOn-i in (4) and (6). 

If, instead of concentrated loads, we have a uniform load t^n - 1 por 
unit of length over the span In - 1 and lOn per unit of length over the span 
In J we haye Wn-idsin-i , or ufn^iln-tda in plaoe of Wn^i and Wnd^tt, or 
wnlnda in place of Wn. If we maJke this substitution, we have 

J Wn^iln-vada^ ^n-iln-i and J^ t^fA»(l — a)da = g-w^Zn , 

in plaoe of Wn-iOn-i and Wn(X — (hd* 
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We have then in all cajses, in general, for the reactions Bin and R'n , 
right and left of any sapport n^ 



-«vn= J- + Vni 

-» n = J + tf n— li 



(D 



where Jfn-i, Mn and Jfn+i aro the moments on the Uft of supports 
n — 1, n and n + 1. 
Wwr concentrated loads 

n n-1 

and /or uniform loading 

^n = - Wnlfif ^"n-1 = ^ M^n-l^n-l. 

From equations (T) we can then find in any case the reactions R'n, 
H^n just to left and right of any support n, provided we know the moments 
on the left of supports n ~ 1, n and n + 1. Counter-clockwise moments 
are positive and upward reactions are positive. If there is no load in the 
span {n , $n is zero. If there is no load in the span ln^\ , qn~\ is zero. 

Equation of the Curve of Deflection. — We can now easily deduce 
the equation of the curve of deflection for a continuous beam for oonatant 
moment of inertia of cross-section /. 

The differential equation of the curve of deflection is (page 826), taking 
moments on the left of any point, 

where E is the coefllcient of elasticity, J is the constant moment of inertia 
of the cross-section, and we take the minus sign for moments on the left 
of the point P. 

Inserting the value of Mx from (2), we have 

cPy _ Mn- Rn^ 4- WnjX - gft) 

da^ EI 

We can integrate this expression between the limits a; = and x, upon 
the condition that x is always greater than Zn , that is, t?ie point considered 
alfvays on the right of the weight. When, therefore, a? = 0, (aj — «n) must 
be zero. We must therefore take the integral of Wn(x — Zn^ simultaneously 
between the limits x^^z^ and x, or treat (a; — ^^n) as a variable which 
becomes zero when a; = 0. 

We have then, integrating once, 

dy _ 2MnX - Bn^ + Wn{x - gn)« ^ 
da %EI ' 

where for a; = the constant of integration 0^=,^ for a; = 0, or equals 

dx 

the tangent tn of the angle which the tangent at the support n to the curve 

makes witii the horizontal. Hence 

dy __ 2]tfnX - Rn O^ + 'W n(a?~gn)' ,«. 

di-^ 2EI ^®> 
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If we take the origin at a distance Tin above the support n (see figare 
page 867) and integrate again, the constant of integration for a; = will 
be — An , and we have 

which is the general equation of the curve of deflection. 

If in this we make x==ln, y becomes — An+i. If we also put the ratio 

^ of the distance of the weight from the left end of span to the length of 

span, equal to On, so that ^ = on , and insert for Rn its value as given 
by (4), we have from (9) 

^ ^ _ hn + l-hn _^ _l_pjrn^n+ Jrn+ lln - Tr„^n\2an-8an*+an«)].[10] 

We see, therefore, that the equation of the curve of deflection (9) is 
completely determined when we know Jfn and Jfn + 1 , the moments cU the 
left of the two supports of the loaded span. 

Theorem of Three Moments. — These moments are readily found by 
the application of the ** theorem of three moments" which we shall now 
deduce. 

Consider two consecutive spans ^i and In over the consecutive supports 
n — 1, n and n + 1. The equation of the curve of deflection between Wn 



Wl In-i _ O l^ 




and the n + 1th support is given by (9), and the tangent of the angle which 
t^e curve makes with the horizontal is given by (8). 

If in (8) we substitute for Rn its value as given by (4), and for tn its 

value from (10), and make at the same time a; = ^ , then -Jf- in (8) becomes 

Cm? 

^4.1 or the tangent at the n + 1th support, and we have 

tn-^l = - ^^]''^ -^[Mnln + 2jl£n'^lln''Wnln^an-an'y]. [11] 
In fyJiil 

Equation (11) gives the tangent of the angle which the tangent to the 
curve of deflection at the n + 1th support makes with the horizontal. 

If we suppose a load TTn. 1 in the span U-i at a distance On-iln-i 
from the lert end, the origin being taken at m instead of at o, we can find 
from (11) the tangent tn at the right end by diminishing each of the sub> 
scripts by unity. Hence we can write at once, from (11), 

^ = _ ^-^-^ ^A^Mn^lln^l +2ir*A,.i- Fn-ir«.i(an-l-an.l«)].(ia) 
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But eqii^on (10) gives us t» for a load Wn in the span In, Let both 
Wn-\ and Wn act, then, and since there is a common tangent at n for the 
curve on each side of support «, we have, by equating (10) and (12), 

jrn-l/n-l+31fn(i»-l + W + Mn+ xln = ^El[^-}^^ + ^^ - ^1 

L ^-1 . ^ J 

+ T*W»«(2an - Son' + On') + Fn-iP„_i(an-l - a'«-i). . . (13) 

If there are any number of concentrated loads in each span Z«-i and 
Iny we have only to put i~ •» i »"^ 

2Kw(2an - Son' + On") and 2Vn-lPn-l(a«-i-a»n-l) 
* »-l 

in place of the two last terms. 

If, instead of concentrated loads, we have a uniform load u^n-i per unit 
of length over the span ln-\ and Wn per unit of length over the span In 
we have Wn-idon-i in place of Wn-h and wndtn in place of Wn. Since 
the ratio ^ or -£=1 is denoted by a, we have dU^i = «»-i, and al^ = ^n. 

We can then put t/^iAi-ida in place of Fn-i, and ttW»<to in place of 
Wn. If we make this substitution, we have 



/; 



-' 1 



a-O * 



WnZfi'(2a - 8a* + a V^ = jt^^n*. 

a=0 * 



/- 



We have then in general 

Mn-lln-l + 2Jfn(/».i + ii) + ifn+lZ» = Fn + iln + A-1, . (H) 

where we have for the sake of convenience of notation 

Fn = 6iZr/ r5!L±Il:^ + ^Il^T 
L ^-1 In J 

for concentrated loads. 

An = 2Wnln\^n - 8a»« + a»«), Bn-1 = 2^fir-lln-l\an-l - aVl) ; 
n n-1 

for uniform loading, 

iln = jWnln\ Bn-l = j-tt^n-l^n-l. 

Equation (II) is the general form of the '* theorem of three moments '' 
for constant moment of inertia of cross-section. It gives the relation be- 
tween the moments at the l^ o/any three consecutive supports, n -* 1, n 
and n + 1 of a continuous girder in terms of the consecutive spans In^i 
and 2n, the loading in those spans and the relative heights of the supports, 
provided the moment of inertia of the cross-section is constant. 

If the supports are all on the same level, the term Tn is zero and disap- 
pears. If there is no loading in the span Zn, the term An is zero and dis- 
appears. If there is no loading in the span 4-1, the term Bn-i is zero and 
disappears. 

Determination of the Moment Mn at Any Support. — Let us 
number the supports 1, 2, 8, etc., beginning at the left. The correspond- 
ing spans are £ , Zi , b , etc. Let the entire number of spans be s. Then 
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thela«tBpaEMfc,imdthela«tBUDportw# + l. Kti» 

not fixed; but simply lest upon the end supports, the moments Jfi and 

if,j-i at the first and last support are aero. ^ , , „ ,^ ^k 

Case 1 Let us take any number of spans #, and let all the spans on the 
left of the nth support be loaded in any manner, and all the left suppcxte 

CaM^ 





be at different levels, ^hile all spans on the right of the nth support are 
on leyel. Let the ends rest on the supports, so that JTi = and iG+i »= 0. 
Let in general 



so that 



hn-l—hi 



k^l 



.], ,...„,[5:m^], 



F« = r'« + Tn. 



In the present ease Tn = 0, since supports n and n + 1 are on the 
same leyel. We haye then by the suooessiye application of the theorem of 
three moments the following equations, since Mt and if« + 1 are zero : 

(C) 2MSi + fc) + JSitU = F, + il. + Bi; 

(c.) MnU + 2ir.ft + W + J^Jt = r. + il. + A; 

(C4) MtU + 2M,{U + U) + Ma* = F* + -44 + A; 



(15) 



= F»-i + iln-l+J?n-s; 
(Cn) Jfii-l2»-l + 2lfn(Zn-l + W+irn + 12» = F n + -Bn-i; 

etc.; 
(C.-2) Jf,- A- 8 + 3ir#-«(«,-8 + ?•- 2) + K- iZ,-s = 0; 
(0,-1) Jr.-A-2 + 2A-i(2,-2 + fc-i) + J««-i = 0; 
(c,) Jr.-i?.-i + 2if,(?,-H-?,) =0. 

The solution of these equations (15) can be best effected by the method 
of indeterminate coefficients. Thus we multiply the first equation by a 
number th , the second by a number Ct , etc., the subscript corresponding 
always to that of if in the middle term. Haying performed these multi- 
plications, add the resulting equations and arrange the terms according to 
the coefficients of JTt , ifs , etc. We thus obtain the equation 

[2c(Ji + fc) + etU]Mt + [CfU + 2o.(Z, + U) + (uUWt + etc.; 

+ [c»-i2n.-i + Cniln^i + In) + di+iW-Ki + etc.; 
+ [c,_iZ,-i + 2c,(Z,-i + l,)]Mt 

= (F'ft + Bn-l)C» + '2'(Fn + -An + A»-l)0». . . . (1«) 
n-1 
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In order, then, to determine Mg we have onlv to impoee snoh oonditions 
upon the multipliers o that all terms on the left except the last in eqna* 
tion (16) shall be sero. We have then, assuming Ci s and ci = 1, 

Ca = — 2 — , Ci = — %e% — J C%T - — "- 

and generally for any multiplier c 



0» =s — 8C»-.l ■ V C||~S| . 



(17) 



These yalnee of e make all terms zero on the left of equation (10) except 
the last, and give us for the value of JG 

(T'n + B»-l)c» + 2'(Fn + ^ + Bn-t)Cn 

From the law of the multipliers we have 

Oi-i^t-i + ^h^i + 2i) + c, + 1& = 0. 

Henoe we may put in the denonunator of (18) the equivalent e^^iession 

Case 2. Let all the spans on the right of the nth support be loaded in 
any manner and all the right supports be at different levels, while all the 
spans on the left of the nth support are unloaded and all the left supports 
are on leveL As before if i = and jr« + 1 = 0. 

Case a. 



ST 





In the present case F'n = 0, since supports n and n — 1 are on leveL 
We have then by successive applications oi the theorem of three moments 
the following equations: 

W 2Jr.(;, + U) + MtU = 0; 

((2,-1) MJ^ + 2Jf.(Z, + U) + Mdt = 0; 

(d.-8) MtU + 2M^(}t + ^4) + Jrj« = 0; 

etc.; 
(*-« + a) Jf»-s2n-8 + 2if»-.i(^»-s + in-l) + Jfi*ii-1 = 0; 
(d:,-^ + «) Jfn-l2n-l + 3Jfii(^»-i + W + Jfi»+1^» = F» + iln ; 
((f,-» + l) irnfc» + 2irn + l(fci + ^n + l) + Jfn+Ai + l 

= rn+l + iln+l+ A»; 

etc.; 
id,) J6-82«-8 + 2ir,-2(«.-8 + h-^2) + JG-A-s 

= r,_2 + ii«-8 + A-8; 
(d.) J6-A-S + 2iG-i(Z,-.2 + Z,-i) + J«.-i 

= F,-i + il«-i + J?a-s; 
(A) ir«-i2.-i + 2ir,(?,-i + /,) === Fg + il« + J5.-1. 



(19) 



374 APPLICATIONS OF STATICS. [CHAP. IV. 

If we multiply the last of equations (19) bv a number ds, the last but 
one by c^t, the nth by (2«-n+2, etc., add the resulting equations and 
arrange the terms according to the coefficients of Jfs , Jfs , etc., we obtain 

[2(«.(i-i+W + dth-^ilMg + [(UU-.1+ 2d»(lg-2 + Za-i)+ d«Z,-2]JG-i + etc.; 

+ [d,-n + l^ + 2(ln-l + W^«-n + 2 + A-n + S^-lllfti + etc.; 

+ [A-8^ + 2^-i(Z. + h) + cUtWt + [ds^iU + 2cU(li + l.)]Jr. 

n + l 
= (Fn + iln)tf«-n+« + ^(Fn + iln + B»-i)d,-«+8. . (20) 
n-t-1 

In order to determine Mt we have only to impose such conditions upon 
the multipliers d that all terms on the left except the last in equation (20) 
shall be zero. We have then, assuming di = 0, dt = l, 

and generally for any multiplier d^ 

d„=-8d^,?L:!i±i±iL:i±?_d„_,«LJLt». . . (21) 

These values of d make all terms zero on the left of equation (20) 
except the last, and give us for the value of M% 

n + l 
(r'»+ilii)*-n + 2 + 2(Fn + i4« + J5n-l)*-.n+2 

^' = — da-A + 2d.(i.+Z0 • ' ^^^^ 

From the law of the multipliers we have 

dg^iU + 2dM(ln •¥li) + dB + ill = 0. 

Hence we may put in the denominator of (22) the equivalent expres* 
sion — cf# 4- 1^1. 

Now from equations (10) and from the values of c given by (17) we see 
at once by inspection that 

Mt = tftJfi , M^ = e*Mt , etc., and generally Mm = CnJft , 

and this holds good so long as mis less than n. 

We have then for the moment Mm at any support m on the left of the 
nth in the second case, 
f or fii< n 

n + l 
C»A-n + s(F'» + An) + CmS(yn + ^n + -B»-l)^-n + » 

nf «_ g + 1 (28) 

•" d,-iZ. + 2(i.(Z, + W or -* + iZi 

Again, from equations (15) and from the values of d given by (21) we 
see at once by inspection that 
Mg-i^idtMtj ir«.2 = cl4iff, etc., and generally Mm^^dg^m + zMs, 

and this holds good so long as m is greater than n. 

We have then for the moment Mm at any support m on the right of 
the nth in the first case, 

f or m > n 

Cn*-» + 2(F'« + Bn-l) + *-m + 22'(Fn +i4n + A»-l)c* 

M- __«______^ . ^~^ (34\ 

•* Ca-A-i 4- 2c,(i-l + ?i), or -c, + i& 
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If we make in (21) and (17) n = « + 1 and then ^ve different values to 
8 and compare the results, we see that in general c« + iU = ds + i^i. The 
denominators in (22) and (28) are then the same. 

If we suppose Case 1 and Case 2 to exist simultaneously, we have the 
case of all spans loaded and all supports on different level. If then we 
make m = nm (28) and (24) and add these two equations, we have, since 
Y'n + T"n = Fn, for the moment Mn on the left of any support n 

n+l 
dt-n + 92'(Yn+ An + -Bn-l)C» + C»2'(i'n+iln+^n-l)dt-n+2 

Mn = ^ ^ '^ , (IH) 

where we can put for the denominator D any one of the equivalent values 
D = c,_iZ,-i + 2c«(?j-i + is) = — c, + it = — d, + iZi = d#-.iZ. + 2dt(li +/,). 

Equation (III) gives the moment with its proper sign on the U{ft of any 
support n. If we wish the moment on the right of any support n, we 
must change the sign for Mn as given by (III). 

Recapitulation — General Formulas.— We have then for the moment 
on tlie Uft of any support n of a continuous girder of constant moment of 
inertia of cross-section, for any loading and any levels of supports, 

n + l 
*-n+22'(Fn+ An + Bn-l)c» + Ctt2(In+iin+Ai-l)d:,.n+8 

if«= ^ -^ '-^ , (III) 

where we can put for D any one of the equivalent values 
D = c,-i«,-i+2c,(i,.i+W = -C+iJ, = -drn^=*-i«t+2A(i,+f,). (1) 
In this equation 8 is the number of spans, 






where An-i , ^ and An + 1 are the distances below any assumed level line 
of the three consecutive supports n — 1, n and n + l. 
For concentrated loads 

An = 2^nW9chi - 8an' + On*), -Bn-1 = ^TTn-lPn-lCOn-l - a»n-l), 
n n-1 

where TTn is a load in span In^ and TTn-i a load in span In-i , and a is the 
ratio of the distance of any load from the left end of its span to the length 

of the span, or a = y^. 

For uniform loading 

where fJOn and Wn-i are the loads per unit of length over spans In and 2n-i. 
The numbers c are given by 

c, = 0, c. = 1, and for any other c^ = - 2cn,i ^"^"*' ^ ^~<^«r^' W 
The numbers d are given by 

d^i = 0, eft = 1, and for any other 



t-n+S «t-n+8 



(4) 
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For the reaction just to the right of any support n we have 

if » = J + g'n, 



and just to the left of any support n 






0) 



where i^-i , JKJt and Jr» + 1 are the moments <m ^ ^ of supports n — 1, 
n and n + 1. 

j^br concentrated 200(29 

n + l n 

y'n=2Tr«(l~an), fi^n-l=^lFW-ian-I, .... (5) 
» n-1 

and/or un^/Vrm loading 

«'i» = 2«W», ^'tt.i=luH»-lfc»-l («) 

For the total reaetion at any support 

En^Rn + R'n (7) 

Moments couDter-cIockwise are positive and reactions upwards are posi- 
tive. Equation (III) gives the moment with its proper sign on the ^/t of 
any support n. If we wish the moment on the right, we must change the 
sign for Jfn as given by (III). 

Special Cases. — If the supports are all on level, equation (8) is zero 
and the F's disappear in equation (1). 
If the spans are all equal, we have 

Ci = 0, c = I, Ci = — 4, <J4= + 15^etc.; ) 

di=0, d, = 1, d, = — 4, (f4= + 15, etc.; ) ' • • ' ^' 

or the values of tJie &s and d's are the same. They are dltemately + and 
~, and each one is numericallg equal to four times the preceding minus 
the one next preceding. 

If we make 2i or ^ = 0, the beam is flxed horizontally at either the 
left or the right end. We must remember, however, that when we thus 
make h or Z« equal to zero, the value of s must still remain unchanged and 
the supports must be numbered as they were before the end spans were 
made zero. 

EXAXPLSS. 

(1) A beam of one span of length I is fixed horizontally at the ends, 
Mrid the end moments and reactions for a had Wat a distance z =^ al 
from the left end. Also for a uniform load of w per unit of length over 
the span. 

Ans. Let there be three spans, h , ht It, and let li and U be zero. Then 
« = 8, and we have 

Ci^di = 0, <j, = da = 1, c, = dt = - 2. 

We have also Ti = T4 = 0, ili = il« — -Bi = i?a = 0. Hence for » = 2 we 
have in general from equation (III), page , for the moment M» on the left 
of the left end of the span 

^•- W. + 2W. - 8i " • ^^^ 
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For n =r 8 we ha^e for the mome&t Mt an the ^fl of ibi& right end, from 
(III), 

*- wH-2iS~"^ = 31 • • (^> 

J^lAeenda are an level. Ft = Ft = 0, and 

i# 2^^« — & -- ^i — 2JBSi .„ 

^« = — 8i — ' • ~ sT" ^^ 

Inserting in (S) the yaluee of A% and Bt for eoncentrated load, we haye 
far wmeentrated load amd ends level 

Theae are precisely the same yalaea» in different form, already found for 
the end moments in tms case on page 848, except that if« is on the left instead 
of on the right. 

For the reaction at the left end we haye from (I), page 868, 

and for the reaction at the right end 

These are precisely the same yalaea, in different form, already found for 
the end reactions in this case, page 848. 

For uniform load and ends level we haye, inserting the yalues of At and A 
in(3), 

These are the same yalues as obtained on page 846 for the case, except that 
Jit is on the left Instead of on the right. 
For uniform load and ends out of levels 

^ 2Tt-Tt . tgP T^ Tt-2Tt . tgP „, Tt-Tt , ml 
* = S~ + l2' *= 8r~ + l2' *=~P +2- 

Haw much must the Irft end be Unoered in order to make the l^/t reaO' 
tion R% equal to zero f 
Here we haye 

Tt-Tt .Id _ v^ ^ 

— ? — ^T^^' ^' y*-Tt=-j: 

Since Ft = — Fi , we haye 

Hence 

Since ^is always yery large, we see that a yery small lowering of the left 
support will make the left reaction zero. We haye in this case 
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Eoto much must the l^ft end he lowered in order to make Ifs = ! 
Here we have 

— gj •■"12 "' ^^ r. = -r.. 



r.^^^y.'^ ^ »-». = -^ 



ar-j-Hf n'-A.^ 12." --L^' 

(2) il &eam of one span of length I is fixed TwrizontaUy at the rigJd 
end. Find the reactions and moment at the rigM end for a load Wat a 
distance 9 z=al from the left end. Also for a uniform load cf u? per unit 
of length over the span, 

AnB. Let there be two spans h and 1% , and let ft = 0. Then « = 2, and wa 
haye 

e,=d, = 0, c, = d, = l, d. = -2, hM^ht-0, r.=0. 



^, = 5, = o, r, = «jErr^5-^"j. 



Henoe f or n = 2 we have in general from equation (US), page 875, for the 
moment Mt on the l^ of ihe right end, 

_ y. + g, 

We also haye Mi = 0, ifs = 0. Henoe 

Jfthe ends are level, Fs = and 

For concentrated load, ends level, we haye then 

jr, = ^a-a»), J?/ = J(2-.8a + a»), 5." = j(8a - a»X 
jFlir «n(/bfm 2<mm2, ^ndt level, we haye 

JSou? mt«c^ mu«^ ^ l^ end be lowered in order to make the l^ reac- 
tion jR/ gero f 
Here we have 

Hence 

If the load is nnif orm. 
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If the load is concentrated, 

q^' = W(l - a), qi" = Wa, J?, = Wl'ia - «•), 

JTbur mtic^ mu^ the rigM end he lowered in order that the moment M% 
may he zero f 
Here we haye 

ll±^ = 0. or r. = «iJ/[5LZ*«] = -A. 
Hence 

If the load ia onif orm, 

If the load iB concentrated, 

*'-^=--^%?^' -B.'=F(l-a), i?i"=TFa. 

(8) Find the general formtdas for a continuous learn of two spans. 
Ans. Here « = 2, and we have from (III), page 875, 

Ml =0, Jft = 0, Jft = — §(F4-"Sr~ ' •®*' ~ ~ T^ + !?»'» 

&"— '^•_l_«" Tft^MlA.aJ If.*' — ^* \ tt" 



r. = «M-[*LZ*i+*i^']. 



For concentrated loading, 

g/=2Tr,(l-a,), g/'=2Tr,a,, g.' = 5F,(1 -a,), g," = :STr,flt, 

^, = 2 F, V(2a, - 8a.« + a.'), J?i = 2 TTi^x^a, - a,'). 
For nniform loading, 

These f ormnlas will solve any case of two spans. 

(4) A plate girder is continuous over three supports, U = 80 ft,, U = 
bOjt.y the supports heing all on level. The uniform load per coot in the 
first span iswiss 8000 UfS., in the second w% = 850 lbs. Find the moments 
and reactions. 

Ana. From the general formulas of Example (8), since all supports are on 
level. Ft = 0, and we have 

ir.=o. jf.=o. if.=|±^. 

In the present ease A% = -V~» A = —4^. Hence 

4 4 

„ w.l.» + ti>.f.« 8000X80* + 860X60' ,.o.«„~>«,. 
"*= 8(^ + i.) = SpHKBO) = + l»«91.876ft.lb«. 



and 
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We have therefore 

5,"=^ + ^ = + 51497.80 IbB.; J2.' = ^ + ^ =r + 13648.44 Ibe. 
Bt ' Bt" + A' x: + 64146.8 Iba. 

Haw far must the seoond nipport he Vowered in order that the moment 
M% may he eero f 

Sinoe supports 1 and 8 remain on level, Ai — At = A* — A«. We have then 

r. = 6ffl'[^i^+5L:^J, 

*^L^s"+""irJ+-ir+-4-=^' ^'^'"■^=" g4jg/(^.+^ ' 

If we take S=z 24000000 lbs. per square inch, and if /= 68400 for dixnen- 
flions in inches, we have 

A, -.At = -0.064 inch. 

Therefore a sinking of the second support of only about |^« ol an inch is 
sufficient to make M% ssero. 

How far must the second support he lowered in order that the reaction 
en the second support may he zero t 
Here we have 

J?." + «.' = &=0. or «+i^+^ + «!j = 0. 

or 

JT. = _ '^t'^y^f'^' = - 1007813.5 ft..lhs. 

From the general value of Jft in Example (8), 

,,, ,,, Wiii*. WtU* , a arrP ^' — ^ i At — A«T 

— toili^lt — WilM = -g — h —^ + 6^/1 — ^- 1 J- — . 

Hence, since Ai - A, = A, - A, . ^ = 24000000, / = 68400, 

A.-.At = ^ism+l^) = -0.78 inch. 

Therefore a sinking of the second support of only about seven tenths of an 
inch is sufficient to convert the two spans into one long span. 

We see then that a continuous girder requires the supports^ he inwHiable. 
We find in the present case 

Bi' = + 78593.75 lbs., Bt" = + 28906.25 lbs., 

Bt" = + 11406.25 lbs. , Bt' - - 11406 25 lbs., 

Bt = Bt" + Bt'=:0. 

If the spans h and It are equal and «i and lOt are equal, we have at onoe 
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A, — A, =: — ■ . -- , or the deflection at the eentre of a spaa whoee length is 

2^, and Jft == - ^ «8 shoald be. 

{fS) If in the case of Example (4) we Tiave a concentrated load Wi = 
90000 lbs. in the first epan at a dietance -Ixfrom the ^ft end, and a con- 

4 

centrated load W% = 18000 JJbe.ata distance -1%^ find the moments and 

reactions. 

Ana. We have 

a,=j, a. = g-, ^.= F,V(2a.-8a.« + a,»)=|-F'.V. 

Then, from the general formnlas of Example (3), we have 
J/, = + 324121.094 ft.-lb8., Bx' = + 60029.8 lbs.. JB^" = + 4517.68 lbs., 
i?."= + 29970.7 lbs., 5.'= +18482.42 lbs., JB^=i?i"+-B,'= + 4845a 12 lbs. 

For the distance the second support must be lowered in order that Jfi may 
be zero we find 

A, -A, = -0.1611 inch. 

For the distance the second support must be lowered in order that Et may 
be zero we find 

Aj — A, = - 0.66 inch. 

(6) Let a beam ofttoo equal spans Tiave a load Wi in the first span and 
TFt in the second span^ each load being at the middle of its span, LA the 

seoond support be lotoered by an amount Ai — At = — - — ^ Z„r '* 'What 

are the moments, shears and reactions f 

^ - fsa • «» - ^ ' ■«•- ^ ^• 

(.7) Let a beam cfttoo spans h and U level supports have a load Wiota 
distance ali from the l^ end qf the first span. Find the reactions when 
I: = I, and U = nl. 

Ans. i?.' = -5(j^[a(H-»)-«(8 + a») + a«]. 

&" = - g^t^^) (a-«')> iJ. = &"+ft'=-£[a(l+2»)-«»]. 
If the spaas are equal, n = 1 and 

J?.' = ^[4-6.+««I, Jl.''=^6<.-«»], jJi'=^a_«i>, 

*" = --^« -«.»), Bn = S,"+B»' = ^8a-a'). 
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(8) Find tJie genercU formulas for a continuous beam cf three spans. 
Ans. Here < = 8, and we have from (HI), page 875, 

if.=o. ir. = o. j,.^_ '^(>-. + ^. + ^0+r. + ^. + ^. 

04(1 > 

"* = dj, ' 

e.--8— -. d._-8_^. d._+4 — ; 

For concentrated loads, 
q,' = :S fr,(l - a,), <2x" = 2 TT.a,, y,' = IS F;(1 - a.), g," = 2 TF^, 
g,' = 2 F,(l - a.), gr." = 2 Wlflt,. 
For nnif orm loading 

q^' = yi" = ^wilu qt' = gi" = g-Wif. , gi' = gr," = gw,!,. 
These formulas will solve any case of three spans. 

(9) Let a beam cf three spanSy level supports^ have a load TT, at a dig-- 
tance aUxfrom the left end of the first span. Find the reactions when 
2i = Za = Z and U = nl. 

Ans. For convenience of notation let 

fi'=4 + 8n + 8n». 
Then 

Bx' = '^\fX'-a)H^{a^a^% + ^)-\. ft" = ^ffl^* + <« - ^'Xa + a«)]. 
ft'=5[(a-a^(8 + |), ft"=~5[(a-a«)(8 + ?)], 

ft = -B." + i2.'=-5pa-a«)(8 + «+|)T 

(10) A continuous beam offmr equal spans, level supports, has the 
second span from the left covered with a uniform load cf w per unit of 
length. Find the moments and reactions. 

Ana Jf,=0, Jf, = + ^l«jP, Jf, = + ^i>, Jf. = -JjwP, -«; = 0; 
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^•'=-£^'' ^"=+S[*''' *'=+Si'''' -8^"=+§§«^*' 

(11) Find the moment and reaction at tfie second support for a load 
Wat a distance alfrom the left end cfthe second span. 

Ana. J/i = i(26a - 45a« + IM^Wl-, S,' = ^56 - 88a - 67a« + 80a»). 

(12) Deduce a formula for the moment at the ^ft of any support of a 
continuous beam, level supports, whwi the entire beam is covered with the 
uniform load taper unit of length. 

't)d.+(y,-2+yt-i)d«+...(li»+WdiI 



Ans.Jfn=-?[5n-- ^t^^'-^ + ^'^ 



]• 



where the numbers b are given as follows: 

bi = 0, Ot = 0, o« = r — » ^« = r ^ 

ft, = - ^' i" ^^' - 2&4^^^r^ - 6«T* «tc., and in general 
n-8 n-« 

(18) /n the preceding example let the spans be aU equal. 
-[<Jn(l — eg + ft) — c«+ 1(1 - tfn + i)]. 






Ans. Jfn = — 



12et + i^ 



The following Table gives thecoefficientsof -{- top for any number of spans. 
The Roman namerals at the sides indicate the number of spans, and the num- 
bers in the spaces of each horizontal line give the moments on the left of each 
support. 



MOMENTS ON LX!FT OF SUPPORTS — TOTAL UNIFORM LOAD — LEVEL 
SUPPORTS— ALL SPANS EQUAL. COEFFICIENTS OF + WP GIVEN IN 
TABLE. 
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This Table may easily be continaed to any number of spans. Thus for any 
even number of spaas, as YIII for example, the coei&cieBtB are obtained by 
multiplying the fraction preceding in the same diagonal row, both numerator 
and denominator, by 2 and adding the numerator and denominator of the frac- 
tion praoedlng thai Thus, 

142 X 2 + IW "■ 1^ 142 X 2 + 104 " 888' 

^X2 + J^_^ ^X2 + ^_^ 

142x2 + 104^888' ^ 142 X 2 + 104 ~ 888* 

For any odd number of spans, as VII for example, we have simply to add, 
numerator to numerator ana denominator to denominator, the two praoeding 
fractions in the same diagonal row. Thus, 



104+88"" 142* 104 + 88 



' 142' 104 + 88 



142' ^' 104+88 "142- 



The moments are all positive, showing that the upper fibre is in tension 
over every support. 

The moments being known, the reactions can be found by (I), page 058. 
We then obtain the following Table. 



BEACmONS AT SUPPORTS— TOTAL UNIFORM LOAD— LEVEL SUPPORTS- 
ALL SPANS EQUAL. COEFFICIENTS OF + tl^ GIVEN IN TABLE. 




The law of this Table is the same as for the preceding Table, and it can 
therefore be continued to any number of spans. 

(14) Give tfie formula for the moment at the left of any support of a 
continuous beam, level supports, for load in any given span otuy. 

Ans. From (III), page 876, let f be the left support of the loaded span. 
Then 

j^ dg-n + %ArCr + emds-r + 1^ 
Mn^ ^ • 
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If the spans are all equal, 

T^ C«-n + %Arer + ^^t-r + \BrCn 
Mn= ^ . 

If the spans are all equal and the span Ir is uniformly loaded with the load 
w per unit of length, 



, = Jt.l» ^ ^ ^J. 



(15) A continiums beam of four equal spans, level supports, has tM 
second span from the left covered with a uniform load of w per unit of 
length. Find the moments on the left of tlie supports and tM reactions. 

Ans. JT = 0, Jf. = +^?, if. = + ^i«, Jf4 = - ^P, Jf.= 0; 

(16) /n the preceding case, what is the moment on left and reaction on 
right of the second support for a concentrated load W placed at a distance 
dlfrom the ^/t end of the second span f 

Ans. Mt = ~(86a - 45a» + lW)Wh 
A' = ~(56 - 88a - 67a« + 8aa»). 

(17) A continuous learn of five spans, the centre and adjacent spans 
being 100 feet and the end spans each Ibfeet long, has a uniform load 
over the second span. Find the moments on the ^ft of the supports and 
the reaction on the right cf the fourth support. 

(18) A continuous beam of four spans, U = 80, Zt = 100, /■ = 60, U = 
AOfeet, supports level, has a load of 10 tons in the second span, at a dis- 
tance of 40 feet from the left end. Find the moments mUftofthe sup- 
ports, and tJie reaction on the right of the second support. 

Wl ' 
Ans. M, =0, Jfa = ^(17a - 30.9a» + 18.da«) = + 83.01 ft. -tons, 

Q AXP7 t 

-Wi = ^5348^(1-^ + 8a» - 4.8a») = + 88.77 ft.-tens. 

i'i = - 33^1-«« + 8a» - 4.6a») = - 24.66 ft..tons. Jf. = 0, 
.B,' = + 6.9824 tons. 

(16) A beam continuous over seven spans has a load in every span. 
Find the moment on the Itft and reaction on rigM of the fourth support 
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Ans. 
^* = ■-'^[{Tt + A, + B^)6, + ^T, + A. + B,)et + {T, + A, + B,)c,] 

- ^[(T. + A. + B,)d, + (Y. + A. + B,)d. + {T, + A, + Be)d,l 

Jf, = - ^y^T^+A^+Br)c^^T,+At-^BtyHMT4+A,+Bt)c,MT»+A^ 

- ^[(T. + A.+ B,)d. + (F. + A, + B,)d,]; 

^* = Y^ h ?« . 

(17) Let the supports in (16) be on level, all spans equal, I = 80 /ec^, 
and only tJie first, third and sixth spans loaded with a uniform load 
w = 2 tons per unit of length, 

Ans. Jfi = + 788.18 ft.-tons, Jf, = - 882.65 ft. -tons; 

Ba = + 14.63 tons. 

(18) Let tJie supports in (16) he on level, aU spans equal, I = SO feet, 
and only the second, fifth and seventh spans loaded vnth a uniform load 
w = 2 tons per unit of length, 

Ans. Jf* = - 382.56 ft.-tons, Jf» = + 788.18 ft.-tons; 
JB4' = - 14.63 tons. 

(19) Let the suppoi^ in (16) he on level, all spans equal, I = %Ofeet, 
and a load Win t?ie fourth span only at a distance alfrom the left end, 

Ans. M, = ^(d7a - 168a» + 71a«), Jf. = ^(26a+ 45a« - 71a»); 
i?4' = |^71a - 218a» + 142a») + W{X - a). 

(20) In (19) let a uniform load w per unit of length extend over ths 
whole beam, 

Ans. Jf. = +^^, Jf.= + ^?; i2.' = + y-. 

(21) Let the Ixid in (20) he 4000 Ihs. per ft, over the whole girder. How 
far must the fourth support be lowered in order that the moment at the 
fourth support may be zero f 

41wl* 
Ans. A, -A4 = -^|gg^ 

If J^ = 24000000 lbs. per square inch and /= 53400 for dimensionB in 
inches, As — A4 = — 6.6 inches. 
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Acceleration — ^proportional to force, 2 ; mass and force, relation between, 4 ; of 

gravity above sea-level, 58. 
Action and reaction, 7. 
Adhesion, 187. 
Angle— of friction or repose, 188 ; of mptnre, 258, 257 ; of stability of earth 

slope, 258. 
Apparent indetermlnation of stresses in framed structures, 187. 
Applications of statics, 228. 
Arch dam, 245, 295. 
Area — material, 19 ; moment of, 19 ; centre of mass of, 21 ; moment of inertia 

of, 270 ; radius of gyiation of, 272. 
Assumptions of theory of flexure, 826. 
Astronomical unit of mass, 48. 
Attraction—of a homogeneous shell or sphere, 45 ; of a circular arc, 50 ; of a 

straight line, 50 ; of a circular ring, 51 ; of a circular disk, 51 ; of a cone, 

52 ; of a cylinder, 52. 
Axis — and plane of symmetry, 19 ; neutral, 286, 809 ; neutral of beam, change 

of shape of, 825. 
Axles — static friction for, 196. 

Batter-of wall, 228. 

Beams— conditions of equilibrium of, 282 ; designing of, 296 ; breaking weight 
of, 299 ; strength of, 299 ; change of shape of neutral axis of, 825 ; uni- 
form strength of, 880 ; deflection of, 829, 847 ; continuous, 867 ; reactions 
at supports of continuous, 868 ; moments at supports of continuous, 872 ; 
general formulas for continuous, 875. 

Bending moment, 285. 

Body— material, 1 ; homogeneous, 10 ; equilibrium of, 77 ; equilibrium of, 
under parallel forces, 77 ; conditions of equilibrium of, 84 ; equilibrium of, 
on a curve or surface, 169 ; on a smooth curve or surface, 170 ; on a rough 
curve or surface, 188, 204. 

Breaking weight of beams. 299. 

Centre of gravity, 17, 46. 

Centre of mass, 16 ; property of, 18, 75 ; determination of, 18 ; of material 
lines, 20 ; of areas, 21 ; of volumes, 26 ; determination of, by Calculus, 80. 
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Centre of parallel co-planar forces, 78, 146. 

Chains, static friction for, 199. 

Change of shape of neutral axis of beams, 835. 

Choice of scales, 189. 

Closing line of eqoilibriam polygon, 145. 

Coefficient— of fnction, 189 ; of staUc sliding friction, 190, 192 ; of elastic!^, 
280, 810 ; of cohesion of earth, 257 ; of resilience, 281 ; of rapture, 288 ; 
of rupture for torsion, 810. 

Cohesion, 187 ; of earth, coefficient of, 257. 

Columns, formulas for, 861. 

Combined — stresses, 811 ; compression and flexure, 812 ; compression and 
shear, 818 ; flexure and torsion, 818 ; tension and flexure, 811 ; tension 
and shear, 812. 

Composition and resolution^of forces, 58 ; of co-planar forces, 59 ; of moments, 
68 ; of couples, 78 ; of forces and couples, 82 ; of wrenches, 91. 

Compression, 7 ; and flexure combined, 812 ; and shear combined, 818. 

Compressive— strength, ultimate, 289 ; stress, 7, 279. 

Concurring forces. 58 ; co-planar, resultant of, 59 ; conditions of equilibrium 
of, 61. 

Condition for single resultant force, 88. 

Conditions— of equilibrium in general, 84, 87 ; of equilibrium for ooncurrinj^ 
forces, 61 ; of equilibrium of a bodj under pandlel forces, 77 ; of equi- 
librium for co-planar non-concurring forces, 99 ; of equilibrium for a beam, 
282. 

Cone of friction, 189. 

Conspiring forces, 58. 

Constant of gravitation, 47. 

Constrained equilibrium, smooth curve or surface, 169 ; rough curve or sur- 
face, 186. 

Construction, graphic, for centre of parallel forces, 146. 

Contact, rolling, stability in, 209. 

Continuous girder, 867 ; moments at supports of, 862 ; reactions at supports of, 
868 ; general formulas for, 875. 

Co-planar forces, 58 ; concurring, resultant of, 59 ; non-concurring, 99 ; con- 
ditions of equilibrium of, W ; graphic construction for centre of, 146 ; 
application of equilibrium polygon to, 147. 

Cords and chains, static friction for, 199. 

Couples — moment of, 72 ; line representative of, 78 ; resolution and composition 
of, 78, 82 ; resultant couple and force for forces in space, 86. 

Crippling load for columns, 861. 

Criterion — for superfluous members in a framed structure, 108 ; for stable, 
unstable, neutral and indifferent equilibrium, 207. 

Curve of earth slope, 258. 

Curve or surface — reaction of, 169 ; smooth, constrained equilibrium on, 169 ; 
equilibrium of body on, 169 ; smooth, reaction of, 170 ; ron^h, constrained 
equilibrium on, 186 ; rough, reaction of, 187 ; rough, equilibrium of body 
on, 188, 204. 

Cylinders— strength of, 298. 

Dam, 228 ; gravity, 285. 240 ; arch, 245, 295. 

Deflection— of beams, 829, 847 ; of framed structures, 845. 

Density, 10 ; unit of, 10 ; mean, linear, surface, uniform, 10 ; mean, of earth, 

58. 
Designing of beams, 298. 
Diameter — of rivets, 295 ; of pins, 807. 
Displacement, virtual, 159. 
Dynamics, 2 ; dynamic equilibrium, 59. 
Dyne, 5. 

Earth, mean density of, 58 ; mass, equilibrium of, 256 ; mass, angle of rupture 
for, 257 ; cohesion, coefficient of, 257 ; slope, 228 ; slope, curve of, 258 ; 
slope, an^le of stability of, 258. 

Economic section of high gravity dam, 240. 
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ElasticitT— of materials, 870 ; laws of, 879 ; limit of, 880 ; ooeffident of, 880, 
810. 

Eqailibrium, 67 ; dynamic or kinetic, 59 ; molar, molecular static, 68 ; condi- 
tions of, for concurring forces, 61 ; of rigid body, 77 ; of body acted upon 
by parallel forces, 77 ; of a ri^d body, 77, 84, 87 ; conditions of, for co- 
planar non-concurring forces, 94 ; polygon, 146 ; polygon, properties of, 
147 ; of strings, 110 ; constrained, of boay on a curve or surface, 169 ; on 
a rough curve or surface, 186, 188, 204 ; limiting, 189 ; stable, unstable, 
neutral, indifferent, criterion for, 807 ; of earth mass, 866 ; of a beam, 
conditions of, 888. 

Equivalent wrench, 89. 

Euler's formula for long struts, 866. 

External stress, 7, 279. 

Eyebars and pins, theory of, 306. 

Factor of safety, 290 ; for sliding. 886. 

Flexure— and tension combineo, 811 ; and compression combined, 818 ; and 
torsion combined, 818 ; theory of, 886 ; assumptions of theory of, 826. 

Force, 8 ; criterion of action of, 8 ; proportional to acceleration, 8 ; mechanical 
illustration of, 8 ; uniform and variable, 8 ; mass and acceleration, relation 
between, 4 ; unit of, 6 ; dimensions of unit of, 6 ; gravitation unit of, 6 ; 
compression, tensile and shearing, 7, 288 ; line representative of, 44, 67 ; 
of gravitation, 44 ; moment of, 67 ; line representative of moment of, 67 ; 
resultant, condition for single, 88 ; polygon, 188, 146. 

Forces— concurring, conditions of equilibrium of, 61 ; non-concurring, parallel,, 
67, 89 ; resolution and composition of moments of, 68 ; resultant of two* 
non-concurring co-planar, 68 ; centre of parallel, 78 ; parallel, equilibrium 
of body acted upon by, 77 ; in space, resultant force and couple for, 86 ; 
co-planar, non-concurring, conditions of equilibrium for, 99; centre of 
parallel, graphic construction for, 146. 

Formulas— for long struts, 866, 861 ; for continuous eirder, 876. 

Framed structures, 100 ; reactions of, 100 ; stresses In, 101 ; methods of solu- 
tion of, 164 ; deflection of, 846. 

Friction, 186, 187 ; angle of. 188 ; coefficient of, 189. 190, 198 ; cone of, 189 ; 
static sliding, laws of, 191 ; static, for pivots, 198 ; static, for axles, 196 ; 
static, for cords and chains, 199 ; static, rolling, 804 ; of masonry, 888. 

Oirder, continuous, 867 ; moments at supports of, 868 ; reactions at supports 

of, 868 ; general formulas for, 876. 
Gordon's formula for long struts, 860. 
Guldinus, theorem of, 29. 

Graphical construction for centre of parallel co-planar forces, 146. 
Graphical statics, 138. 

Gravitation unit of force, 6 ; constant of, 47 ; force of, 44 
Gravity, centre of, 17, 46 ; acceleration of, 68 ; dam, 836 ; high gravity dam, 

240. 
Gyration, radius of, 272. 

High wall, 234 ; gravity dam, 840. 
Homogeneous body, 10. 

Ice pressure, 836. 

Indeterminate stresses in framed structures, 187. 

Indifferent equilibrium, 206 ; criterion for, 807. 

Inertia, 1 ; moment of, for areas, 870 

Internal stress, 879. 

Invariant, the, 91. 

Joints, masonry, stability of, 889 ; riveted, 894. 

Kinds of friction, 187. 
Kinetic equilibrium, 69. 
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Laws of elasticity, 279 ; of static sliding friction, 191. 

Limit of elasticity, 280. 

Limiting equilibrium, 189. 

Line, closing, of equilibrium polygon, 145. 

Line, material, 19 ; centre of mass of, 20. 

Line representative— of a force, 44, 61 ; of moment of a force, 67 ; of moment 

of a couple, 73. 
Linear density, 10. 
Load, crippling, for columns, 861. 
Long struts, formulas for, 855, 361. 
Low gravity dam, 235. 
Low wall, 284. 

Masonry— joint, stabUity of, 229 ; weight and friction of, 228. 

Mass, 8 ; astronomical unit of, 48 ; force and acceleration, relation between, 4; 
measurement of, 4 ; specific, 10 ; table of specific, 12 ; determination of 
specific, 11 ; moment of, 19. 

Mass, centre of, 16 ; determination of, 18 ; properties of, 18, 76 ; of lines, 20 ; 
of areas, 21 ; of volumes, 26 ; determination of, by Calculus, 80. 

Mass, earth— angle of rupture for, 257 ; equilibrium of, 256. 

Material point, 1 ; line, area, volume, 19. 

Materials, strength of, 270 ; elasticity of, 270 ; properties of, table for, 289. 

Measurement of mass, 4. 

Members, superfluous, in framed structures, 108 

Method of sections, 102. 

Methods of solution of framed structures, 154. 

Molar equilibrium, 68. 

Molecular equilibrium, 58. 

Moment— of mass, volume, area, 19 ; of a force, 67 ; composition and resolu- 
tion of moments, 68 ; of couple, 72 ; line representative of, 78 ; at supports 
of a continuous beam, 872 ; of inertia of an area, 270 ; bending, 286 ; 
resisting, 287 ; twisting, 809 ; theorem of three moments, 870. 

Neutral axis, 286, 309 ; of beam, change of shape of, 826. 

Neutral equilibrium, 206 ; criterion for. 207. 

Non-concurring forces, 67 ; co-planar, 99 ; conditions of equilibrium of, 99. 

Opposite forces, 68. 

Pappus and Guldinus. theorem of, 29. 

Parabola formula for long struts, 358. 

Parabola, how to draw, 168. 

Parallel forces, 67, 89 ; centre of, 73 ; equilibrium of body acted upon by, 77 ; 
co-planar, graphic construction for centre of, 146 ; application of equilib- 
rium polygon to, 147. 

Particle, 1. 

Pins— size of, 808 ; and eyebars, theory of, 806 ; diameter of, 807, 

Pipes and cylinders, strength of, 293. 

Pitch of rivets, 296. 

Pivots, static friction for, 193. 

Plane and axis of symmetry, 19. 

Point, material, 1. 

Pole, in force polygon, 145. 

Polygon, force, 133 ; pole of, 145 ; equilibrium, 146 ; application of equilib* 
rium, to parallel co-planar forces, 147 ; equilibrium, properties of, 147. 

Poundal, 5. 

Pressure— earth, 247 ; ice, 236 ; water, 235 ; wave, 236. 

Principle of virtual work, 160. 

Properties— of centre of mass 75 ■ of equilibrium polygon, 147 ; of materials,, 
table of, 289. 
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BadioB of gyration, 272. 

Rankine-Gordon formala for long struts, 800. 

Reaction — and action, 7 ; of framed structares, 100 ; of curve or surface, 169 ; 

of smooth curve or surface, 170 ; of rough curve or surface, 187 ; at sup- 
ports of continuous girder, 868. 
Repose, angle of, 188. 
Representative, line— of force, 67 ; of moment of a force, 67 ; of moment of a 

couple, 78. 
Resisting moment, 287. 
Resilience, work and coefficient of, 281. 
Resolution and composition of forces, 68 ; of co-planar forces, 69 ; of moments, 

68 ; of forces and couples, 78, 82 ; of wrenches, 91. 
Resultant— of concurring co-planar forces, 59 ; non-concurring co-planar forces, 

68, 70 ; force and couple for forces in space, 86 ; force, condition for single, 

88. 
Retainin^r walls, 228, 247 ; low, 284 ; high, 284 ; formuhis for, 261. 
Rigid body, equilibrium of, 77. 
Rigidity of ropes, 202. 
Riveted joints, 294. 
Riveting, theory and practice of, 296. 
Rivets, diameter of, 295 ; number of, 296 ; pitch of, 296. 
Rolling— contact, stability in, 209 ; friction, 204. 
Ropes, rigidity of, 202. 
Rough curve or surface, constrained equilibrium on, 186, 188, 204 ; reaction of, 

187. 
Rupture, angle and surface of, 258 ; angle of, for earth mass, 257 ; coefficient 

of, 288 : coefficient of, for torsion, 810. 

Safety, factor of, 290 ; factor of, for sliding, 286. 

Scales, choice of, 189. 

Section, economic, of high gravity gram, 240. ^ 

Sections, method of, 102. 

Shape, of beams for uniform strength, 299. 

Shear, 7 ; and tension combined, 812 ; and compression combined, 818. 

Shearing force, 288 ; stress, 7. 279, 288. 

Single resultant force, condition for, 88. 

Size of pins, 808. 

Sliding— coefficient of static friction for, 190, 192 ; friction, laws of, 191 ; factor 

of safety for, 286. 
Slope, earth, 228 ; angle of stability of, 268 ; curve of, 268 ; stability of, 267. 
Smooth curve or surface, constrained equilibrium on, 169 ; reaction of, 170. 
Solution of framed structures, methods of, 164. 
Space, resultant force and couple for forces in, 86. 
Specific mass, 10 ; determination of, 11 ; table of, 12. 
Stability— in rolline contact, 209 ; of masonry joint, 229 ; of walls, 281 ; of 

earth slope, 267. 
Stable equilibrium, 206 ; criterion for, 207. 
Static equilibrium, 68. 
Static rolling friction, 204. 
Static sliding friction, 190 ; coefficient of, 192 ; laws of, 196 ; for axles, 196 ; 

for chords and chains, 199 ; for pivots, 198. 
Statics. 67 ; applications of, 228 ; graphical, 188. 
Straight-line formula for long struts, 858. 
Strain, 7 ; and stress, 279. 
Stren^h— of beams, 299 ; of materials, 270 ; of pipes and cylinders, 298 ; 

ultimate, 289. 
Stress. 7 ; crippling, for columns, 861 ; compressive, tensile and shearing, 279; 

shearing, 283 ; temperature, 818 ; unit of , 291 ; variable working, 292; 

working, 290. 
Stress and strain, 279. 

Stress, combined, 811 ; in framed structures, 101 ; indeterminate, 187. 
Strings, equilibrium of, 110. 
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Btructare, framed, 100 ; deflection of, 845 ; method^ of solution of, 154 ; loae- 

tions of( 100 ; stressefi in, 101. 
Struts, formulas for long, 865, 861. 
Superfluous members, criterion for, 108. 
Surface-Hlensitj, 10 ; of rupture, 258, reaction of, 160. 
Surface or curve, equilibrium on rough, 186, 188, 204 ; equilibzinm on smooth, 

160, 170 ; reaction of rough, 187 ; reaction of smooth, 170. 
Sjmmetry, plane and axis of, 19. 

Temperature, stress due to, 818. 

Tensile— stress, 7, 279 ; strength, 289. 

Tension, 7 ; and flexure combined, 811 ; and shear combined, 812. 

Theorem — of three moments, 870 ; of Pappus and Guldinus, 29. 

Theory of flexure, 825 ; assumptions of, 826. 

Torsion, 808 ; ooeflicient of rupture for, 810 ; and flexure combined, 818 ; work 

of, 810. 
Twisting moment, 809. 

Uniform— density, 10 ; force, 8 ; strength of beams, 299, 880. 

Unit— of density, 10 ; of force, 5; of mass, 8 ; of mass, astronomical, 48 ; stress, 

291 ; of work, 159. 
Unstable equilibrium, 206 ; criterion for, 207. 

Variable— force, 8 ; working stress, 292. 
Virtual — displacement, 159 ; work, 159. 
Volume— material, 19 ; moment of, 19 ; centre of mass of, 26. 

Wall— batter of, 228 ; high, 284 ; low, 284 ; parts of, 228. 

Wall, retaining, 228, 247 ; formulas for, 251 ; sUbiHty of, 281. 

Water pressure, 285. 

Wave pressure, 286. 

Weight— of a body, 4, 5 ; breaking, of beams, 299 ; of masonry, 228. 

Work, 158 : of resilience, 281 ; of torsion, 810 ; unit of, 159 ; virtoal, 159 ; 

of variable force, 159. 
Working stress, 290 ; variable, 292. 
Wrench, equivalent. 89. 
Wrenches, oompoBition and resolution of, 91. 
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A TEXT-BOOK OF EIiEMENTABY MECHANICS 
FOB THE USE OF COLLEGES AND SCHOOLS. 

By E. S. Dana/ AssiBtant Professor of Natural Philosophj 

Tale College. Twelfth editioD 12ino, cloth. $1 50 

*' All Students and Mechanics will find the above a most admirable 
yrork.''— Industrial World. 

PBINCIPLE8 OF ELEMENTABY MECHANICS. 

By Prof. De Volson Wood. Fully illustrated. Ninth edi- 
tion 12mo, cloth. 1 36 

This work is designed to give more attention to the fundamental principles 
of mechanics. Analysis is subordinated, and whatls used is of a very ele* 
mentary character. No Calculus is ui>ed nor any analysis of a high character, 
and yet many problems which are generally considered quite difficult are 
here solved in a very simple manner. The principles of Energv, which 
holds an important place in modem physics, is explained, ana several 
problems oofved by its use. Every chapter contains numerous problems 
and examples, the former of which are fully solved ; but the latter, which 
are numencal, are unsolved, and are intended to familiarize the student with 
the principles, and test his ability to apply the subject practically. Al 
the close of each chapter is a list of Execcises. These consist of auestionB 
of a general character, i-equiring no analysis in order to answer tnem, but 
simply a good knowledge of the subject. The mechanics of fluids forms an 
important part of the work. 

Supplement and Key to ditto 1 25 

THE ELEMENTS OF ANALYTICAL MECHANICS. 

With numerous examples and illustrations. For use in 
Scientific Schools and Colleges. By Prof. De Volson Wood. 
Sixth edition, revised and enlarged, comprising Mechanics of 
Solids and Mechanics of Fluids, of which Mechanics of 
Fluids is entirely new. About 500 pages. Seventh edition, 

8vo. cloth, 8 00 

The Calculus is freely used in this work. One of the chief objects sought 
is to teach the students how to use analytical methods. It contains many 

{problems completely solved, and many others which are left as exercises 
br the student. The last chapter shows how to reduce all the equations of 
mechanics from the principle of d'Alemberu 

STBENGTH OF MATEBIALS AND THEOBY OF 
STBIJCTXJBES. 

By Henry T. Bovey, Dean of School of Applied Science, McGill 
University, Montreal, Canada 8vo, cloth, 7 50 

ELEMENTS OF ANALYTICAL MECHANICS. 

By Col. Peter S. Michie, of U. S. Military Academy. Fourth 
edition 8 vo, cloth, 4 00 

" A revised edition, as taught to the Cadets of U. 8. Military Academy, 
West Point." 
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A TEXT-BOOK ON THE MECHAIHCS OF MA- 
TEBIAIiS, 

And on Beams, Colamns, and Shafts. By Prof. M. Merriman. 
Fourth edition, revised and enlarged 8vo. cloth, $3 50 

** We cannot commend this book too bighly/' — American Engineer. 
** The well-earned reputation of the Author renders any comment on the 
quality of the work superfluous. "~ Fan Noeirand** Magazine. 

MECHAIVIC8 OF ENGINEERING. 

Comprising Statics and Dynamics of Solids, the Mechanics 
of the Materials of Constraction or Strength and Elasticity of 
Beams, Columns, Shafts, Arches, etc., and the Principles of 
Hydraulics and Pneumatics with Applications. For the use of 
Technical Schools. By Prof. Irving P. Church, C.E., Cornell 
University 8vo, cloth. 6 00 

*^The worlc is very abundantly illustrated, and the iuformation is given 
in a style which cannot fail to make the student thoroughly master of the 
subject. Prof. Church may certainly be congratulated upon compressing a 
vast amount of instruction into a very small space without in any degree 
interfering with the necessary minuteness of detail or deameee of desoip- 
tion."— London InOuslrial Review. 

MECHANICAL FBINCIFIiES OF ENGINEERING 
AND ABCHTFECTUBE. 

By Henry Mosely, M.A., F.R.S. From last London edition, 
with considerable additions by Prof. D. H. Mahan, LL.D ,of 
the U. S. Military Academy, 700 pages. With numerous 
cuts 8vo, cloth, 5 00 

MECHANICS OF ENGINEERING AND MACHINEBY. 

By Dr. Julius Weisbach. Designed as a Text-book for Tech- 
nical Schools and Colleges, and for the use of Engineers, 
Draughtsmen, etc. Second edition, thoroughly revised and 
greatly enlarged, by Gustav Herrmann, Prof, at the Royal 
Polytechnic School, Aachen, Germany. Translated by J. F. 
Klein, D.E., Prot. of Mechanical Engineering, Lehigh Uni- 
versity, Pa. With numerous fine illustrations. Second edition. 

1 vol., 8vo, cloth, 5 00 

'* Weisbach is a standard In all matters of Engineering and Mechanics, 
and his teachings are accepted as correct."— iflsManicoi Engineer. 

MECHANICS OF THE MACHINERY OF TRANS- 
MISSION. 

Being Vol. III., Parti., Section II. of Mechanics of Engineering 
and Machinery. By Dr. Julius Weisbach. Edited by Prof. 
Gustav Herrmann and translated by Prof. J. F. Klein, Lehigh 
University, Bethlehem, Pa '. 8vo, cloth, 5 00 

NOTES AND EXAMPLES IN MECHANICS. 

With an Appendix on the Graphical Statics of Mechanism. 
By Prof. L P. Church, Cornell University. 135 pages, with 
blank pages for problems 8vo, cloth, 2 00 
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AFFIiIED MECHANICS AND BESISTANCE OF 
MATERIALS. 

By Prof. G. Lanza. SliowiDg Strains on Beams as detennined 
by the Testing Machines of Watertown Arsenal and at the 
Massachusetts Institute r>f Technology. Practical and Theo- 
retical. Designed for Engineerti, Architects, and Students. 
With hundreds of illustrations. Sixth edition, revised. 

t vol., 8vo, cloth, $7 50 
'* The whole work is a valuable contribution to the »ahject of which it 
treats, and we can cordially recommend W^^London B"Udar. 

WEISBACH'S MECHANICS. HYDRAULICS AND 
HYDBAUUC MOTOBS. 

With numerous practical examples for the calculation and 
construction of Water- wheels, including Breast. Undershot, 
Back-pitch, Overshot Wlieels, etc., as well as a special discus- 
sion of the various forms of Turbines. Translated from the 
fourth edition of Weisbach's Mechanics, by A. Jay Du Bois. 
Profusely illustrated. Second edition 8vo, cloth, 5 00 

WEISBACH'S MECHANICa THEOBY OF STEAM- 
ENQINE. 

Translated from the fourth edition of Weisbach*s Mechanics 
by A. Jay Du Bois. Ck>ntaining notes giving practical examples 
of Stationary, Marine, and Loconiotivu Engines, showing Amer- 
ican practice, by H. H. Buel. Numerous illustrations. Second 
edition 8vo, cloth, 5 00 

MECHANICS OF THE GIBDEB. 

A Treatise on Bridges and Roofs, in which the necessary and 
sufficient weight of the structure is calculated, not assumed, 
and th^uumber of Panels and height of Girder that render the 
Bridge weight least for a ffiven Span, Live Load, and Wind 
Pressure are determined. By John D. Crehore, C.E. Illus- 
trated by over 100 engravings, with tables, etc Svo, cloth, 5 00 

"The work bears inlernal evidences of patient industry and scholarly 
ability— is a valuable contribntion to science and to the literamra of 
Bridge bnilding/'—W. H. SEAHLes. C.E. 

KINEMATICS; OB, PBACTICAL MECHANISM. 

A Treatise on the Transmission and Modification of Motion and 
the Construction of Mechanical Movements. For the use of 
Draughtsmen, Machinists, and Students of Mechanical En- 
gineering, in which the laws governing the motions and 
various parts of Mechanics, an affected by their forms and modes 
of connection are deduced by simple geometrical reasoning, 
and their application is illustrated by accurately construct^ 
diagrams of the different mechanical combinations discussed. 
By Prof. Chas. W. MacCord. Fourtli edition 8vo, cloth, 5 00 

" The work can be confidently recommended to Draughtsmen, and all who 
have occar^ion to deiiiern machinery, as well as to every eaniest student of 
Mechanics, young or 6\^.^*—Awtrican Machinist. 
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TBBATISB ON FRICTION AJSTD LOST WORK IN 
MACHINEBT AND TtfTTiT. WOBK. 

Containing an explanation of tbe Theory of Friction, and 
an account of the various Lubricants in general use, with a 
record of various experimenters to deduce tbe laws of Friction 
and Lubricated Surfaces, etc. By Prof. Robe. H. Thurston. 

Copiously illustrated. Fourth edition 8vo, cloth, $8 00 

** It is not loo high praise to gay that the prenent treatif>e is ezhaaitive 
and a complete review of the wholu Bubjeet.^'— American EngiMtr, 

GAR LUBRICATION. 

Treating of Theoretical Relations, CoefQclenC of Friction, 
Bearing Metals, Methods of Lubrication, Journal-box Con- 
struction, Heated Journals, and the Cost of Lubrication. By 

W. E. Hall 12mo, cloth, 100 

" A very asefnl book on a subject upon which literature Is very scarce. 
While the author gives full credit to Prof. Thurvton and to Mr. Woodbury 
for their researches in this direction, he puts the various theories and re- 
Bulta of experiment in a very practical i^hape and shorn of all but the 
plainest mathematical dress. The volume is evidently the work of a 

Sractical investigator, and is correspondingly valuable.'*— £>{^n««ritt^ 

A HISTORY OF THE PLANINa MILL. 

With Practical Sujrgestions for the Construction, Care, 
and Management of Wood-workiaj? Machinery. By C. R. 

Tompkins, M.E 12mo, cloth, 1 60 

*' E^ch of these chapters is as Aill of meat as an egg: they give the 
result'' of long experience and intelligent observation, and no proprietor 
of woodworking machinery and employer of labor can afford to be without 
a copy, nor should anv ynung mechanic, ambitions to excel in his calling, 
fall to send for it."— TAtf Lumberman, Chicago, June 15, IRRR. 

DYKAMOMETEBS, AND THE MEASIJBEMENT OF 
POWEB. 

By J. J. Flatber, Prof, of Mechanical Engineering in Purdue 

University, Lafayette, Ind l2mo, cloth, 3 00 

A Treatise on the'Construction and Application of D3'namometers. Com- 
prising Determination of Driving Power, Friction Bnikes, Absorption and 
Transmission Dynamometers, Power to Drive Lathes, Measurement of 
Water-power. 

ELEMENTS OF MACHINE CONSTBIJCTION AND 
DRAWING; 

Or, Macbine-Drawing, with some elements of descriptive and 
rational Kinematics. A Text-book for Schools of Civil and 
Mechanical Engineering, and for the use of Mechanical Estab- 
lishments, Artit«ans, and Inventors. Containing? the principles 
of Gearing, Screw Propellers, Valve Motions, and Governors, 
and many standard and novel examples, mostly from present 
American practice. By Prof. S. Edward Wsrren. Seventh 
edition 2 vols., 8vo, text, and small 4io plates, cloth, 7 60 

EXTBACT8 FROM OHORDAL'8 LETTERS. 

Comprising the cho'cest selections from the Series of Articles which 
have been appearing for the past two yesrs in the columns of the 
American Machinist. With over 50 lllustrHtirns. 12mo, cloth, 2 00 

"The author discnsses shop work and shcip mana^empnl with moire 
practical Phrewdneps, and in a manner that Mechanic?'. Artiwini«, and wide 
awake working men, general'y, cannot help bnt vujoy."—8eientHleAmer*''an. 
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THE LATHE AND ITS USES ; 

Or, Instruction in the Art of Turning Wood and Metal. 
Including a description of tlie mo8t modern appliances for 
tlie ornamentation of plane and carved surfaces, witii a de- 
scription alRo of an entirely novel form of Lathe for Eccentric 
and Rose Engine Turning, a Lathe and Turning Machine com- 
bined, and other valuable matter relating to the Art. 1 vol., 
8vo, copiously illustrated. Sixth edition, with additional 
chapters and Index 8vo, cloth, $6 00 

''The most complete work on the subject ever pnblitshed."— i4m«ri<xin 
Artisan. 

*'Here 10 an invaluable book to the practical workman and amateur."— 
London Weekly Timei. 

A TBEATI8E ON TOOTHED GEABING. 

Containing complete instructions of Designing, Drawing, and 
Constructing Spur Wheels, Bevel Wheels, Lantern Gear, - 
Screw Gear, Worms, etc. , and the proper formation of Tooth 
Profiles. For the use of Machinists, Pattern Makers, Draughts- 
men, Designers, Scientific Schools, etc. With many plates. By 

J. Howard Cromwell. Fourth edition l2mo, cloth, 1 50 

" Mr. Cromwell has accompHf>hed good work in bringing together in this 
volume a ^ent deal of information onlv to be found by searching many 
work», and by adding the results of his own experience in the field of 
Mechanical Engineering."— ^m^rioan Machinist. 

A TREATISE ON BELTS AND FIJIiIiEYS. 

Embracing full explanations of Fundamental Principles ; 
proper Disposition of Pulley p ; Rules for determining widths 
of leather and vulcanized rubber belts, and belts running over 
covered pulleys; Strength and Proportions of Pulleys, Drums, 
etc. Together with tlie principles and necessary rules for 
Rope Gearing and transmission of power by means of Metallic 
Cables. By J. Howard Cromwell, Ph.B., author of a Treatise 

OD Toothed Gearincr 12mo, clotli, 1 50 

*'Thi8 is a very complete and comprehensive treatise, and Is worthy of 
the attention of all Mechanics who have anything to do with the manage- 
ment of belts and pulleyp, exz.'"'— National Car Builder. 

SAW PILINa. 

The Art of Saw Filing Scientifically Treated and Explained 
on Philosophical Principles. With explicit directions for 
putting in order all kinds of Saws, from a Jeweler's Saw to a 
Steam Saw-mill. Illustrated by 44 engravings. By H. W. 
Holly. Fifth edition « 18mo, cloth, 75 

SAW FILING. 

A Practical Treatise on Filing, Gumming, and Swageing Saws. 

By Robert H. Grimshaw Fully illustrated 1 vol., 16mo, 1 00 

MACHINEBY PATTEBN llAKINO. 

A DiscuRBion of Methods, including Marking and Recording 
Patterns, Printing Press, Slice Valve and Corliss Cylinders; 
How to Cast Journal-boxes on Frames, Differential Pulleys, 
Fly-wheels, Bnsrine Frames, Spur, Bevel and Worm Gears, 
Key Heads for Motion Rods, Elbows and Tee Pipes, Sweeping 
Straight and Conical Grooved Winding Drums, Large Sheaves 
with Wrought and Cast-iron Armsi, 128 full-size Profiles of 
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Gear Teeth of different pitches for Gears of 14 to 800 Teeth, 
with a Table showing at a (glance the required diameter of 
Gear for a given namber of teeth and pitch, Double Beat, 
Governor, and Plujr Valves, Screw Propellor, a chapter on 
items for Pattern Makers, besides a number of valuaole end 
useful Tables, etc., etc. 417 illustrations By P S. Dingey, 
Foreman Pattern Maker and Draughtsman. . ..12mo, cloth, $2 00 

*' A neat little work that ahonid be not only in the hands of eveir pattern 
maker, but read by every foundry foreman and proprietor of fonndries 
doing machinerj' v/0Tk.^*—Mac/iinery Moulder^s Journal. 

THE BOSTON MACHINIST. 

Beiu^ a complete School for the Apprentice as well as the 
advanced Machinist, showing bow to make and use every tool 
in every branch of the business ; with a Treatise on Screws and 
Gear^uttiDg. By Walter Fitzgerald. Third ed*n. 18mo,cloth, 75 

STEAM HEATING FOB BUILDINGS. 

Or, Hints to Steam Fitters. Being a dencription of Steam 
Heating Apparatus for Warming and Ventilating Private 
Houses and Large Buildings, with Remarks on Steam, Water, 
and Air in their Relations to Heating. To which are added 
useful miscellaneous tables. By Wm. J. Baldwin. Tliirteenth 

edition. With many illustrative plates 12mo, cloth, 2 50 

'*Mr. Baldwin has enppUed a want long felt for a practical work 
on Heating and Heating Apparatns.*'— ^anUary Engi$^ieer. 

THE COST OF MANUFAOTUJEIES— AND THE AD- 
MINISTBATION OP WOBKSHOPS, PUBLIC 
AND PRIVATE. 

A System of Mechanical Book-keeping, based on the Card- 
Catalogue method, dispensing with skilled clerical labor and 
the use of books, by wnich the cost of manufactures may be 
promptly determined, either in gross or in any detail, as to 
component parts and operations thereon. Comprising a 
simple method of recording all dealings with materials which 
relate to its procurement, expenditure, or possession. Applied, 
with numerous practical illustrations, to the trust, accounta- 
bility for public property, and funds required of the U. S. 
Ordnance Department, with a review of its present practice. 
By Capt. Henry Metcalfe, U. S. Ordnance Department. Illustra- 
ted with tables, forms ot cards, etc., etc. Second ed*n. 8vo, cloth, 6 00 

*' I feel 9nre that by the u!>e of yonr methods I can determine a cost I have 
never been able to arrive at."— Ewaut Manufacturimo Co., Chicago. 

** We tlnd that it enables tis to keep a more accarate record of each pieca 
of work. We can locate the ri'sponsibility for any delay or omission."— 
Rathbone & Co., Siove Works, Albany. 

WBINKLES AND RECIPES. 

Compiled from the SCIENTIFIC AMERICAN. A collection 
of practical susrgestioDs. processes, and directions, for the 
MECHANIC. ENGINEER, FARMER, and Housekeeper. 
With a COLOR 'I'EMPKKING SCALE, and numerous wood 
ODfrravings. By Park Benjamin. Revised by Profs. Thurston 
and Van der Weyde, and Engint^ers Buel and Rose. Fifth 

reviped edition 12mo, cloth, 2 00 

" Hundreds of Trade Secrets and Mechanical Shop Wrinkles." 

JOHN WILEY & SONS, 

53 E. Tenth St., New York. 
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